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Chapter 1

Stochastic Processes in
Continuous Time

1.1 Stochastic Processes, Stopping Times and Martingales

1.1.1 Basic Notions

We work on a probability space (€2, F, P) with filtration {F;}. Recall that a filtration is
a family of o-fields {F;, ¢ > 0} such that F; C Fs for s > t. As usual F; is interpreted
as the set of events which are observable at time ¢ such that the filtration represents
information-flow over time.

A stochastic process X = (X¢)i>0 is a family of random variables on (2, F,P). We
introduce the following notions:

e The process X is called adapted, if for all ¢ > 0 the random variable (rv) X; is
JFi-measurable.

e The marginal distribution of the process at a given ¢ > 0 is the distribution u(t) of
the rv X;.

e Consider a finite set of time points (¢1, ..., t,) in [0,00). Then (X3, ..., Xt,) is a ran-
dom vector with values in R™ and distribution p(t1,...,t,), say. The class of all
such distributions is called the set of finite-dimensional distributions of X. The
finite-dimensional distributions satisfy a set of obvious consistency requirements,
moreover, they determine the stochastic properties of a stochastic process; see for
instance Chapter 2 of Karatzas & Shreve (1988).

e Fix some w € ). The mapping
X.(w): [0,00) = R, t— X¢(w)

is called trajectory or sample path of X; a stochastic process can be viewed as
random draw of a sample-path. We are only interested in processes whose sample
paths have certain regularity properties. Of particular interest will be processes with
continuous sample paths like Brownian motion or right continuous with left limits
(RCLL) such as the Poisson processes (see below).



Equality of stochastic processes. There are two nations of equality for stochastic
processes.

Definition 1.1. Given two stochastic processes X and Y. Then X is called modification
of Y if for all ¢ > 0 we have
P{w e Q: X4(w) =Y (w)}) = 1.

The processes are called indistinguishable if

P({w € Q: Xi(w) =Yy (w) Vt > 0}) = 1.

We obviously have that if X and Y are indistinguishable then X is a modification of Y.
For the converse implication extra regular assumptions on the trajectories are needed.

Lemma 1.2. Suppose that X and Y have right-continuous trajectories and that X is
a modification of Y. Then X and Y are indistinguishable.

Proof. Put Ny := {w € Q: Xy(w # Yi(w} and let N := U,cqnp,o0) Ng- Since Q is
countable and since X is a modification of ¥ we have 0 = P(N,;) = P(N). We want to
show that for w € Q\ N we have X;(w) = Y;(w) V¢t > 0. This is clear for t € Q. For t € R\Q
there is a sequence ¢, € Q with ¢, | t. By definition of N we have X, (w) = Y, (w) for
all w € Q\N. Since X and Y have right-continuous trajectories we moreover get

Xi(w) = lim X, (w)) = lim Y, (w) = Y;(w),

n—oQ n—oo

which proves the claim. ]

1.1.2 Classes of Processes
1. MARTINGALES: An adapted stochastic process X with E(]X;|) < oo for all ¢ > 0 is

e a submartingale if V¢, s with ¢ > s we have E(X;|F,) > X;.
e a supermartingale if Vt, s with ¢ > s we have E(X|Fs) < X;.

e a martingale if X is both a sub- and a supermartingale, i.e. if E(X;|F;) = X, for
all £, s.

Important examples for martingales are the Brownian motion and the compensated Pois-
son process. Both processes will be introduced below.

2. SEMIMARTINGALES In financial modelling we often encounter processes which are the
sum of a completely unpredictable part — modelled by a martingale — and a systematic
predictable component such as the long-term growth rate of an asset. If the systematic
component of such a process satisfies certain regularity properties these processes are
called semimartingales. A formal definition of semimartingales is given in Definition [2.12
below.

3. MARKOV-PROCESSES: An adapted stochastic process X is called Markov process, if
for all t,s > 0 and all bounded functions f: R - R

E(f(Xits) | Ft) = E(f(Xi+s) | 0(X0)). (1.1)



Here o(X;) denotes the o-field generated by the rv X;, a notation which we will use
throughout these notes. Intuitively speaking a process is Markovian if the conditional
distribution of future values X;15, s > 0, of the process is completely determined by the
present value X; of the process; in particular given the value of X;, past values X, u < t of
the process do not contain any additional information which is useful for predicting X, s.
There is an obvious link to the efficient market hypothesis: if X models the price fluctu-
ations of some asset the assertion that X is Markovian is equivalent to saying that the
market for the asset satisfies the weak form of the efficient market hypothesis; see for
instance the survey Malkiel (1987).

Remark 1.3. A Markov process X is called a strong Markov-process, if ((1.1)) holds for
all stopping-times 7 and not only for deterministic times tE| All Markov-processes we will
encounter are also strong Markov processes, but there are a few ‘pathological’ exceptions.

4. DIFFUSIONS: A diffusion is a strong Markov process with continuous trajectories such
that for all (¢,z) the limits:

p(t, ) = lim %E(X(t ) = X)X () =) and (1.2)
o) = lim %E((X(t ) = X)X () = 2) (1.3)

exist. Then pu(t,x) is called the drift, o2(¢,x) the diffusion coefficient. The name diffu-
sion stems from applications in physics; the most important mathematical examples are
solutions to stochastic differential equations.

5. POINT PROCESSES AND THE POISSON PROCESS: Assume that certain relevant ‘events’
— for instance claims in an insurance context or defaults of counterparties in a financial
context — occur at random points in time 79 < 7 < .... The corresponding point pro-
cess Ny is then given by Ny := sup{n, 7, < t}, i.e. V; measures the number of events which
have occurred up to time t.

The Poisson process is a special point process. To construct it we take a sequence Y,, of
independent exponentially distributed random variables with P(Y,, < z) = 1 — e~ and
define 7, := 2?21 Y;, such that Y, is the waiting time between event 7,1 and 7,. The
process Ny = sup{n: 7, < t} is then a Poisson process with intensity A. It has among
others the following properties

o P(Ny = k)= MO k=01, t>0.

® Ny, — N, is independent of N for s < ¢ and Poisson-distributed with parameter

(Au).
e The compensated Poisson process M; := N; — At is a martingale; in particular
E(Ny) = At.

1.2 Stopping Times and Martingales

Throughout this section we work on a probability space (2, F, P) with filtration {F;}.

'As in discrete time a random variable 7 with values in [0, 00] will be called a stopping time if for
all t > 0 the set {w,7(w) < t} belongs to the sigma-field F3; see Section below.



1.2.1 Stopping Times

Definition 1.4. A rv 7: Q — [0, 00] is called stopping time wrt. {F;} if V¢t > 0 holds that
{7' S t} S .Ft.

Remark 1.5. 7 can be interpreted as the time of the occurence of an observed event.
{7 = oo} means that the event never occurs.

Lemma 1.6. Let {F;} be right-continuous, i.e. Fi = (\.sgFtte, for all t > 0. Then
7: Q — [0,00] is a stopping time if and only if {T <t} € F, ¥Vt > 0.

Proof. It holds {1 <t} = [.o{7 <t+e}. Let {T <t} € F;, V&t > 0. Hence {1 <t+e} €

Fiye and {7 <t} € () Fiye = Fy. For the converse statement note that
e>0

{r<tt=|J {r<t-cler.

e€Q+ EFt—eCFt

The most important example for stopping times are first hitting times for Borel sets.

Definition 1.7. Given a stochastic process X and a Borel set A in R. Define 74 :=
inf{t > 0: X; € A}. Then the rv 74 is called first hitting time into the set A.

Next we address the question when 74 is a stopping time.

Lemma 1.8. Let X be {F;}-adapted and right-continuous and let A C R? be open. If the
filtration {F;} is right-continuous, then the hitting time T4 is a stopping time.

Proof. Suppose, that {F;} is right-continuous. We only have to show {74 < t} € F;Vt > 0.
Since X is right-continuous and A is open, it holds that

{ra<ty= |J {Xge4}.

q€[0,t)uQ

As {X, € A} € F; C F; and as the union of countable sets from F; also belongs to F;,
the claim follows. O

Lemma 1.9. Let X be continuous and A C R closed. Then T4 is a stopping time.

Proof. Define open sets A, 2 A by A, := {x: d(z, A) < 1/n}. Since X is continuous and
A is closed, it holds that

{w: Ta(w) <t} ={w: Is € [0,t], Xs(w) € A} ={w: Yn € N Is € [0, t] with X(w) € A,}.
As all A,, are open, the last set equals

{w:¥n eN3ge Qn0,t], Xy(w) € A,} = ﬂ U {w: Xy(w) € 4,} .
neN geQN(0,t] €F,CFi

The right-hand side consists of countably many operations on sets from JF;, hence it
belongs to F;. O



The sigma-field F;. Next, we define the o-field generated by all observable events up
to a stopping time 7.

Definition 1.10. Given a stopping time 7. Then we call
Fr={AeF: An{r <t} e FVt>0} (1.4)
the o-field of the events which are observable up to 7.

F- is indeed a o-field as is easily checked; a more intuitive characterization of F, will be
given in Lemma below. It is easily seen that the rv w — 7(w) is Fr-measurable: For
all tg > 0 we have

{r<toyn{r<t}={r<(toAt)} € Fiont € Fr.

Let S and T be stopping times, where S < T. Intuitively, we can say, that if event A
is observable up to time S, then event A is also observable up to T, so that one would
expect the inclusion Fg C Fr. This is in true.

Lemma 1.11. Given two stopping times S and T with S <T. Then Fg C Fr.

Proof. Since S < T, it holds {T' < ¢} C {S < t}. Using this we have for A € Fg:

AN{T <t} =An{S <t} n {T<t} ,

eF, as AEFs eFi,as T
stopping time

and hence, A € Frp. O

Lemma 1.12. Given two stopping times S and T. Then

i) SAT :=min{S,T} is a stopping time.
ii) SV T :=max{S,T} is a stopping time.
ii1) Fsar = Fs N Fr.

Proof. We have {SAT <t} ={S <t} U{T <t}, {SVT <t} ={S <t}n{T <t}. As
S and T stopping times, that means {S <t} € F; and {T' < t} € F;, claims i) and ii) are
proved.

iii) is proved as follows. From Lemma we see, that, Fgar C Fg and Fgar C Fr,
hence Fsar € Fs N F. Now, let A € Fs N Fp. As S and T stopping times we have
AN{S <t} e F and An{T <t} € F. It holds

(AN{S<tHUAN{T <t}) =AN{S<t}u{T <t}) =AN{SAT <t} € F,
and hence A € Fgnr. O

Let (X¢)i>0 be a right-continuous stochastic process und let T' be a stopping time. We
define the stopped rv Xr by

XT(w) = XT(UJ) (w) . 1{T<Oo}(w), w € . (15)



Lemma 1.13. Let (Xi)i>0 be an {Fi}-adapted and right-continuous stochastic process
and let T' be a stopping time. Then the rv Xt is Fr-measurable.

For a proof we refer to Protter (1992) or to Karatzas & Shreve (1988).

Definition 1.14. Given a right-continuous stochastic process (X¢):>0 and a stopping time
T. Then the in T stopped process X1 = (X[')i>o is defined by

X[ (w) = Xynrw) (w) = (1.6)

XT(w) (w)7 T(w) <t

Xi(w), T(w) >t
Lemma 1.15. If X is adapted and right-continuous, then the stopped process X1 is
adapted.

Proof. We have X! = X, - lygery + X1 - 1y>7y. The first summand is Fi-measurable,
since it is a product consisting of two Fi-measurable rvs. For the second summand we
conclude as follows. Xp - listy = Xrae - 1 (t>T)- The rv Xpas is Fpra-measurable and
Frae © Fi. The v 157y is Fi-measurable, as T' is a stopping time. ]

Finally we give a more intuitive interpretation of F7, which legitimates the description
“o-field of the observable events up to time 77”.

Lemma 1.16. Let T be a stopping time. If P(T < co) = 1, then Fr = o(XT, X adapted and cadlag).

Proof. Let X be adapted and cadlag. Then the rv XtT = X7t is Fra-measurable. Since
Frae € Fr the rv XtT is also Fp-measurable, hence Fp D o(X T X adapted and cadlag).
Now, let A € Fr and define a stochastic process X = (X¢)i>0 by Xi(w) = 1la(w) -
Lyr<sy(w). The process X is cadlag. It holds {X; = 1} = AN{T < t} € F, hence
X is adapted. Moreover we have A = |J,{Xn(w) = 1}, since T is finite. Hence, A €
o(XT, X adapted and cadlag). O

1.2.2 The optional sampling theorem

The following results gives a crucial link between stopping times and martingales.

Theorem 1.17 (Optional sampling theorem). Consider an adapted stochastic process
X = (Xt)t>0 with E(|X¢]) < 0o, t > 0. Then the following statements are equivalent.

(1) X is a martingale.

(2) For all bounded stopping times T (T(w) < C for some C > 0, all w € ) one has
E(X;) = E(X)).

(8) Given two stopping times S and T such that S < T < C for some C > 0. Then
E(Xr|Fs) = Xs.

We omit the proof; see for instance Protter (1992), Section 1.2.

Corollary 1.18. Let X be a martingale with right-continuous trajectories and let T be a
stopping time. Then the stopped process X™ with X] = Xiar s also a martingale.



See again Protter (1992), Section 1.2 for a proof.

Corollary 1.19 (Martingale inequality). Let X be a right-continuous martingale such
that Xy > 0 a.s. Then we have for C > 0

P <supXt > C') < lE(XT).
>0 ¢

Proof. Put Te :=inf{t > 0: X; > C}. Since X; > 0, we have for an arbitrary n € N

P < sup X; > C) <F (1XTC/\n> = lE’()(O),
0<t<n C C

where the last equality is due to Theorem [1.17] (2). For n — oo we obtain the result by
monotone convergence. O]

1.3 Brownian Motion

Brownian motion is the most important building block for continuous-time asset pricing
models. It has a long history in the modelling of random events in science.

Around 1830 R. Brown, a Scottish botanist, discovered that molecules of water in a
suspension perform an erratic movement under the buffeting of other water molecules.
While Brown’s research had no relation to mathematics this observation gave Brownian
motion its name. In 1900 Bachelier introduced Brownian motion as model for stock-prices;
see Bachelier (1900). In 1905 Einstein proposed Brownian motion as a mathematical
model to describe the movement of particles in suspension. The first rigorous theory of
Brownian motion is due to N. Wiener (1923); therefore Brownian motion is often referred
to as Wiener process.

1.3.1 Definition and Construction

Definition 1.20. A stochastic process X = (X¢):>0 on (2, F, P) is standard one-dimensional
Brownian motion, if

(i) Xo=0as.

(ii) X has independent increments: for all ¢, > 0 the increment X, — X is indepen-
dent of X for all s < ¢.

(iii) X has stationary, normally distributed increments: Xy, — X ~ N (0, u).

(iv) X has continuous sample paths.

In honor of Brown and Wiener Brownian motion is often denoted by (Bt)>0 or by (Wy)>o.

Definition 1.21. Standard Brownian motion in R¢ is a d-dimensional process W; =
(WL, ..., W) where W1, ..., W% are d independent standard Brownian motions in R*.

Definition has some elementary consequences:

(i) Wy =W, — Wy is N(0, t)-distributed.



(ii) Let ¢ > s. Then the covariance of W; and Wy is given by cov(Wy, Wy) = E[W, W] =
E[(Wy — Ws)Wg] + E[Wf] = E[W; — W,|E[W,] + s = s.

(iii) The finite-dimensional distributions of W are multivariate normal distributions with
mean 0 and covariance matrix given in (ii).

Theorem 1.22. A stochastic process with the properties of Definition exists.

Remarks: 1) There are various methods to construct Brownian motion and hence to
prove Theorem which are also useful for simulating Brownian sample paths; see for
instance Karatzas & Shreve (1988).

2) Theorem is more than a mere exercise in mathematical rigour: if we replace
the normal distribution in Definition m (iii) by a fat-tailed a-stable distribution, the
corresponding process — referred to as a-stable motion — necessarily has discontinuous
trajectories; see for instance Section 2.4 of Embrechts, Kliippelberg & Mikosch (1997) for
details.

1.3.2 Some stochastic properties of Brownian motion:

Proposition 1.23. Let W, be standard Brownian motion and define F := o(Ws,s < t).
Then a) (Wy)iso0 b) (W2 —t)i>0 and c) exp(cW; — 1/20%t) are martingales with respect
to the filtration {F}.

Proof. We start with claim a). Let ¢ > s; by point (ii) of Definition the increment
Wy — Wy is independent of Fs. Hence we get

EWy|Fg]l = EWy — Wy + Wi |F] = E[W; — W] + Wy = W
To prove claim b) we first show that E[W7? — W2|F] = E[(W; — Ws)?|Fs]. We have

E[(W, — W,)?|F,] = E[W?2 - 2W,W, + W2|F,]| = E[W?|F,] — 2W,E[W;|Fs] + W2
= E[Wtz‘}—s] - 2W52 + Ws2 = E[Wt2 - Wsz‘}-s]-

The claim is proved if we can show that E[W? — W2|F] = (t — s). By the first step of
the proof this is equivalent to E [(W; — W,)?|Fs] = (¢t — s). Now Wy — Wy is independent
of Fs; hence E[(W; — W)?|Fs] = E[(Wy — W) =t — s, as Wy — W ~ N (0, — s).

Sketch of ¢) (Bitte ausarbeiten !!I!) Gy = eWe=Wa=3(1=5)) then E[Gy] = GSE[e(WﬁWS*%(“s))}
and E[G|Fs] = GSE[e(Wt_WS_%(t_S))U:S] = GSE[e(Wt_WS_%(t_S))] = G, (properties of t
the lognormal distribution). O

1.3.3 Quadratic Variation

Fix some point in time 7', which represents the time-point where our model ends. To

define first and quadratic variation we need the notion of a partition of the interval [0, 7).

Definition 1.24. A partition 7 of [0,T] is a set of time-points tg = 0 < t; < ... <tp, =T.
The mesh of this partition is given by |7| := supy<;<, [t — ti—1].



Definition 1.25 (First Variation). Consider a function X : [0, 7] — R. The first variation

of X on [0,77] is defined as

Var(X) := sup {Z | X (t;) — X (t;—1)|, T a partition of [0, T] } €10, o0]. (1.7)

t,eT
If Var(X) < oo X is said to be of finite variation.

Remarks on notation: 1) Following standard conventions we denote by Var(f) the first
variation of a function f, whereas var(Y’) stands for the variance of a random variable Y.

2) Whenever a summation formula such as (|1.7)) contains the index ¢_; it is understood
that the corresponding summand is equal to zero.

Definition 1.26 (Quadratic Variation). Consider again a function X : [0,7] — R and a
sequence 7, of partitions of [0,T] such that |r,| — 0 as n — oco. Define for ¢ € [0,T] the
quadratic variation of X along the partition 7, by

VAXm) = Y (X(t) = X(tim))?.

ti€mn;t; <t

Assume that for all ¢ € [0,T] the limit (X); := lim, o V;2(X;7,) exists and that the
function t — (X) is continuous. In that case X is said to admit the continuous quadratic
variation (X);.

In principle (X); might depend on the sequence 7,,. However, we are mainly interested
in the case where X is a sample path of a continuous semimartingale such as Brownian
motion. It can be shown that in this case (X); is independent of the sequence of partitions
used in its definition. Obviously (X); is increasing in ¢ and hence in particular of finite
variation.

We now discuss the relation between first and quadratic variation.

Proposition 1.27. If X : [0,T] — R is continuous and of finite variation its quadratic
variation (X); is zero.

By negating this result we have

Corollary 1.28. If X is continuous and if the function t — (X); is strictly increasing,

X is of infinite first variation on every subinterval [a,b] of [0,T].

Proof. (of Proposition|1.27) Choose a sequence of partitions 7, of [0, T] such that lim,, oo |7,] =
0. Then

Z (X(t:) — X(t;i-1))> < sup [X(t;) — X(ti1)] Z | X (t:) — X (ti-1)]

ti€Tn; ti<t t€Tn ti€mn
S tsup ’X(tz) — X(ti_l)‘ Var(X). (1.8)
i€Tn
Now note that Var(X) < oo and that supy,e,, [X(t;) — X (ti—1)] — 0 for n — oo as X is
continuous and as lim,_,« |7,| = 0. Hence the right side of (1.8) converges to zero which
proves the proposition. ]



The following result allows us to conclude that the quadratic variation of the sample paths
of a continuous semimartingale is determined by the quadratic variation of its martingale
part.

Proposition 1.29. Assume that X is continuous with continuous quadratic variation

(X)¢ and consider a continuous function A : [0,T] — R which is of finite first variation.
Then Y (t) = X (t) + A(t) is of continuous quadratic variation and we have (Y); = (X ).

Proof. We have

Z (Y, — thi—l)2 = Z (X, — Xti71)2 + Z (At, — Ati71)2

ti€Tn; i<t ti€Tn; 1<t ti€mn;ti<t
+ 2 E (Xti - Xti—l)(Ati - Atifl)
ti€Tn;ti <t

Now > ey <t (Xt, — Xy,_,)? converges to (X); by assumption and Y, o (Ar, — Ay, _,)?
converges to zero as A is continuous and of finite variation. The last term can be estimated
as follows:

Z (X, = Xiy )(Ay, — Ay, ) < sup [ Xy, — Xy, [Var(A),

b€ 1<t tim1€7n
which converges to zero as X is continuous. O
Now we deal with quadratic variation of the sample paths B.(w) of Brownian motion.

Roughly speaking, for (almost) all w €  we have (B.(w)); = t. The following theorem
makes this relation precise.

Theorem 1.30. Consider a sequence of partitions 7, of [0,T] such that lim,, . |7,| = 0.
Then we have for all t € [0,T) that E (VA(B.(w); ) — t)2 — 0 as n — 0.

Proof. For a fixed partition 7, we have

K ( > (By—Bi ) - t) = F ( > (Bu—Bi )~ (ti— ti—l))

ti€Tn ti<t tiemti<t
2
- Z E ((Btz - Bti—1)2 - (ti - ti—l)) s

t;i €T, ti <t

as (By, — By,_,) and (B, — By;_,) are independent for i # j. Now note that
2
E ((Btz - Bti—1)2 - (ti - til)) = var ((Btz - Bti—l)Q) .

It is well known that for a N(u,o?)-distributed rv ¢ we have var(¢?) = 20%. Hence
var(By, — By,_,)? = 2(t; — t;—1)?, and we get

2
E < Z (Bti - Bti—1)2 - t) =2 Z (ti - ti—l)z < |Tn|t — 07

ti€Tn,ti<t ti€ETn,ti <t

which proves the theorem. O

10



The type of convergence in Theorem is known as L£2-convergence. It implies in
particular that V;2(B.(w);7,) converges to t in probability as n — oco. By exploiting
the fact that every sequence of random variables which converges in probability has a
subsequence which converges almost surely we obtain the following

Corollary 1.31. There exists a sequence T, of partitions of [0,T] with lim, 0 || = 0
such that almost surely V2(B.(w); T,) — t for every t € [0,T].

This corollary is important as it shows that the pathwise Ito-calculus developed in Section
applies to sample paths of Brownian motion.

Combining Theorem and Corollary yields another surprising property of Brow-
nian sample paths.

Corollary 1.32. Sample paths of Brownian motion are of infinite first variation.

Remark 1.33. The sample paths of Brownian motion have many surprising properties.
We refer the reader to Karatzas & Shreve (1988) and in particular to Revuz & Yor (1994)
for further information.

We have seen that Brownian motion is a martingale with continuous trajectories and
quadratic variation (B.(w)); = t. The following theorem, which is usually referred to as
Levy’s characterization of Brownian motion, establishes the converse:

Theorem 1.34. If M is a martingale with continuous trajectories such that Mo =0 and
(M) =t Vt then M is Brownian motion.

11



Chapter 2

Pathwise Ito-Calculus

Motivation. Consider a function f : R — R which is once continuously differentiable
(abbreviated f is a C'-function) with derivative f’ and a C!-function X : R* — R with
derivative X := %X (t). The fundamental theorem of calculus yields

X)) — F(X(0)) = /O F1(X ()X (s)ds = /0 F(X.)dX,. (2.1)

A similar expression for the difference f(X;) — f(Xo) can be given if X is not C* but only
continuous and of finite variation:

Proposition 2.1. Consider a continuous function X : [0,T] — R which is of finite
variation and a C'-function f : R — R with derivative f'. Let T, denote a sequence of

partitions of [0, T] with limy, o0 |7n| = 0. Then we have that

t
B3P0 = X ) = [ ax, (2:2)
t;€Tn,t; <t

exists. Moreover, we have the change of variable rule
¢
FOX) = 1) + [ F1(X)ax. (23)
0

Proposition is a special case of 1t6’s formula (Theorem below), hence we omit the
proof.

2.1 It0’s formula

In this section we derive the It6-formula — in financial texts often referred to as Ito’s
Lemma — which extends the chain-rule to functions with infinite first but finite
quadratic variation. Our exposition is based on the so-called pathwise Ité-calculus devel-
oped by Follmer (1981); this approach allows us to give an elementary and relatively simple
derivation of most results from stochastic calculus which are needed for the Black-Scholes
option pricing model without having to develop the full theory of stochastic integration.

Throughout this section we consider a continuous function X : [0,T] — R which admits
a continuous quadratic variation (X); in the sense of Definition As shown in Corol-
lary this is true for paths of Brownian motion. More generally, it can be shown

12



that the sample paths of every continuous semimartingale admit a continuous quadratic
variation.

As (X)) is increasing in ¢, the integral fg g(s)d(X)s is defined for every continuous function
g : [0,T] — R in the ordinary ‘Riemann-sense’; as (X); is continuous this integral is
moreover a continuous function of the upper bound ¢. Now we can state

Theorem 2.2 (It6’s formula). Given a continuous function X : [0,T] — R with contin-
uous quadratic variation (X);. Let F': R — R denote a twice continuously differentiable
function. Then we have fort <T

t 1 t
FO0) = FO) + [ Fatax.+ 5 [ Freca), (24)
0 0
where .
/ F(X)dX, = lim > F'(Xy, ) (Xy, — Xy, ,). (2.5)
0 TS e ti<t

Remarks: 1) The existence of the limit in (2.5 is shown in the proof of the theorem.
The integral fg F'(X;)dX; is called Ito-integral; it is a continuous function of the upper
boundary ¢ as is immediately apparent from (2.4)).

2) The classical case of Proposition where X is of finite variation is a special case of
Theorem If (X); is non-zero the additional ‘correction-term’ % g F"(X)d(X)s enters
our formula for the differential F(X;) — F'(Xy). We will see that this term is of crucial
importance for most results in continuous-time finance.

3) Note that the sums used in defining the Ito-integral are non-anticipating, i.e. the
integrand F'(Xy) is evaluated at the left boundary of the interval [t;_1,t;]; we will see in
Section [3.2] below that this makes the Ito-integral the right tool for the modeling of gains
from trade.

4) Often formula ([2.4) is expressed in the following short-hand notation: dF(X;) =
F'(X)dX, + L F"(Xy)d(X);.

5) It is possible to give extensions of this theorem to the case where X has discontinuous
sample paths; see for instance Chapter I1.7 of Protter (1992).

Proof. As a first step we establish the following

Lemma 2.3. For every piecewise continuous function g : [0,T] — R we have

n—oo
ti€Tn;t; <t

fm 30 gl = X ) = [ ()X (2.6)

Proof of the Lemma. Recall the definition of V,?(X;7,) in Definition m For indicator
functions of the form g(t) = 1(44(t) the convergence in (2.6)) translates as

lim (V2(X;7) — V2A(X5m)) = (X)p — (X)a,

n—o0

which is satisfied by definition, as X admits the continuous quadratic variation (X);. For a
general piecewise continuous function g the claim of the Lemma follows if we approximate
g by piecewise constant functions.

13



Now we turn to the theorem itself. Consider t;,t;_1 € 7, such that ¢; <t and denote by
(AX);, the increment X;, — Xy, ,. We get from a Taylor-expansion of F'

1
F(th) - F(Xti—l) = F,(Xti—l)(AX)i,n + §F”(X£>(AX)?,H
1
= F'(X, )(AX)in + 5 F"(Xe )(AX), + Rin,
where { is some point in the interval (¢;_1,;), and where R; , := 3 (F"(X7)—F"(Xy, ,))(AX)?

i,n"
Define 6,, := max{|X; — Xy, ,|,t € [ti—1,ti],ti € To}. As X is continuous and as |7,| — 0
for n — oo we have 6,, = 0, n — co. Moreover,

’Ri,n

g(l max \F”(x)—F”(y)!> (AX)Z, = en(AX)2,.
2 |z—y|<én ’ ’

Now &, — 0, for n — oo as F” is uniformly continuous and as d,, — 0. Hence

Z Ri,n

ti€ETn

<Y |Rin €20 ) (AX)F, = 0asn— oo,

t;E™h

as X admits the continuous quadratic variation (X);. Now

F(X) - F(Xo)= lim Y F(X,)— F(X,,_,)
tiETrUtiSt

. 1
=lm o Y P )AX)in g Y X )@X)E 4 ) R
ti€Tn;t; <t ti€Tn;t; <t 1i€Tn;t; <t

We have just shown that the sum over the R;, tends to zero. Moreover, by Lemma
Dtiernit <t F”(Xti_l)(AX)%n converges to fot F"(X)d(X)s. Hence the limit

n—oo
ti€Tn;t; <t

t
/ F/(X)dXs = lim > F'(Xy,_)(Xy, — Xy, )
0

exists, and we obtain the Ito-formula (2.4]). O

Some Examples:
1) Take F'(z) = z™. Applying the Ito-formula yields
n n ! n—1 n(n — 1) ¢ n—2
X =Xj+n ; X dXs+T ; XI74d(X)s.

In short notation this can be written as dX}* = nX"'dX; + @X?ﬁd()(ﬁ. In the
special case where X is a sample path of a Brownian motion B with By = 0 we obtain

t t t
szz/ BsdBSJr/ d<B>5:2/ BydB, +t
0 0 0

2) Take F(z) = e*. We get eXt = X0 4 fot eXsd X, + %fot eX:d{X)s, or in short notation
deXt = eXtd X, + $eXtd(X),.

14



2.2 Properties of the It6-Integral

2.2.1 Quadratic Variation

Throughout this section we consider a continuous function X (¢) with continuous quadratic
variation (X);.

Proposition 2.4. Let F € C'(R); then the function t — F(X;) has quadratic variation
Jo (F'(X))* d{X)s.

Corollary 2.5. For f € CY(R) the Ité-integral I; := fot f(Xs)dXs is well-defined; its
quadratic variation equals (I); = fot fA(X)d(X)s.

Proof. Denote by 7, a sequence of partitions of [0,T] with |7,| — 0. Then

Z (F(th) - F(Xti—l))2 = Z (F/(Xi)(AX)l,n)Q; t~2 € (ti—17ti>

ti€Tn;t; <t ti€Tn;ti <t
= Z F/(Xti—1)2(AX)12,n + Z (F/(Xfi)Q - (FI(Xti—1))2(AX)12,n
ti€Tn;t; <t ti€Tn;t; <t

— 0, n =00

The first sum converges to fot (F'(X))* d(X)s by Lemma a similar argument as in
the proof of Theorem [2.2] shows that the second sum converges to zero as n — c.

To proof the Corollary we define F'(x fo y)dy, such that I/ = f. As F is a C%-
function the existence of the integral It fo F'(X;)dX, follows from the previous theorem.
Moreover, we get from [t6’s formula that

As the function A is of finite variation we get (I)t = (F(X));. By Proposition (2.4, we
know that (F'(X)); = fot f?(X,)d({X)s, which proves the corollary. O

Example: We compute the quadratic variation of the square of Brownian motion B. We
have B = [} 2BsdB, +t. Define I, := [} 2BsdB;. We get (B%); = (I); = [, 4B2ds.

2.2.2 Martingale-property of the It6-integral

Up to now we have only used analytic properties of the function X such as the fact that X
admits a continuous quadratic variation in our analysis of the Ito-integral. If X (¢) is the
sample path of a stochastic process such as Brownian motion we may study probabilistic
properties of the process I;(w fo ))dXs(w). In particular we may consider the
case that our integrator is a martlngale

If M is a martingale with trajectories of continuous quadratic variation and f a C! func-
tion we expect the Ité-integral I := fg f(Mg)dMs to inherit the martingale property
from M, as I; is defined as limit of non-anticipating sums, [; = lim, _, I]* with [}’ =
dotierniti<t S (M) (Mg, — My, ). The martingale property of the I}" is just a variation
of the ‘you can’t gain by betting on a martingale’ argument used already in our proof that
the discounted gains from trade of an admissible selffinancing strategy are a martingale
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under an equivalent martingale measure in Chapter ?? (Lemma ?7). Unfortunately some
integrability problems arise when we pass from the approximating sums to the limit such
that only a slightly weaker result is true. To state this result we need the notion of a local
martingale.

Definition 2.6. A stochastic process M is called a local martingale, if there are stopping
times 77 < ... <T, <...such that

(i) limy—yoo Tn(w) = 00 as.

(ii) (Mr,at)i>0 is @ martingale for all n.

Obviously every martingale in the sense of Section m (every true martingale) is a local
martingale. The opposite assertion is not true; see for instance Remark below.

Theorem 2.7. Consider a local martingale M with continuous tmjectories and continuous
quadratic variation (M) and a function f € C1(R). Then I;(w fo ))dMs(w) is

a local martingale.

Partial proof. We restrict ourselves to the case where M is a bounded martingale and
where f is bounded; the general case follows by localization (introduction of an increasing
sequence of stopping time (7,)nen ). The proff goes in two steps.

a) Let 7,, be a sequence of partitions with |7,,| — 0, and fix n. Then the discrete-time
process I} := > oo f(My,_,)(My, — My, ), k < n, is a martingale wrt the discrete
filtration {F}'}i, with F} := F,, as can be seen from the following easy argument.

By = Il Fin) =B(f (My,_, ) (My, = My, )| Fo ) = f(Myy_)E((My, = My )| Fy s ),

and the last term is obviously equal to zero as M is a martingale. Note that here we have
used the fact that the Ito-integral is non-anticipating.

b) Let s < t. We will show that E(I;; A) = E(Is; A) for all A € F;, as this implies that
E(I;|Fs) = Is. Choose ty, s, € T, with ¢, \(t, s, N\, s and t,, > s,. By Step a) we have

E(I,; A) = E(I,; A);

moreover I; — I, I, — I, as I has continuous paths. Moreover, one can show that
(I, )n and (I, ), are uniformly integrable (using the boundedness of M and f), so that
the claim follows from the theorem of Lebesgue. O

Remark 2.8. If f is defined only on a subset G C R the process I; = fo s)dM; can
be defined up to the stopping-time 7 = inf{t > 0, M; ¢ G} and it can be Shown that I
is a local martingale until 7.

In applications one often needs to decide if a local martingale M is in fact a true martin-
gale. The following Proposition provides a useful criterion for this

Proposition 2.9. Let M be a local martingale with continuous trajectories. Then the
following two assertions are equivalent.

(i) M is a true martingale and E(M?) < oo Vt > 0.

(ii) E((M)) < oo VL.
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If either (i) or (i) holds, we have E(M?) = E((M)y).

For a proof and a generalization to discontinuous martingales see Chapter 11.6 of Protter
(1992).
Remark 2.10. The following process is an example of a local martingale which is not

a true martingale. Consider a three-dimensional Brownian motion W; = (W, W2, W)
with Wy = (1,1, 1) and define

1 1

M= Wil = v s v s v

Then M is a local martingale, as can be checked using the It6-formula in higher dimensions,
but it is not a full martingale; see again Chapter I1.6 of Protter (1992) for details.

The following Proposition shows that interesting martingales with continuous trajectories
are necessarily of infinite variation.

Proposition 2.11. Consider a local martingale M with continuous trajectories of finite
variation Then the paths of M are constant, i.e. My = My almost surely.

Note that there are martingales with discontinuous non-constant trajectories of finite
variation; an example is provided by the compensated Poisson process; see Section [1.1.2

Proof. By Ito’s-formula we get for M?
t t
M? = M + 2/ MydM, + (M); = ME + 2/ MdM, ,
0 0

as (M), = 0 by Proposition The martingale-property of the It6-integral implies that
M} is a local martingale. Assume that both M; and M7 are a real martingalesﬂ Then
we have

0 < E((M; — My)?) = E (M} — 2M; My + M§) = M§ — 2M§ + M =0,
which shows that E (M; — My)? = 0 so that M; = My a.s. O

We close this section with a formal definition of semimartingales.

Definition 2.12. A stochastic process X with RCLL paths is called a semimartingale if
X has a decomposition of the form X; = Xg + M; + A; where M is a local martingale
and A is an adapted process with continuous trajectories of finite variation; M is called
the martingale part of X, A the finite variation part.

Note that the decomposition of X into a martingale part and a finite variation part is
unique by Proposition [2.11

'For an argument how to deal with the case where M7 is only a local martingale we refer the reader
to Protter (1992).
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2.3 Covariation and d-dimensional Ito-formula

2.3.1 Covariation

Fix a sequence 7, of partitions of [0, 7] with 7,, — 0 and continuous functions X, Y which
admit a continuous quadratic variation (X); and(Y’); along the sequence .

Definition 2.13. Assume that for all ¢t € [0, 7] the following limit exists:

nh_)nolo Z (X, — Xti—1)(Y;fi - Y;fi—l) =: <X7Y>t'
ti€Tn; 1<t

Then (X,Y), is called covariation of X and Y.

Theorem 2.14. (X,Y); exists if and only if (X + YY) exists; in that case we have the
following so-called polarization-identity

1
(X,Y) = 3 (X +Y) — (X)t — (Y)e) (2.7)
Proof. Recall the notation (AX);,, = Xy, — Xy, ,, for t;,ti—1 € 7,. We have

— T ) . )2
(X +Y) = lim tEZm((AX)Z,n + (AY)in)

=1lim ¢ > (AX)I,+ > (AYV),+2 > (AX)in(AY)in

n—oo
ti€Tn;t <t ti€Tn;t; <t ti€Tn;t; <t
=(X)+ (V) +21lm Y (AX)in(AY)in. (2.8)
n_>oot'€7'n't'<t

Hence the last limit on the right hand side of (2.8)) exists iff (X + Y); exists. Solving for
this limit yields the polarization identity. O

Note that (X,Y'); is of finite variation as it is the difference of monotone functions. We
now use the polarization identity to compute the covariation for a few important examples.

1) If X is a continuous function with continuous quadratic variation (X); and A a con-
tinuous function of finite variation we have (X + A); = (X); and hence (X, A); = 0.

2) Consider two independent Brownian motions B!, B? on our probability space (2, F, P).
Then (B!-(w), B?-(w)); = 0. To prove this claim we have to compute (B! + B2?),. Note
that (B} + B?)/v/2 is again a Brownian motion and has therefore quadratic variation
equal to t. Hence

LB+ B2~ (BY— (B)) = 52—t 1) =0.

3) Consider a continuous function X with continuous quadratic variation, and C!-functions
fand g. DefineY; := [ f(X,)dX, and Z; := [ g(X,)dX,. Then (Y, Z); = [; f(Xs)g(Xs)d(X)s.
This follows from the polarization identity and the following computation:

t t
Y+2) = /0 (f + 9)*(X)d(X)s = (V)¢ + (Z)s + 2/0 f(Xs)g(Xs)d(X)s.
Example 3) is a special case of a more general rule for stochastic Ito-integrals.
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2.3.2 The d-dimensional Ito-formula

Theorem 2.15 (d-dimensional Ité-formula). Given continuous functions X = (X',..., X%):
[0,T] — R with continuous covariation

koyly (X5, k=L,
(X ,X>t—{ 1/2 ((XF + Xby, — (XF), — (XD)), k#1

and a twice continuously differentiable function F : RY — R. Then

F(X;) =

X! Xt X9,
)dX:+ Z/awzax] X,)d(X", x7)

Remark on notation: For aa F we often write Fy,, % 8 - is denoted by Fy, zj- In

short-notation the d—dlmensmnal Ito-formula hence writes as

d
AF(X;) =Y P (Xy)dX] + 5 Z Fypay (Xe)d(X', Xy
i=1 i,j=1

ExampLE: Let W = (W',...,W%) be d-dimensional Brownian motion so that that
(WE W = St where 63 = 1if k =1 and dj; = 0 otherwise. Hence we have

F(W;) = F(Wp) +Z/ W) dW! + = Z/ irei (W) (2.9)

Corollary 2.16 (It6’s product formula). Given X,Y with continuous quadratic variation
(X)t, ()¢ and covariation (X,Y ). Then

t t
XY= XoYo+ [ Xa¥ot [ VX (X7
0 0

Proof. Apply Theorem (2.15)) to F(z,y) = zy. O

In short notation the product formula can be written as d(XY); = XidY; + YidX; +
d(X,Y);.

Corollary 2.17 (Ito-formula for time-dependent functions). Given a continuous func-
tion X with continuous quadratic variation (X); and a function F(t,x) which is once
continuously differentiable in t and twice continuously differentiable in x. Then

t t 1 [t
F(t,X;) = F(0,Xp) + / Fi(s, Xy)ds —1—/ F.(s, Xs)dXs + 2/ Frz(s, Xs)d(X)s.
0 0 0

We now consider several applications of the d-dimensional It6-formula.

1) Geometric Brownian motion: Given a Brownian motion W, an initial value Sy > 0 and
constants p, o with o > 0 we define geometric Brownian motion S by

Sy = Spexp (aWt + (u— 1/202)t) .
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Geometric Brownian motion will be our main model for the fluctuation of asset prices
in Section Using the Ito-formula we now derive a more intuitive expression for the
dynamics of S. Define X; := 0B; and Y; := (u — 1/20?)t and note that (X); = ot and
(V) = (X,Y); = 0. Let F(z,y) := Spexp(xz + y) such that F, = F, = F,, = F. By
definition Sy = F(X4,Y}), and we get

t t 1 t
Se=So+ [ FOLYOAX.+ [ PO Y)Y+ [ POGY)IX0,
0 0 0

t t 1 1 t
:50+/ F(XS,YS)UdBS—i—/ F(XS,YS)(M—zaQ)ds—i—z/ F(X,,Ys)o%ds
0 0 0

¢ t
=5 +/ 0SsdBs + / 1wSsds . (2.10)
0 0

In our short-notation the equation solved by S can be written as dS; = uSidt + 0SydB;.
In the special case where p = 0 we get that Sy = Sp + fg 0S5dBy is a local martingale

2) Brownian motion and the reverse heat-equation. Consider a function F'(¢,z) that solves
the reverse heat-equation Fy(t,z) + 1/2F,;(t,X) = 0 and a Brownian motion B. Then
F(t, By) is a local martingale. The proof is again based on It6’s formula. We get

t t 1 t
F(t,By) = F(0,By) +/ F,(s, Bs)dBs +/ Fy(s, Bs)ds + 2/ F,.(s, Bs)d(B)s
0 0 0
t t 1
= F(0,By) +/ F,(s, Bs)dBs +/ (Fy + §Fm)(s,Bs)d5
0 0
t
= F(0,By) +/ F,(s,Bs)dBs .
0
In case that Fy(t, B;) is sufficiently integrable F(¢, B;) is even a real martingale. In that
case one easily obtains a probabilistic representation of the solution of our reverse heat

equation. For more on the interplay between solutions of partial differential equations and
stochastic processes we refer to Chapter 4 and 5 of Karatzas & Shreve (1988).

2Tt can be shown that in that case S is even a full martingale.
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Chapter 3

The Black-Scholes Model: a
PDE-Approach

We now have all the mathematical tools at hand we need to study pricing and hedging of
derivatives in the classical Black-Scholes model.

3.1 Asset Price Dynamics

As in the classical paper Black & Scholes (1973) we consider a market with two traded
assets, a risky non-dividend-paying stock and a riskless money market account. The price
of the stock at time ¢ is denoted by S}, the price of the money market account by SP. For
simplicity we work with a deterministic continuously compounded interest rate r such that
SY = exp(rt). We now look for appropriate models for the dynamics of the stock-price.
As usual we work on a filtered probability space (€2, F, P), {F;} supporting a standard
Brownian motion W, representing the uncertainty in our market.

In his now famous PhD-thesis Bachelier (1900) proposed to model asset prices by an
arithmetic Brownian motion, i.e. he suggested the model S} = Sy+ oW, -+ ut for constants
w,o > 0. While this was a good first approximation to the dynamics of stock prices,
arithmetic Brownian motion has one serious drawback: as S} is N (So+ut, o?t) distributed,
the asset price can become negative with positive probability, which is at odds with the
fact that real-world stock-prices are always nonnegative because of limited liability of the
shareholders.

Samuelson (1965) therefore suggested replacing arithmetic Brownian motion by geometric
Brownian motion 1
S} = St exp (oW + (1 — 50215)) . (3.1)

We know from (2.10)) that this model solves the linear stochastic differential equation
(SDE)
dS} = pStdt + o Staw;.

Geometric Brownian motion - often referred to as Black-Scholes model - is nowadays widely
used as reference model both in option pricing theory and in the theory of portfolio-
optimization; we therefore adopt it as our model for the stock price dynamics in this
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section. Model (3.1)) implies that log-returns

1
InSl, —InS = o(Wepn — We) + (1 — 502)h
are N((u — 10%)h,o%h)-distributed; in particular the volatility o is the instantaneous
variance of the log-returns. Moreover, under (3.1)) log-returns over non-overlapping time
periods are stochastically independent.

There are a number of practical and theoretical considerations which make geometric
Brownian motion attractive as a model for stock price dynamics.

e Geometric Brownian motion fits asset prices data reasonably well, even if the fit
is far from perfect. For an overview the empirical deficiencies of the Black-Scholes
model we refer to Chapter I of ? or Section 4.1 of McNeil, Frey & Embrechts (2005).

e Geometric Brownian motion allows for explicit pricing formulae for a relatively large
class of derivatives. Moreover, there are a number of good discrete-time approxima-
tions to the Black-Scholes model such as the CRR model presented in Section 77.

e The Black-Scholes model is quite robust as a model for hedging of derivatives: if real
asset-price dynamics are ‘not too different from geometric Brownian motion’ hedging
strategies computed using the Black-Scholes model perform reasonably well. There
is now a large literature on model risk in derivative pricing; see for instance the
collection of papers in Gibson (2000) or Cont (2006); we present a brief discussion
of the model-risk related to volatility-misspecification in Subsection 77 below.

There are also a number of theoretical considerations in favour of the Black-Scholes model.

e The model is in line with the efficient markets hypothesis. Moreover, there are
a number of economic models which show that the Black-Scholes model can be
sustained as a model for economic equilibrium; see for instance He & Leland (1993)
for a rational expectations model and Follmer & Schweizer (1993) for a model based
on the temporary equilibrium concept.

e The Black-Scholes model is an arbitrage-free and complete model, making derivative
pricing straightforward from a conceptual point of view.

3.2 Pricing and Hedging of Terminal Value Claims

Consider now a contingent claim with maturity date T' and payoff H. As in the discrete-
time setup of Chapter 7?7 we want to find a dynamic trading strategy replicating the claim;
such a strategy can be used for pricing and hedging purposes. It can be shown that in the
framework of the Black-Scholes model such a strategy exists for every claim whose payoff
is measurable with respect to the information generated by the asset price. However, such
a result requires the notion of the stochastic It6-integral fot £,dS} for general predictable
processes £ which we do not have at our disposal. We therefore restrict our analysis to
so-called terminal value claims whose payoff is of the form H = h(S}). For these claims
one can find Markov hedging strategies which are functions of time and the current stock-
price. This includes most examples which are relevant from a practical viewpoint; as

22



shown in Section 77 extensions to path-dependent derivatives are also possible. For the
general theory we refer the reader to Bingham & Kiesel (1998) or to the advanced text
Karatzas & Shreve (1998).

3.2.1 Basic Notions

TRADING STRATEGY: A Markov trading strategy is given by a pair of smooth functions
((t, S), n(t,S)), where ¢(t, S}) and n(t, S}) give the number of stocks respectively of units
of the money market account in the portfolio at time t. The value at time ¢ of this strategy
is given by V (¢, S}) = S}o(t, St) +n(t, St)S%(t). Note that the strategy can alternatively
be described by specifying the functions ¢(¢,S) and V(¢,S); the position in the money
market account is then given by the function n(t,S) := (V(t,S) — S¢(t, S)) /S°(¢).

GAINS FROM TRADE: To motivate the subsequent definitions we introduce piecewise
constant approximations to our trading strategies. Consider a sequence 7, of partitions
with |7,,| — 0 and define

Sr(w) =D bti, Sh (@) Ly (1) (32)
mrw) = ntion, S (@) Ly (1) (3.3)

and V;* = ¢7S} 4+ nSY. A similar argument as the one used in the proof of Lemma ??
now yields that this piecewise constant strategy is selffinancing if and only if we have for
all t; € 7,

Vi = Vo + Gy, where G = Y (¢g(sgj — 5L ) (sY — sg.fl)) .
j=1

Now recall that by definition of the It6-integral G} converges to fot o(s, S;)dS;—i—f(f n(s, SH)dS?.
Hence the following definition is natural.

Definition 3.1. Given a Markov trading strategy (¢(t, S}),n(t, St)) induced by smooth
functions ¢, n: [0,7] x Rt — R.

(i) The gains from trade of this strategy are given by
t t
Gi = [ o(s.shast+ [ n(s.shas?.
0 0

(ii) The strategy is selffinancing, if V (¢, S}) = V (0, So) + Gy for all t < T.

(iii) Consider a terminal value claim with payoff h(S}). A selffinancing strategy is a
replicating strategy for the claim if V(T,S) = h(S) for all S > 0; in that case
V(t,S}) is the fair price of the claim at time .

3.2.2 The pricing-equation for terminal-value-claims

We now derive a partial differential equation (PDE) for the value of the replicating strat-
egy. We have the following
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Theorem 3.2. Let V : [0,T] x Rt — R be a continuous function which solves the PDE
1
Vi(t, S) + 502521/55@, S) +rSVs(t,S) =rV(t,S), (t,9)€[0,T)xR*. (3.4)

Then the hedging strategy with stock-position ¢(t,S) = Vs(t,S) and value V(t,S) is self-
financing. If V' satisfies moreover the terminal condition V(T,S) = h(S), the strategy
replicates the terminal value claim with payoff h(S%) and the fair price at time t of the
claim equals V (t, S}).

Proof. As a first step we compute the quadratic variation of geometric Brownian motion.
Recall that

t t
S}:So+/ aSsldW8+/ pSlds = My + A;.
0

As A is of finite variation we get <Sl e = (M), = fo Sl 2ds.

Now we turn to the first claim. We get from It6’s formula
t t 1 rt
V(t.5H) = V(0.5 + [ Vsts.Shast+ [ Vits,Shds+ 5 [ Vas(s, shaes?).
0 0 0

t t 1
ZV(0,53)+/ VS(S,S;)dS;Jr/ (Vt(s,S;H202(5;)21/55(5,5;)) ds .
0

0

Using the PDE (3.4) and the definition of ¢ this equals

t t
— V(0,50 + / o(s, S1)dS! + / F(V(s, S1) — 6(s, S1) 1) ds
0 0
t t
— V(0,80 + / o(s, S1)dS! + / (s, SHdSY,
0 0

where n(t, S}) = (V(t, S}) — (¢, S})S})/SO(t) is the position in the money-market account
which corresponds to our strategy. Hence our strategy is selffinancing. The remaining
claims are obvious. O

3.3 The Black-Scholes formula

3.3.1 The formula

To price a European call option we have to solve the PDE (3.4)) with terminal condition
h(S) = (S — K)*. To solve this problem analytically one usually reduces the PDE
to the heat equation by a proper change of variables. This technique is useful also for the
implementation of numerical schemes to solve the pricing PDE; see for instance Wilmott,
Dewynne & Howison (1993). Details are given in the following Lemma.

Lemma 3.3. Define 7(t) = o*(T —t) and z(t,S) = InS — (r + 30°)(T —t). Denote by
u(t,z) : [0,T] x R — R the solution of the heat-equation w; = Ju.. with initial condition
u(0,2) = (e — K)t. Then C(t,8) := e "T=Du(r(t), 2(t,S)) solves the terminal value
problem for the price of a European call.
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Proof. We have C(T,S) = u(7(T),2(T,S)) = u(0,InS) = (S — K)*, so that the function
C has the right value at maturity. Moreover,

oC
e e m(T=1) (ru — o?ur + (1/202 + rus)
2
Z(é = e Ty,1/8, ZSC; = e "I (u,,(1/8) — u.(1/5)?)
Plugging these expressions into the PDE (3.4) yields the result. O

It is well-known that the solution u of the heat-equation with initial condition u(0, z) =
uo(z) equals

u(r, z) = \/12?/ uo(z + x\ﬁ)efﬁﬂdl‘.

From this follows after tedious but straightforward computations (see for instance Sand-
mann (1999) or Wilmott et al. (1993))

Theorem 3.4. Denote by N(-) the standard normal distribution function. The no-
arbitrage price of a Furopean call with strike K and time to maturity T in the Black-
Scholes model with volatility o and interest rate r is given by

Cps(t,S;0,r, K, T) := SN(dy) — e """ KN(dy), (3.5)

with

g — InS/K + (r+ 302)(T —t)
' oVl —1

The corresponding hedge-portfolio consists of %CBS = N(dy) units of the risky asset and
(Cps(t,S) — N(d1)S) /e = —e "' K N(dy) units of the money market account.

and dy =d; —ovT —t.

A probabilistic derivation of the Black-Scholes formula is given in Section below.

3.3.2 Application of the formula: volatility estimation

For an extensive discussion how the Black-Scholes formula can be applied in practice we
refer to Cox & Rubinstein (1985) and Hull (1997). Here we content ourselves with a
few remarks about possible approaches to determine the volatility o. As volatility is not
directly observable — in contrast to the other parameters in the Black-Scholes formula —
finding a ‘good’ value for ¢ is by for the most problematic part in applying the Black-
Scholes formula. The fact that in real markets volatility is rarely constant but tends to
fluctuate in a rather unpredictable manner makes matters even worse[l] There are two
common approaches to determining o.

1) Historical volatility: This approach is based on statistical considerations. Recall
that under log-returns over non-overlapping periods of length A are independent
and N((u — 20?)A, 02A) distributed. Given asset price data at times t;, i = 1,...,N
with t; —t,_1 = A (e.g. daily returns) define Y; = In S;, —In Sy, _,. The standard estimator

!The stochastic nature of volatility has given rise to the development of the stochastic volatility models;
see for instance Frey (1997) for an overview.
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from elementary statistics for oa, the volatility of the log-returns over the time-period A
is given by

1 N ) 3 1
=1 =1
Estimated historical volatility is then given by 645 = 6a/VA.

2) Implied volatility The idea underlying the implied volatility concept is the use of
observed prices of traded derivatives to find the ‘prediction of the market’ for the volatility
of the stock. To explain the concept we consider the following example:

Assume that a call option with strike K and maturity T is traded at time t and at a
given stock-price (S})* for a price of C;. The implied volatility &y, is then given by the
solution to the equation

Cps(t, (SD)*; Gimpt, K, T) = C; .

As Cpg is strictly increasing in ¢ a unique solution to this equation exists; it is usually
determined by numerical procedures.

In practice traders tend to use a combination of both approaches, implied volatility being
the slightly more popular concept.
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Chapter 4

Further Tools from Stochastic
Calculus

4.1 Stochastic Integration for Continuous Martingales

In this section we want to define the stochastic integral fg H,dX, for semimartingales of
the form X = Xo+ M + A, where M is a continuous martingale and A is a continuous
FV-process, and where H is a suitable limit of integrands of the form

n—1
Hi' = Z ha; <w)1(ti,ti+1}(t)7 t; € T,
1=0

where 7, is a fixed partition of (0,7], and where each of the hy, is F;,-measurable. This
extends the pathwise It6 calculus to a larger class of integrands. This is reasonable from a
financial viewpoint, as we want to work with a larger class of trading strategies than just
Markov strategies of the form ®(¢,S;). The key point is to define the integral fg H,dMg, as
M will typically have paths of infinite first variation, so that standard Stieltjes integration
does not apply. To overcome these problems we use special properties of the space M? of
square integrable martingales.

4.1.1 The Spaces M? and M?**

Throughout we work on a given a filtered probability space (Q2, F, P), {F;} with fixed
horizon T'.

Definition 4.1. The space of all martingales M = (M;)o<i<r With My = 0 and E[M2] <
oo is denoted M?; M?¢ C M? denotes the subspace of all martingales with continuous
trajectories.

Note that the Jensen inequality gives for M € M?, ¢ < T that

E[M?] = B [(E[Mr|F])’| < E [EIM}IF]] = E[M3)
so that M; is square integrable for all 0 <t < T.
Lemma 4.2. M? is a Hilbert-space with scalar product

(M, N) 2 = E[MyNy] = (Mp, Np)p2.
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Proof. (M, N) 2 is a scalar product. In particular, if (M, M) = 0, we have M7 =0
a.s. which yields M; = E[Mp|F;] = 0 for all t. The Hilbert-space property is obvious,
as M? can be identified with £2(Q, Fr, P) by identifying a martingale (M), with its
terminal value My via M; = E[Myp|F]. O

The following result establishes a link between the pathwise supremum the and the ter-
minal value of a martingale.

Theorem 4.3 (Doob inequality). Let p > 1 and (My)o<i<T be a martingale. Define q by

%4—%:1. Then we have fort <T

I Sup [ Ms|llcr < ql| Ml co- (4.1)
S_

In particular we get with M7 := sup,<p | M| that
E [(M;)Q] <4E [M2]. (4.2)

We omit the proof.

Lemma 4.4. M?€ is a closed subspace of M? and hence a Hilbert-space.

Proof. Consider a sequence M™ € M?€ with M™ — M, i.e. withlim,_., E [(M% — MT)Q]
0. We want to show that the limit (M;);>o with M; = E [Mp|F;] has continuous sample
paths. By Doobs inequality we get

E[(M" = M)7)?] <4 [(Mg - Mp)?] =0,

ie. (M™— M)% = supycyp |[MP — My| — 0 in £L2(Q, Fp, P). Tt follows that (M™ — M)
converges to zero a.s. for a subsequence n’, which implies the result, as the limit of
continuous functions in the supremum-norm is continuous. O

Quadratic variation. Recall the definition

V)?(M; Tn) 1= Z (M, — Mti—1)2 = Z (AMim)z ) (4.3)

ti€Tn;t; <t ti€mn; t; <t
for the quadratic variation of M along a partition 7, of [0, 7.

Theorem 4.5. Consider a sequence (7,)n of partitions of [0,T] such that |7,| — 0 and
let M € M*€. Then

1. VA(M,1,) converges in probability to an increasing and continuous process (M),

with <M>0 =0.
2. MZ — (M) is a martingale, in particular we have E [M?| = E[(M)], t <T.
3. (M) is uniquely defined by the requirements

(i) (M)¢ is increasing and continuous, (M)o = 0.

(ii) ME — (M) is a martingale.
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Remark 4.6. 1. The hard parts of the theorem are [1| and [2} the uniqueness of (M),
follows immediately from the fact that a continuous martingale with trajectories of finite
variation is a.s. constant. 2. The convergence of V,>(M,7,) — (M), in probability
implies that V2(M,7,/) — (M); almost surely for a subsequence n’; hence the pathwise
It6-calculus of Chapter [1] applies to martingales from M?¢

Recall that for two functions X,Y : (0,7] — R such that (X); and (Y): exist, the
quadratic covariation
(X,Y)e=lim  »  AX;nAYig

ti€Tn;t; <t

exists if and only if (X + Y); exists and that (X,Y), = 1 (X +Y), — (X), — (Y)), the
so-called polarization identity. Now for M, N € M?¢, M +N € M?*¢ and (M + N); exists
by Theorem Hence we get

Corollary 4.7. For M, N € M?€ the covariation

(M,N)= lim > AM;nANi,
ti€mn;ti <t

exists. (M, N) is characterized by the following properties
(i) (M, N) is a continuous FV-process with (M, N)o = 0.
(ii) MyNy — (M, N) is a martingale.

The result follows from Theorem (.5 and the polarization identity.

Note that (-,-) is bilinear and symmetric on M%<, i.e. (aMj + M, N) = a(My, N) +
B(Ma, N). Note that for M, N € M>< (M, N) gives the conditional covariance of the
increments of M and N, i.e. we have for t < s <0

E[(Mt - MS) (Nt - NS) ‘}—s] = EKM? N>t - <M7 N>8’]:s] : (4’4)

The proof of (4.4]) is easy. We have

E[(M; — Ms)(Ny — Ng)|Fs] = E[MN;— MyNs — MsN; + MgNg|Fs]
= E[M;N;|Fs] — 2E [MyN,|Fs] + E [MyNy| F]
:2]\‘/[:]\/3 :J\?[ZNS

E [MyN|Fs] — MsN;
= E[(M,N);— (M,N)|F],

where we have used the fact that M;N; — (M, N), is a martingale.

Example 4.8 (Constructing correlated Brownian motions.). Let W7 and W5 be indepen-
dent Brownian motions and recall from Section that (Wy, Wa), = 0. Put By = Wi,
By = pWi + /1 — p?2W5. Then B; and B are standard one-dimensional Brownian mo-
tions, and (B1, Ba)t = p(W1, W1)¢ + /1 — p2 (W, W1y = pt.
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4.1.2 Stochastic Integrals for elementary processes

We begin the construction of fot H,dM; by taking H from the class of elementary processes,
defined as follows:

n—1
¢ = {H W) =Y @) 0} (4.5)
=0

for deterministic 0 < tp < t; < ... <t, <T =tn4+1, n € N, and bounded, F;,-measurable
random variables h;;, 1 < ¢ < n. Note that the elements of ¢ are bounded and left-
continuous. From a financial point of view, elements of ¢ correspond to simple, piecewise
constant trading strategies.

Definition 4.9. For H € ¢ and M € M?¢ we define the stochastic integral (H.M) by
t
(H.M), ::/ HydM, ==Y hyy (M0t — Mype), t < T,
0 0<i<n
H is called integrand, M integrator.

Lemma 4.10 (Properties of (H.M) for H € £). We have (H.M) € M?€ and the quadratic
variation is given by ((H.M)); = fg H2d(M)s,.

Corollary 4.11 (It6-isometry). We have
t t
E[(HM)]]=E [(/ Hdes)2] =F [/ HEd(M)S} : (4.6)
0 0

Proof. (of Lemma [4.10) The continuity of (H.M) is obvious, as M is continuous. In order
to show that (H.M) is a martingale, by the optional sampling theorem we have to show
that for all bounded stopping times 7 with 7 < T a.s. we have E[(H.M),] = (H.M)o.
Now (H.M)g is obviously equal to zero. Moreover,

E[(HM)T] = B Z hti(MtH»l/\T - Mti/\T)
0<i<n
- Z K [htzE [Mti+1/\7 - Mti/\T‘FtiH .
0<i<n

By the optional sampling theorem F [Mti cinr — My, AT|]-}J = 0, and the martingale prop-
erty of (H.M) follows. In order to show that ((H.M)); = fg H2d{M),, we show that
(H.M)? — fg H2d(M )y is a martingale, which gives the result by Statement [3|of Theorem
Again we use the optional sampling theorem. Consider a stopping time 7 < T. We

have
n+1

E[(HM)?] =" E[h,_ h_ AM]AM]], (4.7)
ij=1
where AM] = Myrr — My, ar. Suppose that ¢ < j. By conditioning on Fi;_, we see
that £/ [hti_lhtj_lAM{AMjT} = 0. Hence 1) equals

n+1 n+1

B[R, @AM =S B[R () - a7y
i=1 i=1
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using (4.4). Now we obviously have (M7); = (M), , so that

Eifzﬂ[hil(<A4T>n —-(A17>n_1)} = iiff?[hil(<ﬂ4>nAr —-<ﬂ4>n_1AT)}
= FE [/OT Hfd(M}t] .

that (H.M)r € L*(Q, Fr, P), as H is bounded and as E[(M)r] = E [M?] < oo since
M e M2 O

The relation E [(H.M)3] = E [fOT H? d(M>S], which we obtain by putting 7 = T', shows

4.1.3 Extension to General Integrands

We use the It6-isometry to extend the integral (H.M) from & to a larger class of integrands.
We begin with an abstract interpretation of E [fOT H? d<M>S} for M € M?€ fixed.

s

Put Q = Q x [0,T], F = Fr ® B([0,T]) and define a measure Py; on €, F by

T
pM(A) =F |:/ 1A(w,t)d<M>t:| , AcF. (48)
0
With this definition we have for H € £
1H 20, 7,00) = Ene [H] = [ / H & }

ie. E [fOT H? d(M>5] is the £2-norm of H (regarded as a random variable on Q, F) with

S

respect to the measure Py;. By Corollary the mapping
I:6— M* Hw— (HM)

is therefore an isometry from (&, || || .2, 7, 5,,)) to (M2 |||l p2)- Denote by € the closure
of £in || - ||£2 0,7, Py) and let H € £. By definition there exists a sequence H" € ¢ with
H" — H in £2 (92, F, Pyr); in particular the sequence H™ is Cauchy. By the Ité-isometry
the sequence I(H™) = (H™.M) is therefore Cauchy in M? respectively M?€. Since M?¢
is a Hilbert space (Lemma, the limit lim,, o (H™.M) exists in M?€, and the following
definition makes sense.

Definition 4.12. For H € £ C £2(Q, F, Py) the stochastic integral (H.M) is the uniquely
defined element of M?€ such that

lim [[(H".M) — (H.M)|pe =0 for all H" € € with |[H" — H||20.7.p,,) — 0.

n—oo

Corollary 4.13. Let M € M?*€¢, Hy,Hy € € and oy, € R. Then we have
o Linearity of (H.M): (cnHy + agHy. M) = a1(Hy . M) + aa(Hy. M) and
e Ito-isometry: E [(H.M)?] = E [fot H? d(M>s] , fort <T.

In the next theorem we give a partial characterization of the abstract set €.

Theorem 4.14. Let M € M?*°. Then € contains all adapted, left-continuous processes
H such that E [fOT H? d(M>5] < 00.

S

We omit the proof.
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Extensions. The definition of the stochastic integral (H.M) can be extended in a num-
ber of ways.

a) Localisation. If H is adapted, leftcontinuous and M is a continuous local martingale

with fOT H 52 d(M)s < 0o P-a.s. we may find an increasing sequence of stopping times

Tn 2 T such that M™ € M?¢, E [fOT H? d(MT")S} < 00. Then, for t < 7, we put

s

(H.M); = (H.M™),, (4.9)

where the right hand side is defined by Definition [4.12] It is easily shown that
(4.9) gives a consistent definition of (H.M);, and that (H.M); is a continuous local

martingale.

b) Semimartingales as integrands. Let X = Xy + M + A, where M is a continuous
local martingale and A a continuous FV-process. Then one defines for H adapted
and left continuous such that fOT H2d(M)s + fOT |Hs| d|Als < oo,

¢ ¢ t
/Hsts—/ HdeS—i—/ H,dAs,
0 0 0

where the integral with respect to M is constructed as before and fot H,dA, is an
ordinary Stieltjes integral.

4.1.4 Kunita-Watanabe characterization

Theorem 4.15 (Kunita-Watanabe characterization). Let H € £, M € M?>°. Then we
have for all N € M?>¢

(FL.M), NY, = /O CHL AN, (4.10)

Conversely if L € M?¢ satisfies (L, N); = fot Hyd{(M,N)s, t <T for all N € M?*€, we
have L = (H.M).

Partial proof. Establishing (4.10)) for H € € is a technical approximation argument and
will be omitted. Uniqueness of a process L that satisfies (4.10)) is easy to show. (4.10)
implies that

T
E[LyNy) = E[(L,N)r] = E [/ H,d(M, N)s} for all N € M>©,
0

i.e. the scalar product (L, N) s is determined from (4.10) for all N € M?€, | so that L
is uniquely determined. O

Further Properties of (H.M). Theorem allows us to establish a number of very
useful properties of the stochastic integral (H.M).

Quadratic covariation. If we put N = M we get
t t
(H.M), M), :/ H,y d(M, M), :/ H, d(M),,
0 0
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and hence

(HAD), = ((H.M),(H.M)), = /0 H, d(H.M, M)

= /OtHSd(/OSHud(M>u) (4.11)
— /OtH§d<M>s,

by the chain-rule of Stieltjes-calculus, i.e. we have shown that ((H.M)); = fg H2d(M)
for H € ¢ (and not just in &).

Chain rule of stochastic integration. Consider two integrands Hi, Hy € € such that
E [ fOT(HLSHg,S)Zd(M%] < c0. Then we have (H . (Hy.M)) = (HiHy. M) or, in

the long version,
t ¢
/ Hysd(Hy. M) :/ Hy sHy s dMs. (4.12)
0 0

Relation (4.12) is the chain rule of stochastic integration.

Proof. Let L = H; . .M). By Theorem we get

(Hz

t t s
(L,N); = / H17Sd<(H2.M),N>5:/ Hl,sd/ Hy, d{M,N),
0 0 0
¢
= / H17SH275d<M,N>S:<(H1H2.M),N>t.
0
Hence L; = fg Hi s Hy s dM; as claimed. O

The next result is important in the context of incomplete markets.

Theorem 4.16 (Kunita Watanabe decomposition). Consider martingales N, My, ..., M, €
M?<. Then there is a unique decomposition of the form

nooat
Ny = Ng + Z/ Hg;dMg; + Ly, t<T,
=170
with Hy,...,H, € € and L € M?>¢ strongly orthogonal to My, ..., M,, that is with
(L,M;) =0 for all 1 <i<n.
Note that L is also weakly orthogonal to Mj, ..., M,, that is E(LyMr;) = LoMy; = 0

as LM, is a martingale.

Sketch of the proof. We let n = 1. By the Ito-isometry, the space of stochastic integrals
M = [(HM): H € &} is a closed subspace of M?¢. Hence we can project the rv
Np — Ny on that space, that is there is a representation

T
Nt = Ny +/ HodMg + Lt
0

and E(L fOT HydM;) = 0 for all H € . Define the martingale L via Ly = E(Ly | F).
Then L is the desired martingale. It remains to show that (L, M) = 0. Here one uses
that M is stable under stopping, i.e. M € M* implies that also the stopped martingale
M7™ € MH for an arbitrary stopping time 7; we omit the details.

O
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4.2 1to Processes and the Feynman-Kac formula

It6 processes. Ito processes are solutions of stochastic differential equations driven by
Brownian motion; they will be our basic model for asset price dynamics.

Definition 4.17. Given a d-dimensional Brownian motion W' = (Wy 1, ..., Wy 4)1>0, a time
point tg > 0, some vector z € R™ and functions p : Rt xR” — R™ and ¢ : RT xR” — R™"*<,
Then the n-dimensional process X = (Xy 1, ..., Xin)i>0 is called an [t process with initial
value tg, x, drift © and dispersion matrix o if X satisfies the SDE

t d
Xt,i :ZCl—F/ ,U,Z'(S,XS) ds + E / O'ij(S,XS) dWsj , t>1ty. (413)
to i—1 to
J

In short notation (4.13) is often written in the form dX; = u(t, X;)dt + o(t, Xy) dW;.
Moreover, one frequently takes g = 0.

An intuitive way to understand the SDE (4.13)) is the Euler approximation. For a small
time step At one has with ¢, = nAt

d
thJrl =Xy, + p(tn, Xe, )0t + Z o (tn, th)emj (414)
Jj=1

where €, ; are iid ~ N(0,A;). (4.14) can be used to generate (approximations of) the
trajectories of X on a computer.

Define the n x n matrix C(t, X) = o(t, X)o'(t, X). Then we have
d . d .
(Xi, Xj)e = <Z/ ok AWk Z/ o1 dWs )t
k=1"0 =19

d t
= Z/Uikfszd<Wk,Wz>s
0

k=1 —

=01 5
d
= Z/ O'ikajkds
k=170

t
= / Cij(s, Xs) ds.
0

Hence C is sometimes called instantaneous covariance matrix of X.

Let f: R™ — R be a smooth function and define the differential operator A by
af 1 & 0’ f
- Ci;(t, t,x). 4.15

Lj

Af(t,e) =) plt, o)
i=1

ij=1
Then we have

Lemma 4.18. For f : R® — R smooth such that f and its first two derivatives are

bounded the process Mtf = f(Xy) — Ot%(s,Xs)Af(s,Xs) ds is a martingale.
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Proof. We consider only the time-independent case. Applying 1t6’s formula in n dimen-
sions we get

f(Xi) = f(Xo) +Z/ 8351 Z/ 895,95] d(Xi, X;)s

lj_

= f(Xo) +2/ 8:13 Xs)pi(s, Xs) ds—I—ZZ/ 835 Xs)oi(s, Xs) dWs

i=1 j=1
*3 Z/ 8:@8:3] Ci(s, Xs) ds

7]7

t
= f(Xo) +ZZ/ 8% aZsX)dWSJ—i—/ Af(s, X5)ds

Hence f(X;) — fot Af(s, Xs)ds can be represented as a sum of stochastic integrals wrt
Brownian assumed motion, and is therefore a local martingale. Since f and its derivatives
are bounded by assumption, this expression is a true martingale and the claim follows. [

In the following theorem we give conditions ensuring that a solution to the SDE (4.13])
exists.

Theorem 4.19. Suppose that i, o satisfy Lipschitz and growth conditions of the form
KX -Y], t>0,

K|X -Y|, t>0,
K(1+|X]), t>o0.

[la(t, X) = p(t, Y)|
lo(t, X) —o(t,Y)]l
la(t, X) + o (t, X)||

(VAN VAR VAN

Then for all initial values (to, ) € [0,00)xR™ a unique solution to exists. Moreover,
this solution is (F}V)-adapted, where F}V = o(Ws;:1<i<d, s <t).

The Feynman Kac formula. Lemma forms the basis for a close interplay between
stochastic processes and solution of parabolic PDEs, which is extremely fruitful in financial
mathematics. The basic result is the celebrated Feynman Kac formula.

We start with the one dimensional case, which is notationally easier. Consider scalar
functions u(t,x), o(t,z), and r(t, ) and some function ¢ on R. Suppose that F(¢,z) is a
solution to the terminal value problem

2
g(t,x) + u(t, z) gi( x) + 202( )g;;(t,x) =r(t,z)F(t,x), (4.16)

F(T,z) =¢(x). (4.17)
We want to represent F' in terms of some It6 process X. Consider the SDE
dXt = /,L(t, Xt)dt + O'('lf7 Xt)th, Xto =X (418)

and recall that the infinitesimal generator of X equals

of 1 o?
Af(t,3) = plt )50+ o) 5 g, feC,
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so that (4.16) can be written as %—f + AF = rF. Consider now the process 7Z; =
exp(— ftto r(s, Xs)ds)F(t, X;). Application of It6 ’s Lemma Yields with Dy = exp(— ftto r(s, Xs)ds)

dZ, = d(D,F(t, X)) = F(t, X;)dD; + DidF (t, X;) + d(D, F(t, X));.

Now D is an FV-process which solves the ODE dD; = —r(t, X;)Ddt, so that (D, F(t, X)), =
0. Moreover, the Itd formula gives dF' (¢, X;) = (%—f—}—AF)(t,Xt)dt+g—§a(t,Xt)th. Hence
we get, using the chain rule for stochastic integration

dZy = — T(t, Xt)F(t, Xt)Dtdt + {(88{ + .AF)(t, Xt)Dt}dt
oF
+ Dy (8 Xo)dWi,

Using the PDE (4.16|) for /' we see that the dt terms vanish, i.e.

tOF
Zt = Zto + 7(8,XS)DSO'($,XS)(1WS
t, O

is a (local) martingale and a true martingale given sufficient integrality, which we assume
form now on. Moreover, by definition Dy, = 1 so that Z;, = F(to, Xs,) = f(to,x). The
martingality of Z now gives, as Zy = exp ( — ftf r(s, Xs)ds)¢(Xr) because of ([{.17),

T
F(t(), Xto) = Zto = Eto,x(ZT) = Eto,:c(eXp(—/ T(Su Xs))‘/’(XT))- (4-19)

to

Formula (4.19) is called Feynman Kac formula. It can be used in two ways:
e We can use probabilistic techniques or Monte-Carlo simulation to compute the ex-
pectation on the rhs of (4.19)) in order to solve numerically the PDE (4.16), (4.17)).
e We can try to solve the PDE (4.16]), (4.17]), perhaps numerically, in order to compute
the expectation on the rhs of (4.19).

Both approaches are frequently used in financial mathematics. For a generalization of
(4.19) to multi-dimensional processes and for a precise statement of the necessary inte-
grality conditions we refer to Section 5.7 of Karatzas & Shreve (1988).

Example 4.20 (The Black-Scholes PDE). In Theorem [3.2| we showed that the fair price
Vi = pu(t, St) of a terminal-value claim with payoff h(St) in the Black-Scholes Model solves
the terminal value problem

ug +rSpus + %UzS2uSS =ru, u(T,S)=h(9).
In order to give a probabilistic interpretation we consider the SDE
dS; = rSidt + oS dWy
with generator A = rS% + %02526‘9—;, and we obtain from

u(to, ) = By 5(e " Tn(Sr)), to<T. (4.20)

This can be viewed as risk-neutral pricing formula in continuous time. In the next Chapter
we give a derivation of (4.20) using only probabilistic techniques.
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4.3 Change of Measure and Girsanov Theorem for Brown-
ian motion

4.3.1 Motivation

In discrete-time models, it was shown that the price in ¢ < T of any attainable claim with
Fr-measurable payoff H is given by the risk-neutral pricing formula

H; = S;o E@ [Hm} , t<T. (4.21)
ST,0

Here Sy > 0 represents the numeraire at time ¢ (often S;9 = exp(rt)), and @ satisfies
the following properties:

(i) Q~ P, ie. QA) >0 P(A)>0, Aec Fr.

(ii) The discounted price processes S’t,i = Sti/St0, 1 < i < n, are Q-martingales, i.e.

EQ [Sm-m] =8, 0<s<t<T.

In this section we provide the mathematical tools for extending (4.21)) to continuous-time
models 'driven’ by Brownian motion.

By the Radon-Nikodym theorem, the equivalence of P and ) implies the existence of an
Fr-measurable rv Z with P(Z > 0) = 1 such that for all A € Fr
Q(A) = ET [Z14] = EY [Z; A]. (4.22)

In particular, we get EF[Z] = Q(Q) = 1. Conversely, any Fr-measurable rv Z with
E[Z] =1 and P(Z > 0) = 1 can be used to define a measure ) on Fr via (4.22); P
and @ are obviously equivalent. Z is called the (Radon-Nikodym) density of @ wrt P,
denoted by Z = %. Note that 1D implies that for every Fp-measurable X > 0 we
have EQ[X] = ET[ZX] (by measure theoretic induction).

Example 4.21. For finite Q = {w1,...,wi} two measures P and @ are equivalent if for
1 <i<k: P{wi}) > 0 < Q({wi}) > 0; it is immediate from 1’ that g—g(u)) =
Q({w})/P({w}) in that case.

In the next Example we show how a change-of-measure can be used to alter the mean of
a normally distributed random variable.

Example 4.22. Let X ~ N(0,02) on some (2, F, P). Define a random variable Z by

Z = exp (%X — %Z—z) Then we get, using standard rules for the mean of lognormal

1% 1 1%
(E 53]+ gvar ((ﬂX))
142 12
= exp <—20_2> exp <20’2 = 17

so that we can define a measure () by putting % = Z. Note that we have for any bounded
g:R—R:

o0 2 x2
EQg(X)] = B [Zg(x)) = ﬂ% / ox) exp (:Qx—j“) e 4o

- \/;7/:9(:5) exp (-W) da,
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which shows that X ~ N(u,0?) under Q.

The main result of this section, Girsanov’s theorem for Brownian motion, can be thought
of as the infinite-dimensional analogue of this example: by a proper change of measure it
is possible to alter the drift of an It6 process. In particular, by choosing Q) ~ P properly,
it is usually possible to turn an asset price into a martingale.

4.3.2 Density martingales

Now we return to the change of measure for stochastic processes. Suppose that we have
a filtered probability space (Q, F, P), (Ft)o<t<T, and a strictly positive, Fr-measurable
random variable Z with E[Z] = 1, and define the measure Q by E®[X] = EF [XZ], X
bounded, Fpr-measurable. Define the associated density martingale by

Zi=EY[Z|F], 0<t<T. (4.23)

Lemma 4.23. (Z;)o<i<1 s a martingale, and for every Fi-measurable random variable
Y we have ER Y] =EF [YZ], t <T.

Proof. The martingale property of (Z;);>o is obvious. For the second claim note that by
iterated conditioning

ERlY]|=E"\YZ)=E" [EY [YZ|R] = EP [YE” Z|R]] = EF [V Z,].

The next lemma extends this result to conditional expectations.

Lemma 4.24 (abstract Bayes formula). Given 0 < s < t < T and let Y be some F;-
measurable integrable random variable. Then

EC[Y|F] = ZISEP Y Z4| F] (4.24)
Proof. We have to check that the right hand side of satisfies the characterizing
equation of conditional expectations, i.e.
E° [ZlEP [Y Z| F] 1A} = E9[Y1,], AcF.
Using Lemma [£:23] the left hand side equals, as A € F;,
E? [ZszlsEP [Y Z4| F] 1,4] =BV [BY [YZ14|F]] = BV [YZ14],
which is equal to E?[Y'14] by Lemma O

Lemma 4.25. Let Q ~ P with % = Z. An adapted process (My)o<t<T is a Q-martingale
if and only if the process (MiZi)o<i<T is a P-martingale.

Proof. By the Bayes formula (4.24]) we have for t < T with Zp .= Z
1
E°9 [Mr|F) = ZEP [MrZr|F] . (4.25)

If (MyZ)o<i<r is a P-martingale the right hand side equals Z%MtZt = M; and M is
a @-martingale. Conversely, if M is a Q-martingale the left hand side equals M; and
multiplying (4.25) with Z; gives M;Z; = E¥ [MrZr|F]. O
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4.3.3 The Girsanov Theorem

We begin with the one-dimensional version. Let (W;)o<i<7 be a one-dimensional Brownian
motion on the filtered probability space (2, F, P), (Ft)o<t<T- Let (6)o<t<T be an adapted
process, and define

t 1 t
Zt—exp</ ades—2/0§ds), 0<s<T. (4.26)
0 0

We show that Z; can be written as a stochastic integral with respect to W. Define
Xy = [y 05dW, — } [ 62 ds. Then

<X>t=</0'esdws>t:/0tegds,

and since Z; = exp (X;), It0’s formula gives with f(x) = e”:

1
dz; = f’(Xt)dXt+§f”(Xt)d<X>t
1
— eXtht—i—ieXthzdt
1
= thXt—l—iethdt

1 1
= 0,7y dW; — §9§Zt dt + 59§Zt dt,

so that Z; = Zy + fg 0sZsdWs. It follows that Z is a nonnegative local martingale and
hence a supermartingale. Z is a true martingale if and only if E[Zr] = Zy = 1. In that
case Z can be used as a Radon-Nikodym density.

Theorem 4.26 (Girsanov). Suppose that (Zi)o<i<r defined in is a martingale.
Define a probability measure Q on Fr by putting % = Zp. Then the process W defined

by .
Wt:Wt—/Gsds, 0<t<T (4.27)
0

1s a Brownian motion under Q).

Remark 4.27. The process W, = W, + fg 05 ds is under @ a Brownian motion with drift
(0¢)o<t<T; in that sense Theorem m generalises Example

Proof. The proof is based on the Levy-characterization of Brownian motion:

Theorem 4.28 (Levy). Given a filtered probability space (0, F, P), (Ft)i>0. An adapted
process M = (My)¢>0 with continuous trajectories is a one-dimensional Brownian motion
if and only if the following conditions hold:

1. M is a local martingale.

2. (M), = t, where (M) is the pathwise quadratic variation defined for instance in

-3
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Condition [2| is easily verified: Since f(f 0, ds is FV, we have (W); = (W);, and since W is
a P-Brownian motion, we have (W), = ¢ P-a.s. and hence also Q-a.s. (as P ~ ). The
theorem is proven if we can show that W is a Q-local martingale. By Lemma this
is equivalent to showing that (WtZt)ogth ia a P-local martingale. Recall that Z has the
representation Z; = Zy + f(f 0sZsdWs. Hence we get, using It6’s product formula

AW, Zy = Wy dZs + Zy AWy 4 d(W, Z)s.
Now we have

w2, 2 w2y, = W /0 0,2, dW,),

4 t
= / 0sZs d(W, W)
0

t
= / 0,7 ds, (4.28)
0

using (i) that W and W differ only by a continuous FV process and (i) the Kunita-
Watanabe characterization (Theorem [4.15)). Hence we get, using (4.28]) and the chain-rule

for stochastic integrals ,
AW Zy = WibiZy dWy + Zy AWy — Z,6; dt + Z,0; dt
= (Wi0,Zy + Z;) dW,.
This shows that the product W;Z; has a representation as an integral with respect to

the P-Brownian motion (W;)o<t<7 and is therefore a P-local martingale, proving the
result. O

d-
Remark 4.29. The following conditions are sufficient to ensure that (Z;)o<¢<7 is a mar- dimensional
tingale, so that Theorem applies. version

(a) E [ fOT 0222 ds} < 0o (integrable quadratic variation).
(b) E[Zp] = 1. (This is necessary and sufficient.)
(¢) Novikov-criterion: E [exp (% fOT 10| ds)} < 0.

We discuss two mathematical applications of Theorem [4.26

1. Solution of SDEs via change of measure. Given some function b(s, X) : Rt — R,
bounded (but not Lipschitz). We want to construct a solution X of the SDE

dX; = b(t, X,)dt +dW;,, 0<t<T, (4.29)

with W some Brownian motion. Start with some probability space (Q2, F, P), (Ft)o<t<T,
supporting a Brownian motion (X;)o<;<7. Define a measure @) via

d
d—g —ZT:exp</95X )dXs — /928X >
By Theorem m fo s) ds is a Q-Brownian motion; hence

t
Xt = Wt —|—/ 9(5,Xs)ds
0

solves equation (4.29) for a -Brownian motion W.
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2. Maximum-likelihood estimation for a Brownian motion with drift. We
observe a process X; = Wy + ut, p € R a constant and W a Brownian motion and
want to estimate the unknown parameter u. A possible approach is maximum-likelihood
estimation (MLE):

Consider some ‘random variable’ X with values in the space (Q, F) whose distribution P*
on (€, F) depends on an unknown parameter ;1 € A*. Suppose moreover, that there is a
common reference measure P on (€2, F) such that P* ~ P and

dP*
dP

=L(X;p), peAr

Given some observation X of X, the (abstract) ML-estimator £ for p is given by

(= L(X 4.30
ji = arg max (X, ), (4.30)

i.e. i is the value of y that makes the observation X most likely. ML-estimators typically
have desirable properties such as asymptotic normality and consistency.

Let us apply the approach to the Brownian motion with drift X. In that case we choose
Q= C(]0,T],R), P equal to the Wiener measure, and we let X;(®) = @(t) (the so-called
coordinate process on C([0,T],R)). Moreover, we define P* by

dpP+

1
= - X7 — —u?T R 4.31
7P eXp<uT S > pER, (4.31)

By definition of the Wiener measure, X is a P Brownian motion. Moreover, as in the
previous application, X; — ut is a Pr-Brownian motion, so that under P* X; = (X; —
ut) + pt is a Brownian motion with drift p. Given an observed trajectory (Xt)OStST of
X, the ML-estimator is hence given by

A 1
[ = argmax exp <MXT — MQT)
pER 2
N 1
= argmax uXp — =p°T. (4.32)
pER 2

Differentiating 1' with respect to p gives Xr— 21" = 0 and hence the ML-estimator

~_ X
fo="7""
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Chapter 5

Financial Mathematics in
Continuous-Time

5.1 Basic Concepts

5.1.1 The Model

We start with a general model for a frictionless security market with continuous trading.
Fix some horizon date T and consider some probability space (2, F, P) with a filtration
{Fi}o<t<r. There are d + 1 traded assets with price process S = (S°,...,59). We
assume throughout that SO, ..., 8% follow semimartingales with continuous trajectories.
We assume that S°(t) > 0 P a.s. for all ¢ and use S° as numeraire; often S°(t) =
exp fot reds for some adapted process r with rg > 0. In that case S° represents the so-
called savings account and r is the short rate of interest.

SELFFINANCING TRADING STRATEGIES: A R%l.valued adapted and left-continuous pro-
cess ¢(t) = (qﬁg, ce gb‘ti) is called a trading strategy; ¢! represents the number of units of
security ¢ in the portfolio at time ¢. We assume that ¢* is sufficiently integrable so that
the stochastic integral fot #LdS! is well defined.

Definition 5.1. (i) The value of the portfolio at time ¢ equals V; = Vf) = E?:o PLSE
Ve = (‘/t¢)0§t§T is called wvalue process of the strategy.

(ii) The gains process of the strategy is given by
t d rt
Gy = / GudSy = / ¢.,dS,

(iii) The strategy is called selffinancing, if for all t € [0,T] V;? = Ve +GY.
The economic justification of (ii) and (iii) is the same as in the case of the Markov strategies
discussed in Chapter

NUMERAIRE INVARIANCE: We choose S? as our numeraire and introduce the discounted

price process
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and the discounted value process ﬂf& = Vtgb/S? = Z?:o ¢iSi.  Intuitively, one would
expect that a change of numeraire has no substantial economic implications. The next
result confirms this fact.

Proposition 5.2 (Numerare Invariance). Selffinancing strategies remain selffinancing
after a change of numeraire.

Proof. Let X; = (S?)_l. We have, using It6’s product formula, that
dSF = dSF X, = SFdX, + X;dSF + d(S*, X),, (5.2)

and similarly dV;® = V,%dX; + X;dV;” + d(X,V?);. Now we have V;* = S2¢_ ¢Sk by
definition and, as ¢ is selffinancing, th‘b = ZZ:O PFdSF . This gives the following dynamics
of the discounted wealth process V:

d d d
AV =3 ofsEdX, + > XeokdSE + ) oFd(s*, X)

k=0 k=0 k=0
d
= OF{SFdX, + X,dS} + d(S*, X),} (5.3)
k=0
d
=Y ordsf,
k=0

as follows by comparing (5.3) and (5.1). Hence we have shown that aﬂN/tq5 = Zi:o PrdSk
so that the discounted value process can be represented as sum of the discounted initial
value and of the gains process wrt the discounted securities prices. ]

Corollary 5.3. (i) A trading strategy ¢ is selffinancing if and only if

d
VO=Vy+ G with GY = ¢fdSY. (5.4)
k=1

(ii) A selffinancing strategy is is completely determined by the initial investment Vi and
the position ¢, ... ¢* in the assets S', ..., S%.

Proof. Statement (i) follows immediately from the numeraire invariance (note that S9 = 1,
so that fg #VdSY = 0).

For the second statement note that Vy and ¢!, ..., ¢% uniquely determine the discounted
wealth process Vf) by (5.4) and hence the undiscounted valued process th); the position
#Y is then given by

d
& = (S)) 1V = oF st

k=1
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5.1.2 Martingale Measures and Arbitrage Opportunities

Definition 5.4 (Arbitrage). A selffinancing portfolio such that P(Vf5 >0 forall 0<
t<T)=1, Vb¢ =0 and P(Vj? > 0) > 0 is an arbitrage opportunity.

Arbitrage opportunities represent a chance to create risk free profits and should not exist
in a well-functioning market.

Definition 5.5 (Martingale measure). A probability measure @ is called an equivalent
martingale measure if

(i) @ ~ P on Fp,i.e. for every A € Fp, Q(A) =0« P(A) =0.
(ii) The discounted price processes Sk , 1 <k <d are Q-martingales.

Note that a martingale measure is always related to a given numeraire (due to the dis-
counting in (ii)). If the numeraire is of the form SP = exp(fg rsds), r the spot rate of
interest, @ is also called spot martingale measure.

Lemma 5.6. Q is a spot martingale measure, if and only if every price process S* has
Q-dynamics of the form

dS} = rSidt +dM}, 0<i<d, (5.5)

where MO, ... M are Q-martingales.

Proof. We get, as (SP)™! = exp(— fot rsds), that d(S?)™1 = —r (SP)~1dt. Ttd’s product
formula gives, as (S?)~! is of finite variation, that

dS; = —rSjdt + (S7)~'ds;,
which is a martingale if and only if S? has dynamics ([5.5)). O

The next result shows that the existence of an equivalent martingale measure excludes
arbitrage opportunities.

Theorem 5.7. If the model S°, ..., S admits an equivalent martingale measure Q, there
are no arbitrage opportunities.

Proof. Step 1: For any selffinancing strategy ¢ such that Vt¢ > 0, the discounted wealth
process f/td’ is a @Q-supermartingale. We have f/t(b = f/(f) + Zzzl fot ¢]§d§§ . The discounted
price processes are (Q-martingales by assumption, hence \~/t¢ is a local @-martingale, as
it is a sum of stochastic integral wrt martingales. Since ‘7;{) > 0, it follows that V¢ is a
Q-supermartingale, using that every nonnegative local martingale is a supermartingale by
the Fatou-Lemma for conditional expectations.

Step 2: Suppose now that P(V;E> > 0) > 0. It follows that Q(f/j‘? >0) >0,as Q ~ P.
Since V¢ is a Q-supermartingale we get f/o¢ > EQ(V;? ), and this is strictly positive as
Q(V:,? > 0) > 0. Hence also V0¢ > (, so that an arbitrage opportunity cannot exist. O

Remark 5.8. The converse statement (the fact that absence of arbitrage implies the
existence of equivalent martingale measures) is ’in principle’ correct as well. This is the
famous first fundamental theorem of arbitrage, established in full generality by Delbaen
& Schachermayer (1994), see for instance [ ]. A good discussion of the more technical
aspects surrounding this result is also given in Chapter 10 of Bjork (2004).
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5.1.3 Hedging and risk-neutral pricing of contingent claims

A contingent claim X is an Fpr-measurable random variable, to be interpreted as payoff
of some financial claims. In this section we introduce basic concepts related to hedging
and pricing of contingent claim. We assume throughout that the model admits some
martingale measure related to the numeraire S°, and denote a fixed such measure by Q.

Definition 5.9. A selffinancing trading strategy is called @-admissible, if the discounted
gains process G? is a Q-martingale; ®(Q) denotes the linear space of all Q-admissible
strategies.

From now on we restrict our attention to contingent claims X such that E9(|X|/S9) < oo

(le. X = X/S% € LYQ, Fr,Q)).

Definition 5.10. (i) A contingent claim X such that X € £Y(Q, Fr, Q) is called at-
tainable, if there is at least one admissible strategy ¢ € ®(Q) such that V:,‘? =X, Q
a.s.; any such strategy is called replicating strategy for X.

(ii) The financial market model is called complete, if any contingent claim X with X S% €
LY(Q, Fr, Q) is attainable.

The financial motivation for the definition is of course the fact that by initially investing
Vo‘z’ and then following the trading strategy ¢ the claim can be replicated without any
further cost or risk. Note that in reality the performance of the trading strategy ¢ may be
sub-optimal due to market frictions or model errors, and perfect replication of the claim
may be impossible.

The next result links attainability to martingale representation.
Lemma 5.11. Consider a contingent claim X such that X = X/S% e £LYQ, Fr,Q).

Then X is attainable if and only if the Q-martingale M with M, = EQ(X]]-}) admits a
representation as stochastic integral of the form

d  pt
Mt=x+Z/ OudSy,, 0<t<T, (5.6)
=170
for some constant x and some Q-admissible strategy ¢, ..., ¢%.

Proof. Suppose that (5.6) holds. We define the replicating strategy by putting Vp =
£5°(0), and by using ¢}, ..., #¢ as position in S, ..., S The discounted wealth process
of the strategy satisfies (by Corollary (ii))

3 do - x
Vi—as Y [ olasi- 5.
i=170 T

where the last equality follows from (5.6). Again by Corollary we thus have X =
Vo + G?, and the ‘if’ part follows. The converse statement is true by Corollary O

Market completeness can be characterized by the uniqueness of an equivalent martingale
measure.

Theorem 5.12 (Second fundamental theorem of asset pricing). Consider a market that
admits (at least) one martingale measure Q. Then the market is complete if and only if
the measure Q) is unique.
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The ‘if” part will be proven below; for the more difficult ‘only if’ part we refer to the
literature.

Now we turn to the risk-neutral pricing of contingent claims. Consider an arbitrage-free
market and a contingent claim X. Denote by II(¢; X), 0 < ¢ < T a candidate price process
for X.

Proposition 5.13. 1. If the extended model with price processes (SO, St 84 TI(, X))
admits an equivalent martingale measure and is thus arbitrage-free, we must have

X/S% € £LYQ, Fr, Q) and
X
I(t, X) = SPEQ (S—Om) (5.7)
T

for some martingale measure Q for the original market (S°,...,S%).

2. Two different martingale measure Q1, Qo will in general lead to two different price
processes 111 (t, X), a(t, X') which are both consistent with absence of arbitrage.

3. If X is attainable, we have for any martingale measure QQ with X/S% € LY, Fr,Q)
the relation

B9 (g 17) = VY,

where ¢ is a Q-admissible replicating strateqy for X . In particular, the fair arbitrage-
free price of an attainable claim is uniquely defined.

Proof. 1) (5.7) is necessary to ensure that there is some martingale measure for the ex-
tended market.

2) We have seen examples for this in the discrete-time setup.

3) If X is attainable we have the representation X/ S% =x+ éé’; for some @-admissible
strategy ¢. Taking conditional expectation gives, as G® is a martingale

X o
E(S—Om) —z4+ G =V?, (5.8)
T

where the last equality follows form Corollary Multiplying both side of (5.8)) with S
proves the claim. ]

Remark 5.14. If the market is complete, we must have for any two martingales )1 and
Q2 and any bounded random variable X that

B9 (X) = V4(0) = B(X),

where ¢ is a replicating strategy for X = X S9. (which exists by market completeness).
Hence we must have (1 = 2, which is the ‘if ’ part of Theorem [5.12

5.1.4 Change of numeraire

We now discuss the technique of change of numeraire, which will be very useful for the
valuation of claim under stochastic interest rates in the next section. We consider a model
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with d + 1 assets SO, S1,...,S% and assume that there a martingale measure @ such that
the discounted asset prices S} = S¢/S?,1 < i < d are Q-martingales. Consider now a new
asset Xy > 0. The following theorem shows which martingale measure we have to use in
order to work with X as new numeraire.

Theorem 5.15 (Change of numeraire). Consider a non-dividend-paying numeraire X,
such that X¢/SY is a true Q-martingale. Define a measure QX by putting
X; S

—_— F = N 70 5.9
‘ t 77t S? XO ( )
Then the processes Si/ Xy, 1 < i < d (the basic security process discounted using X ) are
QX -martingales. Moreover, we have for every contingent claim H such that H/S% €
LY(Q, Fr, Q) the change-of-numeraire formula

SOEQ(H/SY|F) = X, B9 (H/X1|F). (5.10)

We mention that the theorem remains true for a general change of numeraire where one
starts with an arbitrary numeraire X and goes to a new numeraire X.

Proof. First we note that 7, is in fact a martingale with mean one: we have

SY Xr Sy Xy
E@ F :JEQ<7}‘):70.7: :
moreover, E9(np) = ng = 1. Hence the measure Q¥ is well-defined. Consider now an
arbitrary stochastic process (Hy)o<¢<7 such that H; := Ht/S? is a Q-martingale; H; could
for instance be the price process of one of the traded securities. We get from the Bayes
formula (Lemma 4.24)) that

Hr 1 Hr i XoSY? HrS)Xr
() e (i) £ e (i)
xp 7)) = ek B Rxese
S0 Hy
)
X, s%’t
L5

where we have used ¢ the definition of 7 in (5.9) and i the fact that H, is a Q-martingale.
The above computation shows that H;/X; is a QX-martingale and thus proves the first
part of the theorem. Moreover, we have

H H,
SYEQ( =5 |F) = S0 =
t (5% ) sy

which proves (5.10). O

H, x (Hr
= Hy = Xt = X5 (117
t tXt t XT‘ t)>

5.2 The Black-Scholes Model Revisited

Setup. As in the previous section we consider a model with two traded assets, stock
and money market account, with dynamics given by

dsp =rSPdt, S§=1 (5.11)
dS} = pStdt +oStdw,, S§ = Sy > 0. (5.12)
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Note that implies that SY = exp(rt). We define the discount factor by D; =
(89)~1 = exp(—rt). The discounted stock price is given by S; := D;S}; the discounted
price of S? is by definition equal to 1. In economic terms discounting corresponds to taking
the money market account S° as new numeraire. We now use Ito’s-formula to compute the
dynamics of the discounted stock price. Since dDy = —r(Dy)dt, the Itd’-product-formula
yields

dS} = SldD;+ D.dS} + d(S}, D)y = —rStdt 4+ pStdt + oSEdW,
= (u—r)Stdt + oStdW;,

where we have used that (S!, D), = 0 as (Dy) is of finite variation.

Equivalent Martingale Measures in the Black-Scholes Model. Recall from
Lemma that the discounted price process Slisa Q-martingale if and only if S' itself
has dynamics of the form S} = Sy + fot rSlds + MtQ, where M% is a Q-local martingale.
Comparison with the Black-Scholes SDE shows that we need to define @) in such a way
that by going from P to ) the drift is changed from p to r .

Remark: If {F;} is generated by the Brownian motion W and if @ ~ P it can be shown
that the density g—% is necessarily of the form

dQ T~ T~2
a6 _ AW, —1/2
Ip = &XP </0 s dW, / /0 vids

for some adapted process 4. This means that in a model based on Brownian motion like
the Black-Scholes model changing the measure is equivalent to changing the drift.

Now we apply Girsanov’s theorem to determine the equivalent martingale measure in the
Black-Scholes model. We have

t t
S = So+/ u5§d5+/ oStdWy
0 0

t t w—r t
= So+/ rS;der/ ( >asslds+/ oSLdw;,
0 0 o 0

t t
= So+/ TSSlds—l—/ oStdW;
0 0

where W, = W, + fot E="ds. Define X := £==; X is often referred to as market price of risk
of the stock. In order for S to be of the form S} = Sy + fot rSlds 4+ M; we need to turn
W, = W, + fg Ads into a martingale by a change of measure. Girsanov’s theorem tells us
that under @) with

dQ

P exp(— AWy — 1/2X2T)

the process W is a Q-Brownian motion, hence the Ito-integral M, = fg oSidWs is a
@-local martingale. Summing up we have

Proposition 5.16. Consider a Black-Scholes model with stock-price dynamics of the form
dS} = oS dW; + pStdt for constants u, o. Then the equivalent martingale measure Q
s given by the density g—P = Gr := exp(—AWr — 1/2XT), where A = L=" is the market
price of risk of the stock. Under @ the stock-price process solves the SDE

dS} = rSldt + oStdW; (5.13)
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Remark: It can be shown that @ is unique.

Black-Scholes via risk-neutral valuation. We now derive the Black-Scholes formula
from the risk-neutral valuation principle; this is the easiest approach from a computational
perspective. We know that S} solves equation and is thus of the form S} =
Soexp(cW; + (r — 1/202)t). From the risk-neutral pricing-rule — which applies as we
already know from Chapter [3|that the call can be replicated — we get for Cy, the call price
at time zero

Co = E9e (St —K)") = E9e " Stlis1x) —¢ T KQ(SF > K) .
T —_——
(1) (1)

We start with the second term. One has

1 _ 1 B oWr InK —InSy— (r—1/20%)T
Q(ST>K)Q(1nST>an)Q<\/ﬁ> JoT )

Now note that Z = % ~ N(0,1). By the symmetry of centered normal distributions
we have for M € R that Q(Z > M) = Q(Z < —M). Hence

- InSo/K + (r —1/20*)T
oVT

To deal with term (I) we need to apply Girsanov’s theorem once more. Note that e*’”TS%F =

Q(Sk > K)=Q <Z > = N(dy).

SoYr where Y7 := exp(cWrp — 1/20°T) has the form of a Girsanov-density. Define a new
measure Q¥ by dQ°/dQ = Yr. Then we have

EQ (6_TTSr11~1{S71H>K}> == SOEQ <YT1{S%>K}) == SQEQS(1{5%>K}) == SOQS(IH S%W > ln K) .

Girsanov’s theorem implies that WtS := W; — ot is a Q5-Brownian motion. Hence o Wyp =
UW% + 02T and

Q°(InS} >InK)=Q%(InSy+ (r —1/20°)T + o W5 + ¢°T > InK).
The right hand side is now evaluated in exactly the same way as before, yielding

EQ (efrTS%l(S%>K)) = SoN(dy). O

5.3 Fundamental Theorems of Asset Pricing in a General-
ized Black-Scholes Model

5.3.1 A multidimensional Black-Scholes model
The traded assets consist of one money-market account S° and d stocks S, ..., 8% Given

a filtrated probability space (Q, F, P), {F:}, 0 <t < T, we assume that the stock-price is
an Ito-process of the form

dS} = ajSidt+ S} > oij(t)dW], 1<i<d, (5.14)
j=1
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for an n-dimensional standard Brownian motion W; = (W}, ..., W) and adapted process
ai, 1 < i < dand 0;(t), 1 <i<d, 1< j < n The initial values are given by
So = (S3,...,S%). The money-market account satisfies

t
SY = exp(/ rsds)
0

for some adapted process (rs)o<s<: modelling the (random) short-rate of the interest. We
now give a more intuitive description of the model (5.14)). Define

n
1
j=1
and assume that o;(t) > 0 a.s.. Define processes B}, 1 <i < d, via

Z/ U”SS AW (5.16)

It is easy seen that (B?); =t (exercise!), so that B!,... B¢ are one-dimensional Brownian
motion by the Lévy-characterization of Brownian motion. Moreover, one has for ¢ # j
that

Sy calton(t)

ai(t)o; (t)

) ) t
<Hﬁm=/mmm with  pij(s) =
0

Note that p;;(t) € [-1,1]; it is termed instantaneous correlation of B® and B’. In terms
of the B the asset price dynamics can be written in the form

dS} = alSidt + o;(t)SidB), 1<i<d, (5.17)
so that o;(t) is the volatility of S at time ¢. Moreover, we get from It&’s formula
, 1 :
dIn S} = (a} — iaf(t))dt + 04(t)dB;,

so that

<1nSi,lnSj>t:/0 ai(s)oj(s)d<Bi,Bj)S:/0 oi(s)oj(s)pij(s)ds.

The quantity p;; therefore models the instantaneous correlation of the logarithmic return
processes: for h small we have

E((ln S§+h —In SZ)(ln Si—&—h In Sg)’]:t) ~ (0’2‘ c 0y Pzg)h

As in the case of the one-dimensional Black-Scholes model the dynamics of the discounted
stock prices S} = S/SY are given by

d
dS} =(af — ro)Sidt + 03(t)SjdB] = (o — r)Sidt + Sid(> i (t)dW7). (5.18)
j=1
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5.3.2 Existence of equivalent martingale measure

The following Proposition gives sufficient conditions for the existence of an equivalent
martingale measure, and hence for the absence of arbitrage in the model ([5.14]).

Proposition 5.17. Suppose that for all 0 <t < T there is a solution 0; = (6},...,0%) of
the so-called market-price-of-risk equations

Py = Za,] 6], 1<i<d, (5.19)

and that E(exp(3 fOT 105]|?ds)) < oo. Then the model (5.14) admits an equivalent mar-
tingale measure.

Proof. Using the process 6; from (5.19) we can write the SDE (/5.18]) for the discounted
stock price S!,...S% in the form in the form

t
dS! =(al )Stdt+StZo” AW} = Stz% AW + / 07ds (5.20)
7=1 7j=1 0

Define W] WJ + fo ¢! ds, 1 < j < n. We now use the Girsanov theorem to turn W into
a new Brownian motion. Define

n T T
Zr ::exp(—Z/ egdwg—/ 165]12ds). (5.21)
=170 0

The integrability condition on # ensures E(Z7) = 1. Define a new measure Q) by I | Fr =
Zp. The multidimensional Girsanov-theorem shows that under @ the process W with is
@Q-Brownian motion, and the result follow from Lemma O

Denote by o(t) the matrix (0;(t))1<i<d1<j<n and by 1 the vector (1,...,1)" € R%. Sup-
pose that the market price of risk equation does not admit a solution. This implies that
the vector (a; — 1) does not belong to Imo(t) (the range of the matrix o(t)) and hence
we get for kero’(t) = {x € R?: ¢/(t)x = 0}

kero’(t) = (Imo(2)) " # {0}.

Hence we can find & € R? such that

th —1)#0, and o'(t)& =0,

otherwise (ay — 1) € kero’(t) = Imo(t), which contradicts the fact that the market-
price-of-risk equation has no solution. Define a trading-strategy ¢ by ¢! = £/Si. The
corresponding discounted wealth process V¢ satisfies

d n d
AV = "eloh —r)dt+ > (> oy(t)EHdW] = Zﬁt i~ ry)d
=1

j=1 i=1

where we have used that Z;‘i:l 0i; (1€ = (a’(t)gt)j = 0 as & € kero’(t). Hence we
have constructed a locally riskless selffinancing trading strategy whose discounted wealth-
process is non-constant, and it is easy to construct arbitrage-opportunities from this.
Hence we have shown the following result:
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Theorem 5.18. Modulo integrability conditions, the model (5.14) is arbitrage-free if and
only if the market-price of risk equation (5.19) admits a solution.

5.3.3 Market completeness in the generalized Black-Scholes model

As before, we consider a model with d + 1 traded assets and dynamics of the form dSY =
7¢SYdt, and

n
dS} = ajSjdt + Y oy (t)SjdWi, 1<i<d, (5.22)
j=1
for an n-dimensional Brownian motion W; = (W}, ..., W/*). Moreover, we assume that

our filtration is generated by the Brownian motion, that is 73 = o(W¢:s <t,1 <i<n);
this assumption restricts the contingent claims we may consider and is thus crucial for
establishing completeness of the market.

Proposition 5.19. Suppose that the model (5.22|) is free of arbitrage, and that the un-
derlying filtration is generated by the Brownian motion W. Then the market is com-
plete if and only if P.a.s. Imo’(t) = R™, 0 < t < T, where o(t) represents the matrix

("ij (t))1gi§d,1§jgn'

Since o(t) is a d X n-matrix and since rgo = rgo’, a necessary condition for completeness
is thus the inequality d > n.

Proof. Denote by () some equivalent martingale measure, which exists as the market is
assumed to be arbitrage-free. As shown before, under ) the discounted state prices have
dynamics

n
S} = SI> " oy(t)dWy, (5.23)
j=1
for W7 is a Q-Brownian motion. By Lemma the statement of the proposition in
equivalent to the following statement:
d_ pt
Every -martingale M has a representationM; = My + Z / ¢.dSy, < rgo(t) =d.
=170

(5.24)
Using It6’s representation theorem and the assumption {F;} = {FV'} it can be shown
that M has a unique representation of the form

noopt
M; = My + Z/ hidW, (5.25)
j=1"9
writing (5.24) in short-hand notation and using (5.23) we get that ([5.24]) is equivalent to

d n n d
dMy =Y Sigp Y ou(t)dW] =Y " Sioij(t)gidW7 . (5.26)
j=1

i=1 7j=11i=1
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Comparing (5.25) and (5.26)) we see that we must have

d d
h = 0i(t)Sid) =) _0ij(t)d}, (5.27)
=1 i=1
where qgi = gbftgf This equation is solvable for all A if and only if Imo’(¢) = R™. O
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Appendix A

Mathematical Background

A.1 Conditional Expectation

Given a probability space (€2, F, P) and a random variable X. A priori, the best prediction
for X is E(X). If we have additional information about the outcome of the experiment
modelled by (2, F, P), we can give a better prediction of X. The best-possible prediction
—in an L?-sense — is the conditional expectation. We first study this idea in an elementary
setting where information is modelled by a (finite) partition of €2, which leads us to an
explicit formula for the conditional expectation. In a second step we will use the properties
of this elementary conditional expectation to extend the notion to general probability
spaces.

A.1.1 The elementary case

Definition A.1. A set A= {Ay,...,A,} of measurable subsets of {2 with P(4;) > 0 for
all ¢ is called a partition of 2 if A, N A; = () for ¢ # j and if moreover Q@ = Ay U---U A,.

Now consider a partition A of €. Suppose that we have the additional information that
the result w of our random experiment belongs to a particular subset A;, € A. Our best
prediction for the rv X is now

1
P (Aio)

The ‘prediction-mechanism’ which gives the prediction of X if we are given the additional

E(X|A4;,) =

E(X1a,)

information which set from the partition A actually occurs is therefore given by the
random variable

E(X14, )
1a,(w)E(X|A;) 1a,(
3 LA @BIA) = 31 )
Example: Consider a 2-period binomial model with P(‘up’) = P(‘down’) = % Then

E(Sy) = So(3u® + $ud + $d?) = Sp(3u + 2d)?. Define the partition A = {41, Ao} with
Ap = {51 = uSp} and Ay = {S1 = dSp}, i.e. the partition is formed by the value of the
stock-price at ¢ = 1. Then the forecast of So given the information contained in A is given
by

lAl(w)E(Sg|A1)+1A2(w)E(52]A2) = 1A1( )So <1u + ud) —|—1A2(w)50 (;ud+ ;Cﬂ) .
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Obviously, this forecast differs depending on whether A; or A, actually occurs in ¢ = 1.

Formally, the additional information is described by the o-field F4 generated by the
partition A.

Definition A.2. Given a partition A = {A41,..., A,} of Q. The o-field F4 generated by
A is the set of all unifications U;?:l Aj, Aje A,k eN.

Remark: Usually the o-field F4 is defined as the smallest o-field containing all the sets
Aq, ..., A, It is easily seen that the two definitions are equivalent.

Definition A.3. Given a partition A = {Ay,..., 4,} of Q with sigma-field 74 and a
random variable X. The conditional expectation of X given F“ is the random variable

n
E(X1
BX|FA ) = 3 14, (@) B(X|4) Zu .
i=1 A
Proposition A.4. Given a partition A of Q and a rv X. The conditional expectation
E(X|FA) has the following properties
(i) E(X|FA) is FA-measurable.
(ii) For every random variable Y which is FA-measurable (i.e. Y is constant on the sets

Ai, i =1,...,n) we have BE(XY) = E(BE(X|FA)Y).

Proof. The property (i) is clear, as E(X|FA)is constant on each A;. As Y is FA-
measurable it is of the form Y = 37" | ¢;14, for constants c;. Hence

— (z":] XlA ]):E(YE(XU:A)). O

A.1.2 Conditional Expectation - General Case

The explicit definition of the conditional expectation works only if P(A4;) > 0 for all sets
in our partition. However, in continuous models this is usually not the case. We therefore
use the properties of the conditional expectation obtained in Proposition to define
the conditional expectation in more general situations.

Definition A.5. Given an integrable rv X on (Q,F, P) and a sigma-field G C F. A
random variable Z is called conditional expectation of X given G, Z = E(X|G), if

(i) Z is G-measurable.
(i) E(YX) = E(YZ) for all rvs Y which are G-measurable.

Theorem A.6. There is exactly one random variable Z which satisfies (i), (ii).

The proof can be found in any standard textbook on probability theory.

Examples:
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(1) If G = {0,Q} we have F(X|G) = E(X).
(2) If X is G-measurable we have E(X|G) = X

(3) If X3, X, are independent and G := o(X3) we get for any bounded measurable
function f that E(f(X1)|G) = E(f(X1)).

Proposition A.7. The conditional expectation has the following properties:

(1) Linearity: E(c1 X1 + c2X2|G) = c1 E(X1]G) + c2E(X2|G).
(2) If Y is G-measurable we have E(Y X|G) =Y E(X|G).

(3) Projectivity of the conditional expectation: Consider sigma-fields Go C G C F.
Then we have E(X|Gy) = E(E(X|G1)|Go), in particular E(X) = E(X|G) for every
sub-o-field G.

Property (3) is often referred to as law of iterated expectations.

Proof. ad 2) We have to check the property (ii) of the definition of the conditional expec-
tation. Let Z be G-measurable. Then

EYXZ)=E(YZ)X)=E(YZE(X|G)) = E(Y(ZE(X|9)),

as the product (Y Z) is G-measurable.

ad 3) E(X|Go) is obviously Gp-measurable. Consider a Gp-measurable random variable
Y. As Y is also Gj-measurable, we have E(Y(E(X|G1)) = E(XY). On the other hand
we get from the definition of E(X|Gy) that E(XY) = E(YE(X|Gy)). This shows that
E((X]G1)Y) = E(YE(X|Go)) so that Definition ([A.5])(ii) holds. O
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