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6 Parametric mixture models : static and dynamic
@ Models
@ Known results

e Posterior concentration to marginals
@ results
@ why?

e Semi parametric mixture models
@ Various results on estimation

@ Case of static mixture : semiparametric estimation of p
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Parametric static and dynamic mixtures

» Model : Observations Y;, t < n

@ Observations given latent stats X;

[Yf|Xt :j] ~ g’}’jv vj € r

e Aim : estimation of 0 : k is fixed
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[Yf|Xt :j] ~ g’}’jv V€ r
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o
X% p=(pr, . px)
° Hidden Markov model (X;); = MC with

transition matrix Q = (q; ;)i j<k

P[X: = j|Xi—1 = 1] = qi;

@ » parameters 0 = (Q,~v1,-,7«) or 0 = (P, V1, k)
e Aim : estimation of 6 : k is fixed
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@ Known results
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Known results : 0 = (p*, 17, - - ,7k,) true parameter

» Weak identifiability : labels non identifiable — switching
issue.

» If kK = ky : Model is regular : For static and dynamic mixtures
e MLE and posterior distribution are consistent (1/1/n)

e BVM (de gunstetal. in HMMs)

[Vn(0 — )| Y1.0] = N (0,15 "), P,

» If kK > ky Model Misspecification : Non identifiability (strong)
@ Emptying of extra states :

ko k
FF=> Pigy+ D PGy Prr1i==pc=0
j=1 j=ho+1
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Known results : 0 = (p*, 17, - - ,7k,) true parameter

» Weak identifiability : labels non identifiable — switching
issue.

» If kK = ky : Model is regular : For static and dynamic mixtures
e MLE and posterior distribution are consistent (1/1/n)

® BVM (e gunsteta. in HMMs)

[Vn(0 — 0)|Y1.n) = N(0,[;1), Py,

» If kK > ky Model Misspecification : Non identifiability (strong)
@ Emptying of extra states :

ko k
FF=> Pigy+ D PGy Prr1i==pc=0
j=1 j=ko+1

@ Merging of extra states :
Ko—1 k
Z p; Gy +Z PiGy: ke == Yk = Vi Z Pj = Pk,
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Asymptotic results if k > ky R. & Mengersen

k ko
fo(X) =Y pigy, F(X)=D Pjgy, ko<k
= =

» frequentist results § — ©* = {0; fy = f,} but no more

» Bayesian results

° |fp~D(Oé1,'~' ,ak) &’}/j € RY ~ Ty ii.d

If max; o;; < d/2 : Posterior concentrates on emptying the extra

states
If min; ; > d/2 : Posterior concentrates on merging the extra
states
e Extensionto p ~ D(ay, - - -, ak) and repulsive mx (1, , k)

(Dunson et al. 2011)
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Hidden Markov models : what can we say ?

» If kK > ky Model Misspecification : Non identifiability (strong)
empty state 6* = (v7,--- Viegr Vho+1 Q*) with

([ Q@ 0 e
QO_ ( CIko, 0)7 Q _(qij717]§k0)

same likelihood as merging states 6 = (+7, - - - ke Vhy? Q) with
_ Qj’i:ko_ﬂ q.ko qu+1 k1
Q= qlto. Akoko  Akoko+1 | Q.*[k0—1] € [0, 1],

To.  Gioko  Tkoh+1

*
Qiky + Qikg+1 = Qi
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Understanding how the Bayesian penalization
operates : case of static mixtures

ko

k
h(x) = PGy, F(X)=)_pBgy. k<k
=1 =1

» Posterior concentration to f* B, = {||fy — f*||y < M,//n}
™ (BnlY") =1+ 0p(1)

» Looking for sparsest path

An=10;0€By&> p; < My/v/}
J>ko

prior penalization :
(A5 N By) = o(w(By))
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Questions

@ How can we extend this to HMMs ?
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Questions

@ How can we extend this to HMMs ?

@ There is no asy. theory for MLE apart from consistency :
Do we get posterior concentration ? to what ?

@ Can we target the prior so that we empty/merge extra
states ?

@ Can we derive a procedure to estimate kg ?
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Posterior concentration to marginals

» framework : 2 marginals of (Y1, Y>) .SetpQ=p

f29 y17y2 Z pj1qj1j2Hg’Y]t }’t

i /2 1
Y1,}’2 Z p]1q/1/2Hg'7 Yt k>k0
J1:fo=1
i prior 71—(9) = 7.‘-Q(ql‘jv Iu./ S k)ﬂ-’y(rﬁ ) "")’Yk)
e posterior
e dr ()
dn(0|Yi.p) = ——"—
7r( | 1.n) f@ eé,,(@)dﬂ(g)

» Posterior concentration (penalized)
N ((pa = Dllfeo — 111 < Viogn/n| Yi.a) =1+ 0p(1)
with pg : mixing coef of Q :
1QP = pllv = > IPXn = jIXo = 1 = PU)-S pg”
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Posterior concentration to f;

N ((pa = Dllfeo — Bllt S Viogn/n| Y1) =1+ 0p(1)
» Need to get rid of (pg — 1) BUT 30 ~ 6 s.t. pg ~ 1

pg—12 zj: ming; = forbid small zj: min g;

»resultlf > a; > ko(ko —1+d) + kD oy
qi. ~ D(av, -, ak)

n (”f2,9 - f2*||1 S Un‘ Y1:n) =1+ Op(1)

o(1) = up >>logn/+/n
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Can we recover 0* ?

Posterior concentration to ©* = {0,/ = 15}
» Uneven o;’s : p < kg

If and
pa + (k — p)a > F(k, ko, d, o)

K
m ( > op() = VnY1:n) = 0p(1), o(1) = vy >>n~1/2
j

j=ko+1

Emptying of the extra states : We recover 6,
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Undertanding what happens

» Large &
To avoid regions of © where Q non ergodic (pq ~ 1)
» Small o
Tohelp qj~0j> kg + 1
» Grey area
@ What happens if all o;’s are small ?
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Undertanding what happens

» Large &
To avoid regions of © where Q non ergodic (pq ~ 1)

» Small o
Tohelp qj~0j> kg + 1
» Grey area
@ What happens if all o;’s are small ?

@ Diagonal configuration :

ay ap o ap
a a PEEY a

o= 2 1 2 , oo >>1, an << 1
ap az o oy

used in practice — no theory
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Merging : case k = 2 with ky = 1

» Transition matrix

1—-ag1 g > ( Q2 g1 >
Q: b — ) b Q:
< @ 1-¢ )P H+q g+ PL=P

» prior
g1, g> ~ Beta(a, 5), ind

» Result If o, 3 > 3d/4 , Ve, = 0o(1)
7T (P(1) AP(2) < €n|Y1.n) = 0p(1)

7 (I =0+ Iz = 2%l = Man™"4|Ye.0) = 0p(1)

Merging : same rate as static mixture
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Why does it work like that ?

» Integration leads to penalisation : case emptying extra

states (6)—h(60)
en\?)=int%)dr (6
P (Bofxy — Mo _ ey ()
Dy~ Jo ehO-h)dr(d)

Dy, > n~P/2 with proba. — 1

On Qp = {llfp — Bll+ < unt N{pg—1> v} VS, C Qp

n(85) = o(n"P/2) = m(Splx") =1+ 0p(1)

posterior concentrates on sparsest path (in terms of x)
» Case of & >> a (emptying) D = ko(ko — 1 + d) + ak(k — ko)

PQ=p)
Sh = {3/ > ko:P(j) > en}, en = o(1)
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A useful inequality : cassi, van Hanges

12> pl)

Jlly=T*ll1>e

Y1 >0 pUn g — P ()G ]

il j1eA(i),ja€(Al2)

. ; wre s n NE
+ Z Z P(U1) 3, j ( zj; > - p (i)a; 5, ( 7'51

i |j1€A(i) o EA(R) 2

£ G (I =P+ I = 212)

iyl j1€A(i),j2€(Al2)

o0 — fo,0
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Repulsive priors

k c
Qi ~D(ar, -+ ak),  mh(y, k) o [[ry(y) x @ ™
j=1
or

k
(71, -+ 5 Tk) X HM(W/) x (min |y; — ;)¢

j=1
»casel :If ), o; > k(k—1+d)&Vc > 0emptying the extra
states
»case2 :If > ;a; > k(k—1+d) & C > Cy(k) emptying the
extra states
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Simulation study 1

» Emission distribution kK =5; g, = N(v,1),(d=1)
e Prior qi. ~ D(&,Q, T 72)

« ;"< N (7.100).
» True model ky = 2,

. (06 04 .
Q _<o.7 o.3>’ 7 =(=1.3)
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Questions

» Suboptimal Constraints in particular & ?? ? : very

informative prior
» Diagonal priors ?

Qq (6%
a2

az a2

az
az

o

b

ar >>1,

as << 1
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Diagonal prior : not to be trusted ?

Sim 2 %, = (~5,5,9), pi, = (0.56,0.18,0.26), and
0.8 0.1 0.1
Qs = | 02 04 0.4],
0.3 02 05
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Diagonal prior : not to be trusted ?

Sim 2 %, = (~5,5,9), pi, = (0.56,0.18,0.26), and
0.1
02 04 04
0.3 02 05

0.8 0.1
ng =

|

Sim 3 73 = (—10,-5,0,5,10),
pL; = (0.11,0.24,0.20,0.22,0.22),

0.2
0.1
and Qg3 = | 0.1
0.1
0.1

0.3
0.6
0.1
0.1
0.1

0.1
0.1
0.6
0.1
0.1

0.2
0.1
0.1
0.6
0.1

0.2
0.1
0.1
0.1
0.6
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n=100, Column, diagonal, mixture, a =1 «
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Robustness issues

¢ Results are often non robust to mis-specification of emission
distribution
» Non parametric models

@ Observations Y3/ X; =j~ Fi(Yy)t=1,---.n

» Parameters
e Parameters from the emissions Y|X : F;,j=1,--- K
e Parameters of the latent process X; : p or Q.
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Robustness issues

¢ Results are often non robust to mis-specification of emission
distribution
» Non parametric models
@ Observations Y3/ X; =j~ Fi(Yy)t=1,---.n
@ Hidden states X; € {1,--- ,K}.
o Static mixtures : X; 2 p = (p(1), - , p(K))
e Dynamic : (X;)= MC (Q) or asy. stationary
» Parameters
e Parameters from the emissions Y|X : F;,j=1,--- K
e Parameters of the latent process X; : p or Q.
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Identifiability issues— Y ~ Gp r = ZjKﬂ p(/)F;

» static mixtures Non identifiability : ( amaneta. ) but if
Y:(}’1,}/27}’3) & F/:I__J1®FJ2®FJ3

with (F;,); linearly indpt and p(j) > 0V

2_PWF = P0'F = pl)=pG) Fi=F
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Dynamic mixtures

» Location mixtures cassiats 7. Stationarity &
Yt:th—i-Et, Etﬁi\qF,XtE{L“-,K}

(Y1, Y2) ~ Gor =" QX = i, X = j2) F(. — mj,)F(. — my)
J1:f
If det(Q), det(Q') > 0 & m; # m; Then

G(C.?’Z,)ITI - G(QZ/),m/ = Q = Ql mj - m]/ v]v K = Kl’ F = F/

» General HMMS cassiateta. if (X;) MC (Q) Then if If det(Q) > 0 &
linear indpdc of (F;);

Gr=GYr =Q=Q F=F Vv, K=K
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Outline

Q Semi parametric mixture models
@ Various results on estimation
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Bayesian nonparametric estimation in HMMs : E.
Vernet

YilXe =j~ £, (Xt) =CM(Q)
e General posterior concentration theorem :
N(llga,r — ga,rll1 < €nlY1:n) =1+ 0p(1)
9ar(Y1,Y2) = > QX1 = j1, Xo = jo)fi, (Y1), (2)
j1 7j2
e Issues : What about
1Q-Q?,  |Ifi—fl+?

Not trivial
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Frequentist results on p or Q - moment and spectral
methods

» Mixtures sonhomme etal. , Anandkumar et al.
E*(|p - p*[) = O(1/vn)
» HMMS Gassiat & R. , Cleynen, Gassiat & Robin, Anandkumar et al.
B (|Q- Q') = o(1/vn)

» Questions :
@ Construction on Bayesian estimators of p and Q with rate

1//n?
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Frequentist results on p or Q - moment and spectral
methods

» Mixtures sonhomme et al. , Anandkumar et al.
E*(|p - p*[) = O(1/Vn)

> HMMS Gassiat & R., Cleynen, Gassiat & Robin, Anandkumar et al.
B (|Q- Q') = o(1/vn)

» Questions :
@ Construction on Bayesian estimators of p and Q with rate
1/v/n?
@ Asymptotic normality ?
e BvM?
o efficiency ?
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Use of the identifiability result of Allman et al.
Y =(y1, 2, ¥3) < Op.F = Z,-K:1 p(j);j.“) ® 7;(2) ® 1;-(3)

case :£7°(y) = fiy)fi(v2)fi(vs), ¥ = (¥4, Y2, ¥s)
» Prior model Piecewise constant densities
eletZ(L)=(h,---,1I) be an admissible partition of [0, 1], s.t

Fi(h) - Fi(h)
rank | F2(h) F*(/L) _ K
Fe(h) - F*(/L)

e Parameters given I:

Z:|/|“ye'~ Sowe=1. w>0, Y<K
14

e Prior:
iid
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First simple result : fixed Z, non efficient BvM

If L > K and 7 is admissible and p(j) > 0 Vj,
N (VAP = B7) < Y10, T) — Pr (N(0,47") < 1)
with
Pz = MLE in model fi(x) = 3=, 7 ey
Jr = Jz(p*, ") = Fisher info
Vn(p* = Pr) = N (0,47 1), Gy s
» So BvM and

E* (6 —p*[l) = O(1/vn)
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Comments : Y; = (Yi1, Yiz, Yi3)

Ne = Z Ly, et Uy pen, U gen,, €= (41,42, 43)

e fixed Z : Simple case since

e No model mis-specification but data reduction
e Behaviour of J; when 7 varies ? when |Z| increases ?

e How can we choose Z ?
[ ]
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Efficient estimation of p

For any sequence of embedded partitions (Z,),
Forany L, — +oo

J,

., — Jo efficient Fisher info

Therefore choosing L, — +oco slowly
@ Asymptotic normality of the MLE pz, + efficiency

Vndy Bz, —p*) = N(0,id), Pp-s
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Efficient estimation of p

For any sequence of embedded partitions (Z,),
Forany L, — +oo

J,

., — Jo efficient Fisher info

Therefore choosing L, — +oco slowly
@ Asymptotic normality of the MLE pz, + efficiency

Vndy Bz, —p*) = N(0,id), Pp-s

e BvM
Vndy (P — bz ) Vi Ie,| = N(0, id),
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Some simulation results : K=2
» Data 1 :p = 0.3 (difficult)
fi = %*N(O.z,0.01)1‘.|§1+%*/\/(0.770.072)][|.|§1+%N(0.4,0.05)][‘,@

1 1
fr = g*N(OZ, 0.01 )I‘.|§1 +§*N(077, 0.072)I|.|§1+%N(0.4, 0.05)][‘,‘§1
» Data2:p=0.3 f, =Beta(1,2), f = Beta(5,3) (easy)




Results : E*(p* — p)?, p = E[p|y"]. First easy

0.0
0.04
oo 0.035
0.035
003
0.03
25
0.02
® 0.015
15
001 0o
0.005
] -3
3 4 5 [3 8 9 3 4 5 3 8

Fic.: Data 2, n=100 (left), n= 500 (right)
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Results : E*(p* — p)?, p = E[ply"].

0.035

0.015

FiGc.: Data 1, n=100 : left = pfixed partition, right = empirical
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Criteria to select L,

» Sequence of embedded partition (Z,),
R(p*,L) =E*[lp* —pbul®], P=E"(ply".Tr), L=K

Choose L that minimizes R(p*; L) = Need to estimate R(p*; L).
Let Ly > K small, random split of the sample y1,--- , y, in two,
b=1,---,B

B
R(p*, L) =B (Pr,(—b) — pu(b))?
b1

» Theory : on going work

29/ 50



Some practical choices for 7,

@ We can choose a sequence of embedded partition and
select L, using a criteria
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Some practical choices for 7,

@ We can choose a sequence of embedded partition and
select L, using a criteria

@ Empirical partition : unconditional or conditional
@ data dependent partition based on risk minimization
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Empirical partition : the unconditional approach

» empirical quantiles marginal density

K
:prfj*(J/)a Qe F(qrL) ZP,F* QL) Z t<L-1

Bi =qiL— Qi1 replaced by B{L =qL— Q1.1

g IR RN t
empirical quantiles : ; ; Iy o<t = T
» Unconditional approach pretend B_,L does not depend on
the data.
HBVM" 1 2
Vndy#(p — bz,,)| Y1:n,ILn} = N(0,id),

but
Vndy 2Pz, — P*) = N(0,id), Pp- 4777
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Why BvM and not MLE ?

@ For "BvM" : Enough to have consistency +

1 N
~ sup D?¢n(p, w|Z;) — D?Cn(p, w|Z1)| = 0p(1)
M p—p*|<e|lw—w+|<e

true because

|Gt — Gf.l = Op(n'/?)
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Why BvM and not MLE ?

@ For "BvM" : Enough to have consistency +

1 N
~ sup D?¢n(p, w|Z;) — D?Cn(p, w|Z1)| = 0p(1)
M p—p*|<e|lw—w+|<e

true because
Gt — G5l = Op(n™'/?)
@ For asymp normality of MLE

s

7 Den(p*, w*|ZL) — Dln(p*, w*|Z1)| = 0p(1)
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Empirical partition : conditional approach : Polya tree
pl’iOI’ Holmes et al.

> Po‘ya tree prior (Holmes et al. 2013)
T = {(507 By),(Bo.0: Bo1,B1.0,Bi1), - ,(Be,e € {0,1}F), ke N*}

F < (0o = F(BeolB), e € {0,1}™,m > 0)
» Atlevel m+1: e {0,1}™,

9670 = F(BE’()’BE) ~ Beta(ak, ak), ok = a(k + 1)0, c>1

» Truncated Polya tree We stop at level M.

jid
» Here ,:j ~ PT(?IM],Q), (p17"' apk) ND(a17"' 7ak)'
How do we choose T}y ?
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Conditional approach on the empirical partition

y=(Y;;,i<n,j<3), Empirical quantilesony

4
T=B,ec{0,1}", m<M

» Full conditional "likelihood"

Lyx D)= [ ] EHG(Y.j< kin.o,n®, 69 j < k)
m<M—1ec{0,1}7

ngj) ey Z ]IyijeBs I[Xi:j

» Bayesian approach 0¥ ¢ Beta(am, arm)
» For the moment : no theory
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Some simulations : conditional approach

F=0.35x% N(OS, 001) * I\N(0A5,0.01)|§1 + 0.65 x Z/{(O7 1)

030

\\\\\

FiG.: n=100, 50 replicates, mean = 0.367975
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F =0.35%N(0.5,0.01) * I}.<1 + 0.65 % £(1) * Tjg(1)<1

Fi1G.: left : n=500, 50 replicates, p = 0.348, right : n= 1000, 100
replicates , p = 355
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Open questions — on going work

@ Prove the theoretical properties of R, (p*) : but at best for
n/2 individuals : to be on the safe side
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Open questions — on going work

@ Prove the theoretical properties of R, (p*) : but at best for
n/2 individuals : to be on the safe side

@ alternative : Bootstrap approach ?

@ Understand the behaviour of the conditional empirical
approach

47/ 50



Conclusion

» Penalisation via priors helps in over-identifiable
parametric models

» HMM models The picture not complete yet : both parametric
and nonparametric

e Can we get rid of pq — 1 in concentration rate ? (parametric)
e Can we control the likelihood in regions with pg —1~07?

» These results also lead to BF consistency In practice is it
best to use BF ?

¢ allows to reduce the set of candidate k’s.

» NP mixtures

o efficient estimation of the weights — no biais despite
misspecified for f; : but stupid model for £

48/ 50



Conclusion

» Penalisation via priors helps in over-identifiable
parametric models

» HMM models The picture not complete yet : both parametric
and nonparametric

e Can we get rid of pq — 1 in concentration rate ? (parametric)
e Can we control the likelihood in regions with pg —1~07?

» These results also lead to BF consistency In practice is it
best to use BF ?

¢ allows to reduce the set of candidate k’s.

» NP mixtures

o efficient estimation of the weights — no biais despite
misspecified for f; : but stupid model for £

@ Shall we mix «(p|y",Z) with NP =(f;,--- , fx|p, y") ?

48/ 50



Conclusion

» Penalisation via priors helps in over-identifiable
parametric models

» HMM models The picture not complete yet : both parametric
and nonparametric

e Can we get rid of pq — 1 in concentration rate ? (parametric)
e Can we control the likelihood in regions with pg —1~07?

» These results also lead to BF consistency In practice is it
best to use BF ?

¢ allows to reduce the set of candidate k’s.

» NP mixtures

o efficient estimation of the weights — no biais despite
misspecified for f; : but stupid model for £

@ Shall we mix 7(ply",Z) with NP =(fy,--- , fx|p, y") ?
@ Semi - parametric problems : targeted likelihood.

48/ 50



Conclusion

» Penalisation via priors helps in over-identifiable
parametric models

» HMM models The picture not complete yet : both parametric
and nonparametric

e Can we get rid of pq — 1 in concentration rate ? (parametric)
e Can we control the likelihood in regions with pg —1~07?

» These results also lead to BF consistency In practice is it
best to use BF ?

¢ allows to reduce the set of candidate k’s.

» NP mixtures

o efficient estimation of the weights — no biais despite
misspecified for f; : but stupid model for £

@ Shall we mix 7(ply",Z) with NP =(fy,--- , fx|p, y") ?
@ Semi - parametric problems : targeted likelihood.

@ Shall we change likelihood for different parameter of
interests
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Thank you
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