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Introduction

The Sparre Andersen Model (1957)

Assume that the reserve has the Cramér-Lundberg structure :

N
Xt:x+pt—Qt::x+pt—ZU;, teo,T], (1)
i=1
where
@ x = Xy > 0 — initial surplus,
@ p > 0 — premium rate, and

o Q= Z,’\il U; — claim process, in which the claim numbers
(frequency) N is a renewal process (i.e., the interclaim times
Ti's are i.i.d., but not necessarily exponential.)
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Introduction

The Sparre Andersen Model

Assume that the insurance company

@ is allowed to invest but also pays dividends,

@ the investment/dividend strategy m 2 (v, L) is self-financing.

Jin Ma (USC) Optimal Dividend under Sparre Andersen Vienna, 3/16/2018 5/ 44



Introduction

The Sparre Andersen Model

Assume that the insurance company
@ is allowed to invest but also pays dividends,

@ the investment/dividend strategy m 2 (v, L) is self-financing.

A "Toy" Model

{ ngr = [p aF ngr T (,U, - r)’tht]dt TF O"}/tXZTdBt - th — st,

Xy = x,

@ B = {B:}+>0 is a Brownian motion;;

@ p, i, r,o are premium, appreciation, short rates, and volatility ;

o m=(v,L) € %y := {r: "adapted" and 7; € [0,1], L; }.
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Introduction

Main Objective

V(s,x) := séu@f J(s, x; )
a0 ad

TINT
= sup E{/ e_C(t_s)st|X$”:x},
TEU 2 s

7T :=inf{t > 0; X[ < 0} is the ruin time,

o
o T,c > 0 are constants.
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Introduction

Main Objective

V(s,x) := séu@f J(s, x; )
a0 ad

TINT
= sup E{/ e_C(t_s)st|X$”:x},
TEU 2 s

o 1l :=inf{t > 0; X[ < 0} is the ruin time,

o T,c > 0 are constants.

Main Features :
o "Singular-type" control problem (with jumps)

e "Endogenous" random terminal time (77)
@ Non-Markovian nature of the renewal process.
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Introduction

What Do We Know 7

@ Cramér-Lundberg Model
De Finetti (1957) — Expected cumul. dividend maximization
Gerber (1969) — existence, "band structure"
o Asmussen-Taksar (1997) — diffusion approximation
.-+ -Taksar-XYZ- - - - (singular/impulse stochastic control)
e Azcue-Muler (2005, 10)
— reinsurance @ dividend @ investment (viscosity solution)

. Jin Ma (USC) Optimal Dividend under Sparre Andersen Vienna, 3/16/2018 7/ 44




Introduction

What Do We Know 7

@ Cramér-Lundberg Model
o De Finetti (1957) — Expected cumul. dividend maximization
o Gerber (1969) — existence, "band structure"
o Asmussen-Taksar (1997) — diffusion approximation
.-+ -Taksar-XYZ- - - - (singular/impulse stochastic control)
e Azcue-Muler (2005, 10)
— reinsurance @ dividend @ investment (viscosity solution)

@ Sparre Andersen Model
o Li-Garrido ('04), Gerber-Shiu ('05) — ruin probability (Erlang)
o Albrecher-Hartinger-Thonhauser ('06, '07) — Barrier "+ /"

. Jin Ma (USC) Optimal Dividend under Sparre Andersen Vienna, 3/16/2018 7/ 44




Introduction

What Do We Know 7

@ Cramér-Lundberg Model
o De Finetti (1957) — Expected cumul. dividend maximization
o Gerber (1969) — existence, "band structure"
o Asmussen-Taksar (1997) — diffusion approximation
.-+ -Taksar-XYZ- - - - (singular/impulse stochastic control)

e Azcue-Muler (2005, 10)
— reinsurance @ dividend @ investment (viscosity solution)

@ Sparre Andersen Model
o Li-Garrido ('04), Gerber-Shiu ('05) — ruin probability (Erlang)
o Albrecher-Hartinger-Thonhauser ('06, '07) — Barrier "+ /"

@ Sparre Andersen @ optimal dividend (& investment) ?
o Albrecher-Thonhauser ('09, Survey) ... ...
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Introduction

Main Difficulties

...... In this context, a particular line of potential future research is to
consider the optimal dividend problem when the Poisson claim number process

is replaced by a general renewal process, i.e., the Sparre Andersen risk model.

...... It is still an open problem to identify optimal dividend strategies in this
model. One can morkovize the Sparre Andersen model by extending the
dimension of the state space of the risk process, taking into account the time
that has elapsed since the last claim occurrence. A reasonable strategy should
also depend on this additional variable. But correspondingly also the
dimension of the associated HJB equation will be extended which considerably
increase the difficulties one is facing when analytically approaching this
equation.
— H. Albrecher and S. Thonhauser,
Optimality Results for Dividend Problems in Insurance,
Rev. R. Acad. Cien. Seri A. Mat. Vol 103(2) 2009,,291-320.
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Introduction

Our Understanding

@ Since the renewal process N (hence Q) is only Semi-Markov,
the Dynamic Programming approach requires a serious look.
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Our Understanding

@ Since the renewal process N (hence Q) is only Semi-Markov,
the Dynamic Programming approach requires a serious look.

@ As a semi-Markov process, Markovization is possible. l.e., by
adding a "random clock" measuring the starting time after the
last claim. Consequently, the so-called delayed renewal process
should naturally come into play.

. Jin Ma (USC) Optimal Dividend under Sparre Andersen Vienna, 3/16/2018 9/ 44



Introduction

Our Understanding

@ Since the renewal process N (hence Q) is only Semi-Markov,
the Dynamic Programming approach requires a serious look.

@ As a semi-Markov process, Markovization is possible. l.e., by
adding a "random clock" measuring the starting time after the
last claim. Consequently, the so-called delayed renewal process
should naturally come into play.

@ It is tempting to somehow convert the problem to one with a
deterministic terminal time, as was commonly done in
stochastic control problem with random horizon ...

Jin Ma (USC) Optimal Dividend under Sparre Andersen Vienna, 3/16/2018 9/ 44



Introduction

Our Understanding

@ Since the renewal process N (hence Q) is only Semi-Markov,
the Dynamic Programming approach requires a serious look.

@ As a semi-Markov process, Markovization is possible. l.e., by
adding a "random clock" measuring the starting time after the
last claim. Consequently, the so-called delayed renewal process
should naturally come into play.

@ It is tempting to somehow convert the problem to one with a
deterministic terminal time, as was commonly done in
stochastic control problem with random horizon ...

@ ... but in this case the terminal (ruin) time depends on the
strategy !
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Introduction

A Fact for Renewal/Semi-Markov Process

Backward Markovization

If we define
Wy =t —op,, t >0, (3)

where oy, is the last jump time before t. Then
o (t, Ny, W;), t >0, is a Piecewise Deterministic Markov
Process (PDMP), and
e 0< W, <t<T,fortel0,T].

For m € %.4, we consider the controlled dynamics for t € [s, T] :

dX{" = pdt + rX[dt + oy X[ dBy — dQ — dLy, XTI = x; (4)
dW; == d(t — op,), Ws = w.
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Introduction

The Canonical Set-up

Consider the canonical (filtered) probability space (Q2, F,P; F) :
o Q=D3 =D([0, T]; R®) — cadlag functions on [0, T];
o F = B} = HDY), F = {Biecom

o Let (B, N, W):(w) := (w(t),w?(t),w3(t)), t €0, T],

w = (W, w? w?) € Q be the canonical process;

e Consider P € Z2(Q) such that under P,
e B is a Brownian motion;
o N is a renewal process , 1L B, with jump times {5,}°,;
o Wiy=t—op, te|0,T]
o U'sareiid., 1 (B, N, W).
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Introduction

Furthermore...

@ Assume that {T;} = {o; — 0;_1}, the i.i.d. “interclaims" of N,
have the common distribution F and density f. Then, with
A(t) == f(t)/F(t), t >0, one has

P{T; >t} = F(t) =1 — F(t) = e Jo Mu)du,

o Let Py, (-) :=P[- |Ws = w]| be the regular conditional
probability distribution (RCPD) on (2, F). Then, under P,

e B :=B;—B;,t>sisaBMon[s, T];

o NJY := N; — N, t > sis a delayed renewal process with
Po { T3 > t} = exp{— [ Mu)du};

o WP :i=w+(t—s)+(on, —on,) t>s, Py-as.
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Introduction

More precisely ...

o J(s,x,w;m) = Esxw{ fjf”e-cﬂ—s)st} = Eq, {-| X7 = x},

o V(s,x,w) :=suprcqy,,s,1) J(5: X, w; ).
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Introduction

More precisely ...

o J(s,x,w;m) = Esxw{ fjf”e-cﬁ—s)st} = Eq, {-| X7 = x},

o V(s,x,w) :=suprcqy,,s,1) J(5: X, w; ).
o V(s,x,w) =0, for (s,x,w) ¢ D, where
D2 Dom(V) ={(s,x,w):0<s<T,x>0,0<w<s}.

o The dividend process L is of the form L; = fot asds, t >0,
where a € L3([0, T]), s.t. 0 < ax < M, for some M > p > 0.

v

Note : The boundedness of a; excludes all "singular" type of L!
(See, e.g., Asmussen-Taksar (97), Schal (98), Gerber-Shiu (06), ...).
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Introduction

V.4 Fine Tuned

7Wé

e Note that if Q; ZEW U; = 0, then for given

T = (7, @) € %ad, the solution to the linear SDE(4) is
t
X =2z xi+ [ 1z - a)dl. tels T (9)

where ZF := exp {r(t —s)+o [fyudB, — "72 I8 |fyu|2du}.

o We shall require that (p — a;)1x=—o} > 0, so that without
the claims (i.e., Q%" = 0), one has dX > 0 on {X] =0}
— X[ >0, t>0, P-as.
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Introduction

U.. Fine Tuned

7Wé

e Note that if Q; ZEW U; = 0, then for given

T = (7, @) € %ad, the solution to the linear SDE(4) is
t
X =2z xi+ [ 1z - a)dl. tels T (9)

where ZF := exp {r(t —s)+o [fyudB, — "72 I8 |fyu|2du}.

o We shall require that (p — a;)1x=—o} > 0, so that without
the claims (i.e., Q%" = 0), one has dX > 0 on {X] =0}
= X[ >0, t>0, P-as. (In other words, the bankruptcy
should not be caused by paying too much dividend at X; = 0.)
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Introduction

V.4 Fine Tuned

o In fact, we can show that if 7 € %4 is such that
P{o; AT < 7™ <ojy1 AN T} >0, for some i, then there exists
€ Usg st. P{r" € U2 0} =1, and

J(s, x,w; ) > J(s,x, w; 7).
— Bankrupting oneself by paying dividend is never optimal !

e we can/shall fine-tune the admissible control set as :

Wy = {Tr — (7,3) € Usg - AXTed(pnary < O,IP—a.s.}. (6)

The set Uadls, T] is defined similarly, and we often denote
Wad = Uad .-
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© Value Function and DPP
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Value Function and DPP

Basic Properties of V(s, x, w)

e V(s,x,w) is increasing with respect to x;

o V(s,x,w) < %(1 — e <(T=9)) for any (s, x, w) € D, where
M > 0 is the given bound of the dividend rate; and

o limy oo V(s,x,w) = Y1 — e=<(T=9)] for 0 <s < T,
0<w<s.

Remark : (i) and (ii) are straightforward. (iii) comes from (ii) and
a simple calculation of lim,_,o J(s, x, w, %), where 7° = (0, M).
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Value Function and DPP

Continuity of s — V(s, x, w)

e Main Result
o V(s+ hx,w)—V(s,x,w) <0;

o V(s,x,w)—V(s+ h,x,w) < Mh.
Here where M > 0 is the given bound of the dividend rate,
h>0,st, (s,x,w), (s+ hx,w) €D.

Vienna, 3/16/2018 18/ 44
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Value Function and DPP

Continuity of s — V(s, x, w)

e Main Result
o V(s+ hx,w)—V(s,x,w) <0;

o V(s,x,w)—V(s+ h,x,w) < Mh.

Here where M > 0 is the given bound of the dividend rate,
h>0,st, (s,x,w), (s+ hx,w) €D.

e Main Difficulty :
o How to “freeze" w while "moving" s? (W is a “clock"!)
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Value Function and DPP

Continuity of s — V(s, x, w)

e Main Result
o V(s+ hx,w)—V(s,x,w) <0;
o V(s,x,w)—V(s+ h,x,w) < Mh.
Here where M > 0 is the given bound of the dividend rate,
h>0,st, (s,x,w), (s+ hx,w) €D.

e Main Difficulty :
o How to “freeze" w while "moving" s? (W is a “clock"!)

@ Main ldea : —Time Shifting

e Eg,s=w=0.Vre ?/aZ’O[h,T], define @ = wpe = n(---),
and then define 7} := n(t, (B, Q, W) aen(T—h)) € %ad[0, T).
o Using uniqueness (in law) to show that

Jh7T(h,X,0;7T) = ./_077'_/,(0,X,0;7_Th) = J07T(' ~-7"rh) < V(0,x,0).
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Value Function and DPP

Continuity of x — V/(s, x, w)

e Main Result :

e For any compact set K C D, the mapping x — V/(s,x, w) is
continuous, uniformly for (s, x, w) € K.

e Main Difficulty :
e The mapping x — 7™* is discontinuous in general !

Jin Ma (USC) Optimal Dividend under Sparre Andersen Vienna, 3/16/2018 19/ 44



Value Function and DPP

Continuity of x — V/(s, x, w)

e Main Result :

e For any compact set K C D, the mapping x — V/(s,x, w) is
continuous, uniformly for (s, x, w) € K.

e Main Difficulty :
e The mapping x — 7™* is discontinuous in general !

e Main Idea : — Penalization Method
o Define f7(t,e) := e~ 2 JsX™) 7w e 4[5, T], t > s, and

.
S (s, x, w;m) = Esw[/ B™(t,e)e” (=) a,dt],

VE(s,x, W) = sup,cq., J°(s,x, w; T).
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Value Function and DPP

Continuity of x — V/(s, x, w).

@ Then V&(s, -, w) is continuous, uniformly on any K CC D, and

VE(s,x,w) = supE[/ e~<(t=s) atdt—i- ( )} > V(s,x,w).
s

™

o Let Dy :={(s,x,w) €0, T] x (—6,00) x [0,s]}, 8 >0; and
K (e) == VE(TG,X:(;, W.o), where 79 is the exit time from Dj.

e Since Dy \, D, 7% > 7. Applying DPP to V¢ to obtain
T 7—6
VE(S,X, W) = Sup]ESXW{/ e_c(t_s)atdt+/ ﬂ(t’g)(“-)dt
™ s T
+e B0 ) V(70 Xy, W)}

709 T

< V(s,x,w) + CsupEgu |m? — 7| + h(¢). |
K
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Value Function and DPP

Continuity of w — V/(s, x, w)

@ We show two inequalities : Vh > 0,st., 0<s<s+h< T,
([ V(s+ h,x,w+h) — V(s,x,w)

< [1 _ e—(ch+fv';V+h )\(u)du)] V(s + h,x,w + h);
V(s,x,w+ h) — V(s,x,w)

< Mh+ [1— e (LI NDW (s 4 b x, w4 h).

= limp o[V(s+ h,x,w + h) — V(s,x,w)] =0, uniformly in
(s,x,w) € D.

@ This, together with continuity in s, shows that V is uniformly
continuous in w, uniformly on K. |

Jin Ma (USC) Optimal Dividend under Sparre Andersen Vienna, 3/16/2018 21/ 44



Value Function and DPP

Dynamic Programming Principle (DPP)

e Want : V(s,x,w) € D and any stopping time T € [s, T|,

TATT
V(s,x,w) = sup ESXW{/ e (=9 a,dt (7)
S

Weﬂ,ad[S,T]
‘+e_chATW_S)V(R¢XTﬂ)}7

where R] := (t,X™, W™), and 77 is the ruin time of X7.
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Value Function and DPP

Dynamic Programming Principle (DPP)

e Want : V(s,x,w) € D and any stopping time T € [s, T|,

TATT
V(s,x,w) = sup ESXW{/ e (=9 a,dt (7)
S

Weﬂ,ad[S,T]
‘+e_chATW_S)V(R¢XTﬂ)}7
where R] := (t,X™, W™), and 77 is the ruin time of X7.

e Main Difficulty : Continuity of (s, x, w) — J(s,x, w;m)?
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Value Function and DPP

Dynamic Programming Principle (DPP)

e Want : V(s,x,w) € D and any stopping time T € [s, T|,

TATT
V(s,x,w) = sup ESXW{/ e (=9 a,dt (7)
S

Weﬂ,ad[S,T]
<+e_chATW_S)V(R¢XTﬂ)},

where R] := (t,X™, W™), and 77 is the ruin time of X7.
e Main Difficulty : Continuity of (s, x, w) — J(s,x, w;m)?

e Main Result :
e Ve > 0,36 > 0 (ind. of (s,x,w) € D), s. t. Vi € Yaq[s, T] and
h:= (hl, h2) with 0 < hl, hy < 9, E'ﬁ'h (S %ad[s, T],

J(s,x,w,m) — J(s,x — hi,w — hp, #") < e, V(s,x,w) € D. (8)

o The usual proof of “partitioning space" can now go through.
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HJB Equation and its Viscosity Solution

Outline

© HJB Equation and its Viscosity Solution
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HJB Equation and its Viscosity Solution

The Hamiltonian

@ Define

2
Hs.x.w,u,6, A z.m) = T2 PxPA+(p+rc—a)s +&
+A(w)z + (a — cu),
where & = (¢1,¢€2) and m = (v, a) € [0,1] x [0, M].
e For ¢ € CL21(D), we define the following Hamiltonian :
%(S,X, W, @, VQO, Pxxs ﬂ-) = H(vav W, @, VQO, Pxx l(@)? ﬂ-)'
o Vo i= (o) flal 1= [ o(ex—0.0)=p(s. % wldG(w)

o Note the intrinsic degeneracy of 7, as a second order
differential operator (no Yuw)!
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HJB Equation and its Viscosity Solution

HJB Equation

Consider the following HJB equation :
{Vs + Z[V]}(s,x,w) =0; (s,x,w) € intD;
{ V(s,x,w)=0, (s,x,w)eDU{s=T},
where for ¢ € CH21(D),

(9)

Z[QD](S,X, W) = sup %(S,X, Wa%v% QPXX’TF)' (10)
7€[0,1]x[0,M]

@ Since V =0 on D¢, it seems very unlikely to have a global
"classical" solution to the HJB equation (9) !

e Will denote 7 := intD, 2* := D\ {s=T}, 09" .= 2*\ &,
and Cé’z’l(D) = {p € C1>(D): ¢ =0 on D}.
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HJB Equation and its Viscosity Solution

Boundary Behavior of V' (on 02%)

o Let V,p € Cé’Z’l(D), such that V satisfies (9), and

0=[V—¢|(s,0,w) = max [V—¢|(t,y,v), (s,0,w) € D"
(t,y,v)e2*
@ Then, denoting V = (0x, Ow),
o (0r, V)(V = ¢)(s,0,w) = av, a > 0, where v = (0,-1,0) is
the outward normal of D = 9* at {x = 0}, and
o I[V—¢](s,0,w) =—[V — ¢](s,0,w) =0.

@ Thus, for any m = (v, a) € [0, 1] x [0, M] we have

[905+%('7907v90790xx7I(90)77r)](5’07 W) (11)
= [Ve+2(,V,VV, Vg, I(V),7)](s,0, w)+a(p — a).
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HJB Equation and its Viscosity Solution

Boundary Behavior of V' (on 02%)

@ Thus, assume a < p (naturally, since x = 0!) we have
{os + Z[e]}(s,0,w) > {Vs + Z[V]}(s,0,w) =0, (12)

@ For the other boundaries {w = 0} and {w = s}, we note that
o [Vix — oxx] <0, and
e the outward normals are v = (0,0, —1) and (—1,0,1), resp.

o A similar calculation as (11) would lead to (12) in both cases.
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HJB Equation and its Viscosity Solution

Boundary Behavior of V' (on 02%)

@ Thus, assume a < p (naturally, since x = 0!) we have
{os + Z[e]}(s,0,w) > {Vs + Z[V]}(s,0,w) =0, (12)

@ For the other boundaries {w = 0} and {w = s}, we note that
o [Vix — oxx] <0, and
e the outward normals are v = (0,0, —1) and (—1,0,1), resp.

o A similar calculation as (11) would lead to (12) in both cases.

In other words, ...

the inequality (12) amounts to saying that we can extend the
“subsolution property" of (9) to 2* (from 2)!
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HJB Equation and its Viscosity Solution

Constrained Viscosity Solution

Let O C 2* besit. 970 :={(T,y,v) € 00} # 0, and v € C(O).
e v is called a viscosity sub-(reps. super-)solution of (9) on O, if
o v(T,y,v)< (resp. >) 0, for (T,y,v) € 97O;
o for any (s,x,w) € O and ¢ € Cy>'(0), such that

0=[v—¢|(s,x,w) = (t,gjg)éo(resp-(t’ynjvipeo)[v —¢l(t,y,v),

it holds that
{os + Z[¢]}(s, x, w) = (resp. < )0. (13)

e v € C(D) is called a constrained viscosity solution of (9) on
2* if it is both a subsolution on Z* and a supersolution on 2.

v
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HJB Equation and its Viscosity Solution

An Equivalent Definition

Let O C 2%, u € C(O), and (s,x,w) € O.
@ The set of parabolic super-jets of u at (s, x, w), denoted by
@5(1’2’1)u(s,x, w), is defined as all (g,&,A) € R x R? x R
s.t. for (s, X) := (s, x,w), (t,Y) :=(t,y,v) € O, it holds

u(t, V) < u(s, X) + gt =)+ (6 X = V) + 2Ax— y)
+o(jt = s|+ |w — v|+ ]y —x]), (14)

@ The set of parabolic sub-jets of u at (s, x,w) € O, denoted by
325(1’2’1)u(5,x, w), is the set of all (q,£,A) € R x R2 xR
such that (14) holds with * <" being replaced by “ >".
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HJB Equation and its Viscosity Solution

An Equivalent Definition

Let O C 9*.

o u e C(O) (resp. o € C(O)) is a viscosity sub-(resp. super-)
solution of (9) on O, if for any (s, x,w) € O, it holds that
g+ sup  H(s,x,w,u,§ A Iu],m) = 0

7€[0,1]x[0,M]

(resp. q+ sup H(vaa w, U,f,A,/[lj],?T) S O)’
7€[0,1]x[0,M]

Y(q,€,A) € @lel) u(s, x, w) (resp. Wg(l’z’l)ﬁ(s,x, w)).

e We say that u is a "constrained viscosity solution" of (9) on
2* if it is both a subsolution on 2, and a supersolution on 2.

v
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HJB Equation and its Viscosity Solution

Supersolution

Given (s,x,w) € 9. Let ¢ € (Cé’z’l(D) be such that V — ¢ attains
its minimum at (s, x, w) with (s, x, w) = V(s, x, w)
o Let s<s+h< T, and denote 7/ := s+ h A T;"". Then
there is no jump on [0, 7/).
e By DPP (Theorem 4), for any m = (v, a) € Zadls, T],
™
0> ESXW[ / e~ <(t=9) . dt + e (7=9) V(R;Th)] — V(s,x,w)
s s

h

> Eow| / " et + eI G(RT) | (s, x, w).
S

where RT := (t, X["5", W>").
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HJB Equation and its Viscosity Solution

Supersolution

e Given (v, a) € [0,1] x [0, M], define a “feedback" strategy :

77? - (707 a?) = (77 al{t<7’o} + pl{tzTo})7 t Z S,

where 7 = inf{t > s, X7 = 0}. Then 7° € %ql[s, T].

o Clearly, RF’ = (t,XZTO’s’W’X, W™) € 9, for t € [s,7]), and

h
. analyzing Eg [[* e~<(t=9)204t] & applying Ité to p(R™)
...... we obtain

0> {pr + (-, 0, Vo, oxx, 7, @) H(s, X, ). (15)

@ Since (v, a) is arbitrary, V is a viscosity supersolution on Z.
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HJB Equation and its Viscosity Solution

Subsolution

Task : Show that V is a viscosity subsolution on Z*.

Optimal Dividend under S



HJB Equation and its Viscosity Solution

Subsolution

Task : Show that V is a viscosity subsolution on Z*.

Suppose not. Then
e d(s,x,w) € % ¢ € (C(l)’Z’l(D), e>0,p>0,s.t.
0= [V - l[}](S,X, W) = max(ty,v)e@*[v - ’([)](tv.yv V)v
@ but it holds that

s + LN (Ey,v) < —c, (ty,v) € BATF\ {t=T);
V(t,y,v)gd)(t,y,v)—s, (taY7v)€aBPﬂ*@*7

where B, is an open ball centered at (s, x, w) with radius p.

V.
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HJB Equation and its Viscosity Solution

Subsolution

o Vr = (v,a) € %, let 7, :=inf{t >s: R & B, N Z*}, where
Ry = (t, X, W), and 7 :=1, A (s + T7").

e Since V(R:) < ¢(Ry) for t < 7, applying It to e~ ) one has
Esxw[/ e <(%)a,dt + e~ C(T_S)V(RT)]
< Eow [w s, x,w) —ee (T~ s)l{Tp<s+Tsw}
(e Iyt (e (RO
< Y(s,x,w) — eEgy [e‘C(T_S)l{TP<S+Tls,W} +(1- e—C(T—S))]

< V(s,x,w) — cEgu(1 — e_CTfW) < V(s,x,w).

= contradicts DPP. [ ]
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HJB Equation and its Viscosity Solution

Comparison Principle

The value function V' > 0 satisfies the following Condition-(C) :

@ V is uniformly continuous on D ;

e the mapping x — V/(s, x, w) is increasing, and
limy o0 \/(S,X7 W) = %[1 — e—c(T—s)] :

e V(T,y,v) =0 forany (y,v) € [0,00) x [0, T].

N

Theorem 5 (Comparison Principle)

Let u be a viscosity subsol. on 2* and & a viscosity supersol. on 2.
If both @ and u satisfy the Condition-(C), then u < & on D.

Consequently, the value function is the unique constrained viscosity
solution of (9) satisfying Condition (C) on D.
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HJB Equation and its Viscosity Solution

Main ldea of the Proof (of Theorem 5)

@ First "massage" the supersolution i to

T—t+g

@ (t,y,v) = pid(t,y,v) +0 t

p>10,¢>0.

o It suffices to show that
o u(t,y,v) <" (t,y,v)

oon Zp:={(t,y,v):0<t<T,0<y<b0<v<t}

@ Suppose not. Then, noting that u — @%< < 0 on
{t =0, T;y = b}, one can show that 3(t*, y*, v*) € 2}, s..

My = [u — @”%<](t*, y*,v*) > 0, (16)

where 2} := P\ {t =0, T;y = b}.
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HJB Equation and its Viscosity Solution

o Case 1. [(t*,y*,v*) € 20 :=intZ}.] For € > 0, define

=y Pt (w=v)?

Z?(taxv w,y, v):g(t,x, W)iljpﬂ’g(tv.y? V)i 2e

e Since %) is compact, one can show that Jeg > 0,
(te, Xey We, Ye, ve)) € argmax%,be Nintép, 0<e <eg.

o Following the standard arguments (e.g., "User's guide") to
shows that (t., x., we, ye, ve) = (£, (X, W), (X, w)) € %}, and
use the subsolution property to derive the contradiction.
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HJB Equation and its Viscosity Solution

o Case 1. [(t*,y*,v*) € 20 :=int%}.] For & > 0, define

=y Pt (w=v)?

Z?(taxv w,y, v):g(t,x, W)iljpﬂ’g(tv.y? V)i 2e

e Since %) is compact, one can show that Jeg > 0,
(te, Xey We, Ye, ve)) € argmax%,be Nintép, 0<e <eg.

o Following the standard arguments (e.g., "User's guide") to
shows that (t., x., we, ye, ve) = (£, (X, W), (X, w)) € %}, and
use the subsolution property to derive the contradiction.

o Case 2 : [(t*,y*,v*) € 0Z}. (Hard )]

e Main Idea : Move the point (t*,y*, v*) away from (possibly)
the boundary of %} into 29 and then argue as Case 1.
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HJB Equation and its Viscosity Solution

o Case 1. [(t*,y*,v*) € 20 :=int%}.] For & > 0, define

=y Pt (w=v)?

Z?(taxv w,y, v):g(t,x, W)iljpﬂ’g(tv.y? V)i 2e

e Since %) is compact, one can show that Jeg > 0,
(te, Xey We, Ye, ve)) € argmax%,be Nintép, 0<e <eg.

o Following the standard arguments (e.g., "User's guide") to
shows that (t., x., we, ye, ve) = (£, (X, W), (X, w)) € %}, and
use the subsolution property to derive the contradiction.

o Case 2 : [(t*,y*,v*) € 0Z}. (Hard )]

e Main Idea : Move the point (t*,y*, v*) away from (possibly)
the boundary of %} into 29 and then argue as Case 1.

o Main Reference : Soner ('86), Ishii-Lions ('90). n
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Optimal Strategy and Beyond

Optimal Strategy

An "Educated Guess"

From the HJB equation one can find the "maximizer", which leads
to the following feedback optimal control :

_ () VA, X W)
Tt = aixVXX(t,Xt*t,WtS N

ar = M1gy e xx w,)<1}-

Issues need to be addressed :
@ Regularity of the value function?

@ Wellposedness of the closed-loop system ?
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Optimal Strategy and Beyond

Optimal Strategy

An "Educated Guess"

From the HJB equation one can find the "maximizer", which leads
to the following feedback optimal control :

_ () VA, X W)
Tt = aixVXX(t,Xt*t,WtS N

ar = M1gy e xx w,)<1}-

Issues need to be addressed :
@ Regularity of the value function?

@ Wellposedness of the closed-loop system ?

o Existence of the optimal strategy ?
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Optimal Strategy and Beyond

Regularity of the Value Function

Since the “classical solution" for the HJB equation is essentially
impossible for two reasons :

e Boundary condition (V =0 on D)
@ Degeneracy of .Z (there is no Vi, !)

a more practical goal would be to find the reasonable approximation
of V which could lead to the "e-optimal strategy".
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Optimal Strategy and Beyond

Regularity of the Value Function

Since the “classical solution" for the HJB equation is essentially
impossible for two reasons :

e Boundary condition (V =0 on D)
@ Degeneracy of .Z (there is no Vi, !)

a more practical goal would be to find the reasonable approximation
of V which could lead to the "e-optimal strategy".

Main Idea
@ Find an approximating stochastic control problem whose value
function V¢ is more regular

@ V¢ converges to V

@ There exists 7 such that J(7°) ~ V¢
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Optimal Strategy and Beyond

A Candidate Approximating Problem

{ dX[ = pdt + rX[dt + oy X[ dBy — dQy — dLy, XTI = x; (a7)
7

dWE = \/2dBl + d(t — op,), WE = w.

S

where B¢ J:L B, and € > 0. Note that the domain of this problem
should be D := [0, T] x [0,00) x R, so that "exist of D" = "ruin" !
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Optimal Strategy and Beyond

A Candidate Approximating Problem

{ dX[ = pdt + rX[dt + oy X[ dBy — dQy — dLy, XTI = x; (17)

dWE = \/2dBl + d(t — op,), WE = w.

S

where B¢ J:L B, and € > 0. Note that the domain of this problem
should be D := [0, T] x [0,00) x R, so that "exist of D" = "ruin" !

Main Difficulties

@ The analysis of “perturbed delayed renewal process" W¢ (e.g.,
jump intensity 7)

@ Regularity of V¢7?

@ V& — V7 In what sense?
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Optimal Strategy and Beyond

Potential Solution (e-Optimal Strategy)

o First argue that the original problem is equivalent to one on D
(i.e., any solution on D must satisfy V =0 on D\ D.

e Perturb domain D (to Dy such that Dy \, D), and denote the
corresponding solution to the approximating HJB by V&?

e Show that V=7 is "classical" in int Dy (whence on D)

o Let § — 0 and ¢ — 0 (similar to the "x-continuity" before), ...
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Optimal Strategy and Beyond

Potential Solution (e-Optimal Strategy)

o First argue that the original problem is equivalent to one on D
(i.e., any solution on D must satisfy V =0 on D\ D.

e Perturb domain D (to Dy such that Dy \, D), and denote the
corresponding solution to the approximating HJB by V&?

e Show that V=7 is "classical" in int Dy (whence on D)

o Let § — 0 and ¢ — 0 (similar to the "x-continuity" before), ...

Note : The smoothness of V¢ inside Dy is possible because

@ The PDE is now “non-degenerate" !

@ In progress : Analysis on Non-local HJB in bounded domains
(ref. Mou-Swiech, Gong-Mou-Swiech ('16, '17) is helping !)
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Optimal Strategy and Beyond

Concluding Remarks

e We studied the optimal dividend /investment problem under a
Sparre Andersen model assuming that the cumulative
dividends has bounded rates (hence "regular").
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Optimal Strategy and Beyond

Concluding Remarks

e We studied the optimal dividend /investment problem under a
Sparre Andersen model assuming that the cumulative
dividends has bounded rates (hence "regular").

o Using a Backward Markovization techniques we proved :
e Dynamic Programming Principle
e Value function as a unique "constrained viscosity solution" to
the HJB equation

e Potential applications of the results/methodology :
High frequency trading/Limit order book in which the stock
price/market order arrivals are modeled by
© Semi-Markov process
o Hawkes process
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Optimal Strategy and Beyond

THANK YOU VERY MUCH!! J
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