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Part I: Basics Part II: Financial Mathematics in Continuous-Time

Admin

• Dates of the lecture 6.3., 13.3., 20.3., 27.3., 17.4., 24.4., 8.5.

• Examination: 30 % exercise sheets (3 sets), 70% final oral
exam on May 8 (to be discussed), up to 10 % bonus points
for participation in lecture
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Overview

1. Basics
• (Further) tools from stochastic calculus
• Financial Mathematics in Continuous Time

2. Introduction to Term Structure Modelling

3. Time permitting: Introduction to Dynamic Credit Risk Models

Literature. Part 1 and 3 is based on own notes; Part 2 will be
based on the survey “Interest Rate Risk” by T. Björk
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Martingales

Consider a filtered probability space (Ω,F ,P, (Ft)t≥0).

Definition
An adapted stochastic process X with E (|Xt |) <∞ for all t > 0 is

• a submartingale if ∀t, s with t > s we have E (Xt |Fs) ≥ Xs .

• a supermartingale if ∀t, s with t > s we have E (Xt |Fs) ≤ Xs .

• a martingale if X is both a sub- and a supermartingale, i.e. if
E (Xt |Fs) = Xs for all t, s.

Important examples for martingales are the Brownian motion and
the compensated Poisson process.
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Stopping times

Definition
A rv τ : Ω→ [0,∞] is called stopping time wrt. {Ft} if ∀t ≥ 0
holds that {τ ≤ t} ∈ Ft .

Most important example: first hitting times.

Definition
Given a stochastic process X and a Borel set A in R. Define
τA := inf{t ≥ 0: Xt ∈ A}. Then the rv τA is called first hitting
time into the set A.
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The sigma-field Fτ .

Definition
Given a stopping time τ . Then we call

Fτ :=
{

A ∈ F : A ∩ {τ ≤ t} ∈ Ft ∀t ≥ 0
}

(1)

the σ-field of the events which are observable up to τ .

Lemma
Given two stopping times S and T . Then

i) S ∧ T := min{S ,T} is a stopping time.

ii) S ∨ T := max{S ,T} is a stopping time.

iii) FS∧T = FS ∩ FT .

iv) If S ≤ T one has FS ⊆ FT
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Stopped processes

Let (Xt)t≥0 be a right-continuous adapted stochastic process and
let T be a stopping time.

• We define the stopped rv XT by

XT (ω) := XT (ω)(ω) · 1{T<∞}(ω), ω ∈ Ω. (2)

• The stopped process XT = (XT
t )t≥0 is defined by

XT
t (ω) := Xt∧T (ω)(ω) =

{
XT (ω)(ω), T (ω) ≤ t.

Xt(ω), T (ω) > t.
(3)

• it holds that XT (ω) is FT -measurable; the stopped process
XT is {Ft}-adapted.
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The optional sampling theorem

Theorem (Optional sampling theorem)

Consider an adapted stochastic process X = (Xt)t≥0 with
E (
∣∣Xt

∣∣) <∞, t ≥ 0. Then the following statements are
equivalent.

(1) X is a martingale.

(2) For all bounded stopping times τ (τ(ω) ≤ C for some C > 0,
all ω ∈ Ω) one has E (Xτ ) = E (X0).

(3) Given two stopping times S and T such that S ≤ T ≤ C for
some C > 0. Then E (XT | FS) = XS .

Corollary

Let X be a martingale and let τ be a stopping time. Then the
stopped process X τ with X τ

t = Xt∧τ is also a martingale.
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Important Inequalities

Corollary (Martingale inequality)

Let X be a right-continuous martingale such that Xt > 0 a.s.
Then we have for C > 0 P

(
supt≥0 Xt > C

)
≤ 1

C E (X0).

Theorem (Doob inequality)

Let M∗T := supt≤T
∣∣Mt

∣∣ Then

E
[
(M∗T )2

]
≤ 4E

[
M2

T

]
. (4)
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Square Integrable Martingales

Throughout we fix some horizon date T .

Definition
The space of all martingales M = (Mt)0≤t≤T with M0 = 0 and
E [M2

T ] <∞ is denoted M2; M2,c ⊆M2 is the subspace of all
martingales with continuous trajectories.

Properties.

• M2 is a Hilbert-space with scalar product

〈M,N〉M2 = E [MTNT ] = 〈MT ,NT 〉L2 .

• M2,c is a closed subspace of M2 and hence a Hilbert-space.
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Quadratic Variation

V 2
t (M; τn) :=

∑
ti∈τn; ti<t

(Mti −Mti−1)2 =
∑

ti∈τn; ti<t

(∆Mi ,n)2 , (5)

is the quadratic variation of M along a partition τn of [0,T ].

Theorem
Consider a sequence (τn)n of partitions of [0,T ] such that |τn| → 0
and let M ∈M2,c . Then
1. V 2

t (M, τn) converges in probability to an increasing and
continuous process 〈M〉t with 〈M〉0 = 0.
2. M2

t − 〈M〉t is a martingale, in particular E
[
M2

t

]
= E [〈M〉t ].

3. 〈M〉t is uniquely defined by the requirements

(i) 〈M〉t is increasing and continuous, 〈M〉0 = 0.

(ii) M2
t − 〈M〉t is a martingale.
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Quadratic Covariation

Corollary

For M,N ∈M2,c the covariation

〈M,N〉t = lim
n→∞

∑
ti∈τn; ti≤t

∆Mi ,n∆Ni ,n

exists. 〈M,N〉 is characterized by the following properties

(i) 〈M,N〉t is a continuous FV-process with 〈M,N〉0 = 0.

(ii) MtNt − 〈M,N〉t is a martingale.

One has for M,N ∈M2,c ,

E [(Mt −Ms) (Nt − Ns) |Fs ] = E [〈M,N〉t − 〈M,N〉s |Fs ] , (6)

i.e. 〈M,N〉 gives the conditional covariance of the increments of
M and N.
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Stochastic Integrals I

Define the class of elementary integrands by

ξ :=
{

H : Ht(ω) =
n−1∑
i=0

hti (ω)1(ti ,ti+1](t)
}
, (7)

for deterministic 0 ≤ t0 < t1 < ... < tn < T = tn+1, n ∈ N, and
bounded, Fti -measurable random variables hti , 1 ≤ i ≤ n.

Definition
For H ∈ ξ and M ∈M2,c define the stochastic integral (H.M) by

(H.M)t :=

∫ t

0
HsdMs :=

∑
0≤i≤n

hti

(
Mti+1∧t −Mti∧t

)
, t ≤ T ,

H is called integrand, M integrator.
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Stochastic Integrals II

The following result is crucial for extending (H.M) to a larger class
of integrands

Lemma (Properties of (H .M) for H ∈ ξ)

We have (H.M) ∈M2,c and the quadratic variation is given by
〈 (H.M) 〉t =

∫ t
0 H2

s d〈M〉s .

Corollary (Itô-isometry)

We have

E
[
(H.M)2

t

]
= E

[
(

∫ t

0
HsdMs)2

]
= E

[∫ t

0
H2
s d〈M〉s

]
. (8)
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Stochastic Integrals III

Goal. Fix M ∈M2,c . We want to extend (H.M) to a larger class
of integrands.

• abstract interpretation of E
[∫ T

0 H2
s d〈M〉s

]
. Put

Ω̄ = Ω× [0,T ], F̄ = FT ⊗ B([0,T ]) and define a measure

P̄M on Ω̄, F̄ by P̄M(A) = E
[∫ T

0 1A(ω, t) d〈M〉t
]
, A ∈ F̄ .

We have for H ∈ ξ

‖H‖L2(Ω̄,F̄ ,P̄M) = ĒM

[
H2
]

= E

[∫ T

0
H2
s d〈M〉s

]
• Itô-isometry ⇒ I : ξ →M2,c , H 7→ (H.M) is therefore an

isometry from (ξ, ‖ · ‖L2(Ω̄,F̄ ,P̄M)) to (M2,c , ‖ · ‖M2)
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Stochastic Integrals IV

Since M2,c is a Hilbert space, the following definition makes sense.

Definition
For H ∈ ξ ⊂ L2(Ω̄, F̄ , P̄M) the stochastic integral (H.M) is the
uniquely defined element of M2,c such that
limn→∞ ‖(Hn.M)− (H.M)‖M2 = 0 for all Hn ∈ ξ with
‖Hn − H‖L2(Ω̄,F̄ ,P̄M) → 0.

Properties. Let M ∈M2,c , H1,H2 ∈ ξ and α1, α2 ∈ R. Then

• Linearity of (H.M):
(α1H1 + α2H2 .M) = α1(H1 .M) + α2(H2 .M) and

• Itô-isometry: E
[
(H.M)2

t

]
= E

[∫ t
0 H2

s d〈M〉s
]
, for t ≤ T .
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Stochastic Integrals V

Theorem
Let M ∈M2,c . Then ξ contains all adapted, left-continuous

processes H such that E
[∫ T

0 H2
s d〈M〉s

]
<∞.

Extensions. Definition of (H.M) can be extended in several ways.

• Localisation. (extension to the case where M is only a locally
square integrable martingale.)I

• Semimartingales as integrands. Let X = X0 + M + A, where
M is a continuous local martingale and A a continuous
FV-process. Then one defines for H adapted and left
continuous such that

∫ T
0 H2

s d〈M〉s +
∫ T

0 |Hs | d |A|s <∞,∫ t

0
Hs dXs =

∫ t

0
Hs dMs +

∫ t

0
Hs dAs .
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Kunita-Watanabe characterization

Theorem (Kunita-Watanabe characterization)

Let H ∈ ξ, M ∈M2,c . Then we have for all N ∈M2,c

〈(H.M),N〉t =

∫ t

0
Hs d〈M,N〉s .

Conversely if L ∈M2,c satisfies 〈L,N〉t =
∫ t

0 Hs d〈M,N〉s , t ≤ T
for all N ∈M2,c , we have L = (H.M).

Further Properties of (H.M).

• Quadratic covariation. One has 〈(H.M)〉t =
∫ t

0 H2
s d〈M〉s

• Chain rule. Consider H1,H2 ∈ ξ such that

E
[∫ T

0 (H1,sH2,s)2 d〈M〉s
]
<∞. Then∫ t

0
H1,s d(H2 .M)s =

∫ t

0
H1,sH2,s dMs . (9)
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Kunita-Watanabe decomposition

The next result is important in the context of incomplete markets.

Theorem (Kunita Watanabe decomposition)

Consider martingales N,M1, . . . ,Mn ∈M2,c . Then there is a
unique decomposition of the form

Nt = N0 +
n∑

i=1

∫ t

0
Hs,idMs,i + Lt , t ≤ T ,

with H1, . . . ,Hn ∈ ξ and L ∈M2,c strongly orthogonal to
M1, . . . ,Mn, that is with 〈L,Mi 〉 ≡ 0 for all 1 ≤ i ≤ n.

Note that L is also weakly orthogonal to M1, . . . ,Mn, that is
E (LTMT ,i ) = L0M0,i = 0 as LMi is a martingale.
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Itô processes.

Itô processes are solutions of SDEs driven by Brownian motion

Definition
Given a d-dimensional Brownian motion W = (Wt,1, ...,Wt,d)t≥0,
a time point t0 ≥ 0, some vector x ∈ Rn and functions
µ : R+ × Rn → Rn and σ : R+ × Rn → Rn×d , the process
X = (Xt,1, ...,Xt,n)t≥0 is called an Itô process with initial value
t0, x , drift µ and dispersion matrix σ if X satisfies the SDE

Xt,i = xi +

∫ t

t0

µi (s,Xs) ds +
d∑

j=1

∫ t

t0

σij(s,Xs) dWsj , 1 ≤ i ≤ n.

(10)

In short notation (10) reads dXt = µ(t,Xt) dt + σ(t,Xt) dWt .
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Commments

• Euler approximation. For a small time step ∆t one has with
tn = n∆t

Xtn+1 = Xtn + µ(tn,Xtn)∆t +
d∑

j=1

σj(tn,Xtn)εn,j

where εn,j are iid ∼ N(0,∆t). This is the standard approach
for simulation of X .

• Define the n × n matrix C (t,X ) = σ(t,X )σ′(t,X ). Then we
have 〈Xi ,Xj〉t =

∫ t
0 Cij(s,Xs) ds. Hence C is often called

instantaneous covariance matrix of X .
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The Generator.
Define for f : Rn → R smooth the differential operator (called
generator of X )

Af (t, x) =
n∑

i=1

µi (t, x)
∂f

∂xi
(x) +

1

2

n∑
i ,j=1

Cij(t, x)
∂2f

∂xi∂xj
(t, x).

Lemma. For f : [0,∞)× Rn → R smooth such that f and its first
two derivatives are bounded the process

M f
t = f (t,Xt)−

∫ t

0

∂f

∂t
(s,Xs) +Af (s,Xs) ds

is a martingale.
The result is the reason for the close connection between SDEs
and PDEs and it explains why many pricing problems can be
addressed by solving PDEs.
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Existence under Lipschitz Conditions

Theorem
Suppose that µ, σ satisfy Lipschitz and growth conditions of the
form

‖µ(t,X )− µ(t,Y )‖ ≤ K‖X − Y ‖, t ≥ 0,

‖σ(t,X )− σ(t,Y )‖ ≤ K‖X − Y ‖, t ≥ 0,

‖µ(t,X ) + σ(t,X )‖ ≤ K (1 + ‖X‖), t ≥ 0.

Then for all initial values (t0, x) ∈ [0,∞)×Rn a unique solution to
(10) exists. Moreover, this solution is (FW

t )-adapted, where
FW
t = σ(Ws,i : 1 ≤ i ≤ d , s ≤ t).

Note that Lipschitz conditions are too strong for many financial
applications
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One-dimensional Feynman Kac formula
Consider functions µ(t, x), σ(t, x), r(t, x) and some function φ on
R. Suppose that F (t, x) solves the terminal value problem

∂F

∂t
(t, x) + µ(t, x)

∂F

∂x
(t, x) +

1

2
σ2(t, x)

∂2F

∂x2
(t, x) =r(t, x)F (t, x),

(11)

F (T , x) =φ(x). (12)

Goal: represent F in terms of some Itô process. Consider the SDE

dXt = µ(t,Xt)dt + σ(t,Xt)dWt , Xt0 = x . (13)

Recall that the generator of X equals

Af (t, x) = µ(t, x)
∂f

∂x
+

1

2
σ2(t, x)

∂2f

∂x2
, f ∈ C 1,2,

so that (11) can be written as ∂F
∂t +AF = rF .
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One-dimensional Feynman Kac formula II

Then we have, provided that F is sufficiently integrable (eg.
bounded)

F (t0,Xt0) = Et0,x

(
exp(−

∫ T

t0

r(s,Xs))φ(XT )
)
. (14)

(14) is called Feynman Kac formula. It can be used in two ways:

• We can use probabilistic techniques or Monte-Carlo simulation
to compute the expectation (14) in order to solve numerically
the PDE (11), (12).

• We can solve the PDE (11), (12), perhaps numerically, in
order to compute the expectation (14).

For an extension to the d-dimensional case we refer to the
literature such as [Karatzas and Shreve, 1988]
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Example: The Black-Scholes PDE.

Recall that fair value Vt = u(t, St) of a terminal-value claim with
payoff h(ST ) in the Black-Scholes Model solves the terminal value
problem

ut + rSuS +
1

2
σ2S2uSS = ru, u(T ,S) = h(S).

In order to give a probabilistic interpretation we consider the SDE
dSt = rStdt + σStdWt with generator A = rS ∂

∂S + 1
2σ

2S2 ∂2

∂S2 , and
we obtain from (14)

u(t0,S) = Et0,S

(
e−r(T−t0)h(ST )

)
, t0 ≤ T . (15)

This is a risk-neutral pricing formula in continuous time.
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Measure-Change for Stochastic Processes

Change of measure (eg. from historical measure P to a risk-neutral
measure Q or between martingale measures corresponding to
different numeraires) is very important in mathematical finance.
We discuss

• Densities and density martingales

• Girsanov theorem for Brownian motion

• Applications
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Densities and Radon-Nykodym Theorem

Consider some (Ω,F ,P). A probability measure Q is called
absolutely continuous wrt P on F , (Q << P), if it holds that
Q(A) = 0 for all A ∈ F with P(A) = 0.

Theorem. Q << P on F if and only if there is a F-measurable rv
Z ≥ 0 with E (Z ) = 1 such that Q(A) = EP [Z 1A] = EP [Z ; A]
∀A ∈ F .

Definition. Z is called (Radon-Nykodym) density of Q wrt P on
F , in short Z = (dQ/dP)|F .

Example. For finite Ω = {ω1, ..., ωk} Q << P iff for 1 ≤ i ≤ k :
P({ωi}) > 0⇐ Q({ωi}) > 0; it is immediate that
dQ
dP (ω) = Q({ω})/P({ω}) in that case.
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Density martingales

Setup. Consider a filtered probability space (Ω,F ,P), (Ft)0≤t≤T ,
and a strictly positive, FT -measurable random variable Z with
E [Z ] = 1. Define the measure Q by Z = (dQ/dP)|FT

. Note that
Q is equivalent to P (Q ∼ P) that is Q(A) = 0⇔ P(A) = 0.
Definition The associated density martingale is given by

Zt = EP [Z |Ft ] , 0 ≤ t ≤ T . (16)

Lemma
(Zt)0≤t≤T is a martingale, and for every Ft-measurable random
variable Y we have EQ [Y ] = EP [YZt ], t ≤ T .
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Abstract Bayes Formula

Lemma (abstract Bayes formula)

Consider time points 0 ≤ s ≤ t ≤ T . Let Y be some
Ft-measurable integrable random variable. Then

EQ [Y |Fs ] =
1

Zs
EP [YZt |Fs ] (17)

Corollary

Let Q ∼ P with dQ
dP = Z . An adapted process (Mt)0≤t≤T is a

Q-martingale if and only if the process (MtZt)0≤t≤T is a
P-martingale.
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Girsanov Theorem I

Let (Wt)0≤t≤T be one-dimensional Brownian motion on (Ω,F ,P),
(Ft)0≤t≤T and consider an adapted process (θt)0≤t≤T . Define

Zt = exp

(∫ t

0
θs dWs −

1

2

∫ t

0
θ2
s ds

)
, 0 ≤ s ≤ T . (18)

Then the Itô-formula shows that Zt = Z0 +
∫ t

0 θsZs dWs . it follows
that

• Z is a positive local martingale and hence a supermartingale

• Z is a true martingale if and only if E [ZT ] = Z0 = 1. In that
case Z can be used as a Radon-Nikodym density on FT and
Zt = (dQ/dP)|Ft

.
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Girsanov Theorem II

Theorem (Girsanov for Brownian motion)

Suppose that (Zt)0≤t≤T defined in (18) is a martingale. Define Q
by (dQ/dP)|FT

= ZT . Then the process W̃ defined by

W̃t = Wt −
∫ t

0
θs ds, 0 ≤ t ≤ T (19)

is a Brownian motion under Q.

For the d-dimensional version see [Karatzas and Shreve, 1988].

The following conditions ensure that (Zt)0≤t≤T is a martingale

(a) E
[∫ T

0 θ2
s Z 2

s ds
]
<∞ (integrable quadratic variation).

(b) Novikov-criterion: E
[
exp

(
1
2

∫ T
0

∣∣θs ∣∣2 ds
)]

<∞.
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Levy-characterization of Brownian motion

The following result is an important tool in the proof of the
Girsanov theorem

Theorem (Levy)

Given a filtered probability space (Ω,F ,P), (Ft)t≥0. An adapted
process M = (Mt)t≥0 with continuous trajectories is a
one-dimensional Brownian motion if and only if the following
conditions hold:

1. M is a local martingale.

2. 〈M〉t = t, where 〈M〉 is the pathwise quadratic variation
defined for instance in (5).
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Application: Solving SDEs via a change of measure

Given some bounded function θ(s,X ) : R+ → R, we want to
construct a solution X of the SDE

dXt = θ(t,Xt) dt + dWt , 0 ≤ t ≤ T , (20)

with some Brownian motion W . Start with some probability space
(Ω,F ,P), (Ft)0≤t≤T , supporting a Brownian motion (Xt)0≤t≤T .
Define a measure Q via

dQ

dP

∣∣∣∣
FT

= ZT := exp

(∫ T

0
θ(s,Xs) dXs −

1

2

∫ T

0
θ2(s,Xs) ds

)
.

By Theorem 25, Wt := Xt −
∫ t

0 θ(s,Xs) ds is a Q-Brownian

motion; hence Xt = Wt +
∫ t

0 θ(s,Xs) ds solves (20).
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Financial Mathematics in Continuous Time

The Model.

• We consider a general model for a frictionless security market
with continuous trading on some (Ω,F ,P) with a given
horizon date T and a filtration {Ft}0≤t≤T .

• There are d + 1 traded assets with price process
S = (S0, . . . ,Sd).

• S0, . . . ,Sd follow semimartingales

• S0(t) > 0 P a.s. for all t so that S0 can be used as
numeraire; often S0(t) = exp(

∫ t
0 rsds) for some adapted r

with rs ≥ 0. In that case S0 is the savings account and r is
the short rate of interest.
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Selffinancing trading strategies

A trading strategy is a Rd+1-valued adapted and left-continuous
process φ(t) =

(
φ0
t , . . . , φ

d
t

)
; φit represents the number of units of

security i in the portfolio at time t.
Definition

(i) The value of the portfolio at time t equals

Vt = V φ
t =

∑d
i=0 φ

i
tS

i
t ; V φ = (V φ

t )0≤t≤T is called value
process of the strategy.

(ii) The gains process of the strategy is given by

Gφ
t =

∫ t

0
φudSu :=

d∑
i=0

∫ t

0
φiudS i

u

(iii) The strategy is called selffinancing, if for all t ∈ [0,T ]

V φ
t = V φ

0 + Gφ
t . (no frictions)
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Numeraire invariance

We choose S0 as our numeraire and introduce the discounted price
process

S̃t = (1,S1
t /S0

t , . . . ,S
d
t /S0

t ), (21)

and the discounted value process Ṽ φ
t = V φ

t /S0
t =

∑d
i=0 φ

i
t S̃

i
t .

Proposition. Selffinancing strategies remain selffinancing after a
change of numeraire, i.e
dṼt =

∑d
i=1 φt,idS̃t,i iff dVt =

∑d
i=0 φt,idSt,i

• “A change of numeraire has no substantial economic
implications.”

• A selffinancing strategy is is completely determined by the
initial investment V0 and the position φ1, . . . , φd in the assets
S1, . . . ,Sd .



Part I: Basics Part II: Financial Mathematics in Continuous-Time

Martingale Measures and Arbitrage Opportunities

Definition A selffinancing portfolio such that
P(V φ

t ≥ 0 for all 0 ≤ t ≤ T ) = 1, V φ
0 = 0 and P(V φ

T > 0) > 0
is an arbitrage opportunity.

Arbitrage opportunities represent a chance to create risk free
profits and should not exist in a well-functioning market.

Definition.A probability measure Q is called an equivalent
martingale measure if

(i) Q ∼ P on FT , i.e. for every A ∈ FT , Q(A) = 0 ⇔ P(A) = 0.

(ii) The discounted price processes S̃k , 1 ≤ k ≤ d are
Q-martingales.
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Spot Martingale Measure

A martingale measure is always related to a given numeraire. If the
numeraire is of the form S0

t = exp(
∫ t

0 rsds), r the spot rate of
interest, Q is also called spot martingale measure.

Lemma
Q is a spot martingale measure, if and only if every price process
S i has Q-dynamics of the form

dS i
t = rtS

i
tdt + dM i

t , 0 ≤ i ≤ d , (22)

where M0, . . . ,Md are Q-martingales.
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The first fundamental theorem of asset pricing

Theorem
If the model S0, . . . ,Sd admits an equivalent martingale measure
Q, there are no arbitrage opportunities.

Remark. Under technical conditions the converse is true as-well,
see for instance Chapter 10 of Chapter 10 of [Björk, 2004] or the
original paper [Delbaen and Schachermayer, 1994]

Proof. Two steps:

• Step 1: For any selffinancing strategy φ such that V φ
t ≥ 0,

the discounted wealth process Ṽ φ
t is a Q-supermartingale.

• Step 2: Consider φ with V φ
T > 0 a.s. Then P(V φ

T > 0) > 0

implies V φ
0 > 0.
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Hedging and pricing of contingent claims
A contingent claim X is an FT -measurable random variable, to be
interpreted as payoff of some financial contract.

Definition
Fix a given martingale measure Q corresponding to the numeraire
S0 and assume that EQ(|X |/S0

T ) <∞.

(i) A selffinancing trading strategy is called Q-admissible, if the
discounted gains process G̃φ is a Q-martingale; Φ(Q) denotes
the linear space of all Q-admissible strategies.

(ii) A contingent claim X such that X̃ ∈ L1(Ω,FT ,Q) is called
attainable, if there is at least one admissible strategy
φ ∈ Φ(Q) such that V φ

T = X , Q a.s.; any such strategy is
called replicating strategy for X .

(iii) The financial market model is called complete, if any
contingent claim X with X̃ ∈ L1(Ω,FT ,Q) is attainable.
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Attainability and Completeness

Lemma. Consider a contingent claim X such that X̃ = X/S0
T is Q

integrable. Then X is attainable ⇔ the Q-martingale
Mt = EQ(X̃ |Ft), t ≤ T admits a representation of the form

Mt = x +
d∑

i=1

∫ t

0
φiudS̃ i

u, 0 ≤ t ≤ T , (23)

for some some Q-admissible strategy φ1, . . . , φd .

Theorem (Second fundamental theorem of asset pricing)

Consider a market that admits (at least) one martingale measure
Q. Then the market is complete if and only if Q is unique.
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Risk-Neutral Pricing
Denote by Π(t; X ), 0 ≤ t ≤ T a candidate price process for some
claim X .

Theorem (Risk-Neutral Pricing)

1. If the extended model with price processes(
S0,S1, . . .Sd ,Π(·,X )

)
is arbitrage free we must have

X/S0
T ∈ L1(Ω,FT ,Q) and

Π(t,X ) = S0
t EQ

( X

S0
T

|Ft

)
(24)

for some martingale measure Q for the market (S0, . . . ,Sd).

2. If X is attainable, we have for any martingale measure Q with

X/S0
T ∈ L1(Ω,FT ,Q) the relation S0

t EQ
(

X
S0
T
|Ft

)
= V φ

t ,

where φ is a Q-admissible replicating strategy for X .
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Comments.

• Condition (24) is necessary to ensure that there is some
martingale measure for the extended market.

• Two different martingale measure Q1, Q2 general lead to two
different price processes Π1(t,X ), Π2(t,X ).

• The fair arbitrage-free price of an attainable claim is uniquely
defined.

• If the market is complete, we must have for any two
martingales Q1 and Q2 and any bounded random variable X
that

EQ1(X ) = V φ(0) = EQ2(X )

(the ‘if-part’ of the second fundamental theorem)
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Change of numeraire

• Change of numeraire is a very useful technique with stochastic
interest rates.

• Consider d + 1 assets S0,S1, . . . ,Sd and assume that under
Q the discounted asset prices S̃ i

t = S i
t/S0

t , 1 ≤ i ≤ d are
Q-martingales.

• Consider now a new asset Xt > 0. Question: which
martingale measure do we have to use in order to work with
X as new numeraire?
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Change of numeraire ctd

Theorem (Change of numeraire)

Consider a non-dividend-paying numeraire Xt such that Xt/S0
t is a

true Q-martingale. Define a measure QX by putting

dQX

dQ
|Ft = ηt :=

Xt

S0
t

· S0
0

X0
. (25)

Then the processes S i
t/Xt , 1 ≤ i ≤ d (the basic security process

discounted using X ) are QX -martingales. Moreover, we have for
every contingent claim H such that H/S0

T ∈ L1(Ω,FT ,Q) the
change-of-numeraire formula

S0
t EQ(H/S0

T |Ft) = XtE
QX

(H/XT |Ft). (26)
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The Black-Scholes Model Revisited

Setup. Two assets (stock and bond) with

dS0
t = rS0

t dt, S0
0 = 1, and hence S0

t = exp(rt). (27)

dS1
t = µS1

t dt + σS1
t dWt , S1

0 = S0 > 0. (28)

Let Dt = (S0
t )−1 = exp(−rt). We get for the discounted stock

price S̃t := DtS
1
t that

dS̃t = d(DtS
1
t ) = (µ− r)S̃1

t dt + σS̃1
t dWt
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Equivalent Martingale Measures

• Recall that S̃1 is a Q-martingale if and only if S1 itself has
dynamics of the form S1

t = S0 +
∫ t

0 rS1
s ds + MQ

t , where MQ is
a Q-local martingale. Hence we need to define Q such that by
going from P to Q the drift is changed from µ to r .

• Let W̃t = Wt +
∫ t

0
µ−r
σ ds. Since

S1
t = S0 +

∫ t

0
rS1

s ds +

∫ t

0
σS1

s dW̃s

we may use Girsanov to turn W̃ into a new Brownian motion.
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Summary

Proposition. Consider a Black-Scholes model with stock-price
dynamics of the form dS1

t = σS1
t dWt + µS1

t dt for constants µ, σ.
Then the (unique) equivalent martingale measure Q is given by the
density

dQ

dP
= GT := exp(−λWT − 1/2λ2T ),

where λ = µ−r
σ is the market price of risk of the stock. Under Q

the stock-price process solves the SDE

dS1
t = rS1

t dt + σS1
t dW̃t (29)
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A multidimensional Black-Scholes model
• Traded assets: money-market account S0 and d risky assets

S1, . . . ,Sd .
• Price dynamics: Given (Ω,F ,P), {Ft}, 0 ≤ t ≤ T , the asset

prices are Itô-processes of the form

dS i
t = αi

tS
i
tdt + S i

t

n∑
j=1

σij(t)dW j
t , 1 ≤ i ≤ d , (30)

for an n-dimensional Brownian motion Wt = (W 1
t , . . . ,W

n
t )

and adapted process αi
t , 1 ≤ i ≤ d and σij(t), 1 ≤ i ≤ d ,

1 ≤ j ≤ n. The initial values are given by S0 = (S1
0 , . . . ,S

d
0 ).

• The money-market account satisfies

S0
t = exp(

∫ t

0
rsds)

for some adapted process (rs)0≤s≤t modelling the (random)
short-rate of the interest.
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A more intuitive description

Define σi (t) =
(∑n

j=1 σij(t)2
) 1

2 and assume σi (t) > 0 a.s.. Define

processes B i
t , 1 ≤ i ≤ d , via

B i
t =

n∑
j=1

∫ t

0

σij(s)

σi (s)
dW j

s . (31)

Then 〈B i 〉t = t, so that B1, . . .Bd are one-dimensional Brownian.
Moreover, for i 6= j that

〈B i ,B j〉t =

∫ t

0
ρij(s)ds with ρij(s) =

∑n
l=1 σil(t)σjl(t)

σi (t)σj(t)
.

ρij(t) ∈ [−1, 1] gives instantaneous correlation of B i and B j .
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A more intuitive description ctd.

Alternative form of asset price dynamics:

dS i
t = αi

tS
i
tdt + σi (t)S i

tdB i
t , 1 ≤ i ≤ d , (32)

so that σi (t) is the volatility of S i at time t. Moreover,

〈ln S i , ln S j〉t =

∫ t

0
σi (s)σj(s)d〈B i ,B j〉s =

∫ t

0
σi (s)σj(s)ρij(s)ds.

ρij therefore models the instantaneous correlation of the
logarithmic return processes The discounted asset prices satisfy

dS̃ i
t = (αi

t − rt)S̃ i
tdt + σi (t)S̃ i

tdB i
t
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Existence of equivalent martingale measures

Proposition. Suppose that for all 0 ≤ t ≤ T there is a solution
θt = (θ1

t , . . . , θ
n
t ) of the so-called market-price-of-risk equations

αi
t − rt =

n∑
j=1

σij(t)θjt , 1 ≤ i ≤ d , (33)

and that E
(

exp( 1
2

∫ T
0 ‖θs‖

2ds)
)
<∞. Then the model (30)

admits an equivalent martingale measure.

The converse is true as well. This gives a version of the first
fundamental theorem of asset pricing:

Theorem
Modulo integrability conditions, the model (30) is arbitrage-free if
and only if the market-price of risk equation (33) admits a solution.
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Characterization of market completeness

Consider (as before) a model with d + 1 traded assets and
dynamics of the form dS0

t = rtS
0
t dt, and

dS i
t = αi

tS
i
tdt +

n∑
j=1

σij(t)S i
tdW j

t , , 1 ≤ i ≤ d , (34)

for an n-dimensional Brownian motion Wt = (W 1
t , . . . ,W

n
t ).

Theorem
Suppose that the model (34) is free of arbitrage, and that the
underlying filtration is generated by the Brownian motion W .
Then the market is complete if and only if P.a.s. Imσ′(t) = Rn,
0 ≤ t ≤ T , where σ(t) represents the matrix

(
σij(t)

)
1≤i≤d ,1≤j≤n.
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Comments.

• Since σ(t) is a d × n-matrix a necessary condition for
completeness is the inequality d ≥ n (at least as many assets
as Brownian motions)

• The condition Imσ′(t) = Rn implies that there is at most one
solution of the market-price-of-risk equation and hence (in a
Brownian model) at most one equivalent martingale measure.
(Second fundamental theorem for Brownian models).
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Ito representation theorem

The following result is crucial in the proof of the completeness

Theorem
Consider a d-dimensional Brownian motion W = (Wt,1, . . . ,Wt,d)′

on some (Ω,F ,P), {Ft}, 0 ≤ t ≤ T and denote by {FW
t } the

filtration generated by W . Then every {FW
t }-adapted square

integrable martingale M can be written as a stochastic integral
with respect to Brownian motion, that is there is a d-dimensional

adapted process ht = (h1
t , . . . , h

d
t ) with E

(∫ T
0 (hi

s)2ds
)
<∞ for

all i such that

Mt = M0 +
d∑

i=1

∫ t

0
hi
sdWs,i , 0 ≤ t ≤ T .
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