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The statistical problem

@ Delbean and Schachermayer (1994) found out that under the
no-arbitrage assumption price processes are semimartingales.
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The statistical problem

@ Delbean and Schachermayer (1994) found out that under the
no-arbitrage assumption price processes are semimartingales.

@ We work in the continuous It semimartingale framework.

@ The process of interest X is a d-dimensional 1t6 semimartingale of the
form

t t
Xt:XO+j bsds+fades, te [0, T]
0 0
where
» bis a d-dimensional drift process,
» o is a R¥*9-valued volatility process,

» Wis a g-dimensional Brownian motion.
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The statistical problem

@ Delbean and Schachermayer (1994) found out that under the
no-arbitrage assumption price processes are semimartingales.
@ We work in the continuous It semimartingale framework.
@ The process of interest X is a d-dimensional 1t6 semimartingale of the
form
t t
Xt=X0+j bsds+fade5, te [0, T]
0 0
where
» bis a d-dimensional drift process,

» o is a R¥*%valued volatility process,
» Wis a g-dimensional Brownian motion.

e High frequency observations: Not the whole path t +— X;(w) is
available, but only equidistant discrete time observations

X07 XAn’ X2An7 cee 7X[T/An]An

with A, — 0.
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The statistical problem (2)

@ Interesting question: minimal dimension of W
» Modelling and simulation purposes.
» Economic interpretation: Assume X comprises the stocks of an index
(e.g. the DAX, so d = 30). Is the market complete or not? How many
components do we need to explain the volatility of X?

Tobias Fissler (University of Bern) Testing the maximal rank June 9, 2017 5/ 45



The statistical problem (2)

@ Interesting question: minimal dimension of W

» Modelling and simulation purposes.

» Economic interpretation: Assume X comprises the stocks of an index
(e.g. the DAX, so d = 30). Is the market complete or not? How many
components do we need to explain the volatility of X?

@ This amounts to ask for the maximal rank of the diffusion process
¢t = ooy in [0, T). We set

re = rank(cy), Rt = s[up rs.
s€l0,T)
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The statistical problem (2)

@ Interesting question: minimal dimension of W

» Modelling and simulation purposes.

» Economic interpretation: Assume X comprises the stocks of an index
(e.g. the DAX, so d = 30). Is the market complete or not? How many
components do we need to explain the volatility of X?

@ This amounts to ask for the maximal rank of the diffusion process
¢t = ooy in [0, T). We set

re = rank(cy), Rr= sup r..
s€[0,T)

@ The pathwise ‘testing hypothesis’ will be for re {0, ..., d}
T={weQ: Rr(w) =r}.

If o+ is continuous, the random-set {t€ [0, T) | re(w) = Ry(w)} has
positive Lebesgue measure.
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The statistical problem (3)

e Jacod and Podolskij (2013) presented a test for the afore-mentioned
problem that is based on a random perturbation of the original data.
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The statistical problem (3)

e Jacod and Podolskij (2013) presented a test for the afore-mentioned
problem that is based on a random perturbation of the original data.

@ We do the same in a more general setting: We assume that we
cannot observe X directly, but only a noisy version

Yt = Xt+€t-
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The statistical problem (3)

e Jacod and Podolskij (2013) presented a test for the afore-mentioned
problem that is based on a random perturbation of the original data.

@ We do the same in a more general setting: We assume that we
cannot observe X directly, but only a noisy version

Yt = Xt+€t~

@ Sources of the noise €:

(a) Rounding errors (prices are given in cents) that amount to
microstructure noise.
(b) Measurement inaccuracies that lead to additive white noise.

We confine ourselves to the latter case.
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Situation without noise:

The random perturbation approach

Testing the maximal rank



The random perturbation approach — deterministic setting

o Let A, Be R4 rank(A) = r, rank(B) = d and A > 0. By
multilinearity we have:

d

det(A+AB) = Y} X4I(A, B) = X*"7,(A, B) + O(A*~"*1),
Jj=0
WA B) = D det(G),
GeMJ;\’B

M{AB:{GERdXd|G,':A,'OI’ G,': B,‘,

A and G share j joint columns}.

Tobias Fissler (University of Bern) Testing the maximal rank June 9, 2017 8 /45



The random perturbation approach — deterministic setting

o Let A, Be R4 rank(A) = r, rank(B) = d and A > 0. By
multilinearity we have:

d

det(A+AB) = > A Iy(A, B) = A"y (A, B) + O,
Jj=0
WA B) = D det(G),
GEMQ’B

M{AB:{GERdXd|G,':A,'OI’ G,': B,‘,

A and G share j joint columns}.
e Provided that 7,(A, B) # 0 this yields

det(A+2AB)  (2X)9 (A, B) + O(A9~"F1) o1

Qet(AT AB) ~ A (A B) Oy 2 AL
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The random perturbation approach — stochastic setting

@ For the increment
A7X = Xia, — Xi—1)a,

we need to establish a stochastic analogon of a Taylor expansion up
to order 3 such that we can write

AlX=af + B +77,

with a” = Op(AN?), 7 = 0s(An), 7 = Op(AY?).

Reason: The main test statistic is degenerate on {Rt < d}.
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The random perturbation approach — stochastic setting

@ For the increment
A7X = Xia, — X(i—1)A,

we need to establish a stochastic analogon of a Taylor expansion up
to order 3 such that we can write

A7X = ai + 57 +7,

with of = Op(Ar/), 57 = Op(8n), 77 = Op(A)).
Reason: The main test statistic is degenerate on {Rt < df}.
e We impose the additional regularity condition (H) that

t t
Xt:Xo—f-J bsds—i—f osdWs,
0 0

t t
at:ao—l—f asds—i—f vs dWs,
0 0

and that b and v are also continuous It6 semimartingales.
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The random perturbation approach — stochastic setting (2)
@ We use matrix notation and obtain that under (H)
AEl/Z (AIQI—IX’ e ’Aﬁi-dx) = A? + AimB:{’ + AnC?v

WhereA?: (AZI’ ’AZd)' 87: < 21’... 7B£’d) and
Cr = (C;jl,.-- ,C;jd).
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The random perturbation approach — stochastic setting (2)
@ We use matrix notation and obtain that under (H)
A;1/2 (AQHX, T ’Alqi-dX) = A? + A}/2 B/{’ + A,,C?,

where A? = (AZI’ ’A;Zd)' B = <le’ 7B£’d) and

1
a=(cn ).
@ The expansion has the form

N ~1/2 A n
Al =oin,An / Al W~ MN(0, cia, ),

(H)An
B} = bia, + AL ia, j (Ws — Wia, ) dWs,
(iH+j-1)A,

L —
Cl; = rest.
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The random perturbation approach — stochastic setting (2)
@ We use matrix notation and obtain that under (H)
A;1/2 (AQHX, T ’Alr'li-dX) = A? + A}/2 B/{’ + A,,C?,

where A? = (AZI’ ’A;Zd)' B = <le’ 7B;Zd) and

1
a=(cn ).
@ The expansion has the form

N ~1/2 A n
Al =oin,An / Al W~ MN(0, cia, ),

(H)An
B} = bia, + AL ia, j (Ws — Wia, ) dWs,
(iH+j-1)A,

L —
Cl; = rest.

@ We obtain that A7

n
iy Bi

7 Ci; are Op(1).
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The random perturbation approach — stochastic setting (3)

@ In order to identify the correct limit we use squared determinants as
test functions. If r = rank(cja,), we have the approximation

det? (A7 + AY2BY + AnCT) ~ AG ", (AT, B))”.
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The random perturbation approach — stochastic setting (3)

@ In order to identify the correct limit we use squared determinants as
test functions. If r = rank(cja,), we have the approximation

det? (A,f' T A B A,,c,.") ~ Ay (AT B2
@ As mentioned above, we must assure that 7, (A7, BT') # 0. To do so,

Jacod and Podolskij (2013) introduced a random perturbation of the
original data.
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The random perturbation approach — stochastic setting (3)

@ In order to identify the correct limit we use squared determinants as
test functions. If r=rank(cja,), we have the approximation

det? (A7 + AF/°B7 + 8,C7) ~ A3~ (A7, B)).

@ As mentioned above, we must assure that 7, (A7, BT') # 0. To do so,
Jacod and Podolskij (2013) introduced a random perturbation of the
original data.

o Let W be a d-dimensional Brownian motion independent of X (and all
its ingredients). Then we work with the perturbated processes

Zg’l =X: + VA, Wt:
2?72 - Xt + \ 2An Wt.
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The random perturbation approach — stochastic setting (4)

@ Then the expansion has the form
AP (AL, Z0 AL G2 = AT+ AYPBY + ALCT

where

Bl; = bia, +A;1v,-Anf (Ws — Wia,)dWs + A, /2 AW
(

i+j—1)A,
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The random perturbation approach — stochastic setting (4)

@ Then the expansion has the form
ALY (AR 2N, AL GZMY) = AT+ A B + AL,

where

(i+)An

E?,j = bin, + A via, f (Ws — Wia,)dWs + A;1/2A,’-’+j~|’/l\/.

(i+j—1)An

@ One can show that (A7, @f’) # 0 as.
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The random perturbation approach — The main statistics

We define the main statistics

[t/2dAn]—1

1 A-L/2 1
S¢ =2dA, Z ( / 2d+1)A — Zyian,)» " s
i~0
A2 1
(Ziarara, = Zotara-1an) s
, [t/2dAn]—1 ) )
SP7 = 2dA, Z det? (( n)Y 2(Z€2 id+2) A Zg;'dA,,)"" ;
i~0
1/2 2 2
(280) ™ (Zigsoman — Zoidrd-sa, )) :
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The random perturbation approach —
Law of Large Numbers

@ We obtain the following Law of Large Numbers on Q7

T

1
syt sy = f T'/(0s, Vs, bs)ds > 0,
An 0
1 no P
AT S
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The random perturbation approach —
Law of Large Numbers

@ We obtain the following Law of Large Numbers on Q7

T

1
syt sy = f T'/(0s, Vs, bs)ds > 0,
An 0
1 no P
AT S

@ Since the limits are the same we can deduce that

P _
Sn2 /st =, gd=Rr,
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The random perturbation approach —
Law of Large Numbers

@ We obtain the following Law of Large Numbers on Q7

T

1
syt sy = f T (05, Vs, bs)ds > 0,
An 0
1 no P
AT S

@ Since the limits are the same we can deduce that
n2,enl P od—R
ST /ST —_—> 2 T.
@ We can construct a consistent ‘estimator’ for the maximal rank Rt

. log ($5°/57')
R T)=d—————/ B py.
(m 7) log 2 T
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The random perturbation approach —
Central Limit Theorem

@ For the previous results we obtain associated CLTs with the usual rate
of A%/z.
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The random perturbation approach —
Central Limit Theorem

@ For the previous results we obtain associated CLTs with the usual rate
1/2
of A, ”.
@ We have the following 2-dimensional stable convergence on Q7

—12( 1 1 n,

.
£=s M/\/(O, f O,(0s, ve, bs)ds>,
0
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The random perturbation approach —
Central Limit Theorem

@ For the previous results we obtain associated CLTs with the usual rate
1/2
of A, ”.
@ We have the following 2-dimensional stable convergence on Q7

—12( 1 1 n,

.
£=s M/\/(O, f O,(0s, ve, bs)ds>,
0

e and

A2 (k(n, T — ) £ M/v(o, J Tv,(as, Ve, bs)ds).
0
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The random perturbation approach —
Central Limit Theorem (2)

@ The conditional variance SO (0s, Vs, bs)ds can be consistently
estimated by V/,, such that we obtain a feasible version of the stable
convergence:

AL 1/2<( T — RT)
VVa

£33~ N0, 1).
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Accounting for the noise:

The pre-averaging approach

Testing the maximal rank



Accounting for the noise: The intuition

@ There is empirical evidence that — especially at very high frequencies
— we cannot observe X directly, but only a noisy version

Yt = Xt+8t'
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Accounting for the noise: The intuition

@ There is empirical evidence that — especially at very high frequencies
— we cannot observe X directly, but only a noisy version

Yt = Xt+8t'

@ We assume a rather simple structure of the noise. We assume that e
is additive Gaussian noise that means
(i) e ~N(0,%) for all t,
(i) es is independent of ¢, for all s # t,
(iii) The noise ¢ is independent of the semimartingale X (and all its
ingredients).
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Accounting for the noise: The intuition

@ There is empirical evidence that — especially at very high frequencies
— we cannot observe X directly, but only a noisy version

Yt = Xt_'_gt'

@ We assume a rather simple structure of the noise. We assume that ¢
is additive Gaussian noise that means
(i) e ~N(0,%) for all t,
(i) es is independent of ¢, for all s # t,
(iii) The noise ¢ is independent of the semimartingale X (and all its
ingredients).

@ What happens if we use the same statistics in the presence of noise
meaning that we substitute X by Y?
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Accounting for the noise: The intuition (2)

@ To get an intuition, we assume for simplicity that we have no drift
and constant volatility meaning that X; = cW;. Then

AnX
VA

Afe
VA,

~ N(0,00%), ~ N(0,2A,'%).
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Accounting for the noise: The intuition (2)

@ To get an intuition, we assume for simplicity that we have no drift
and constant volatility meaning that X; = cW;. Then

A7X Ale
VA, VA,

@ The semimartingale X inherits a scaling property by the Brownian
motion whereas the noise is i.i.d. and does not satisfy such a scaling
property.
~> The influence of the noise explodes!!!

~ N(0,00%), ~ N(0,2A,'%).

Tobias Fissler (University of Bern) Testing the maximal rank June 9, 2017 19 / 45



Accounting for the noise: The intuition (2)

@ To get an intuition, we assume for simplicity that we have no drift
and constant volatility meaning that X; = cW;. Then

ArX Ae
VA, VA,

@ The semimartingale X inherits a scaling property by the Brownian
motion whereas the noise is i.i.d. and does not satisfy such a scaling
property.
~> The influence of the noise explodes!!!

~ N(0,00%), ~ N(0,2A,'%).

o If we work with the non-normalized increments A7X and Afe, the
noise would completely dominate the statistic.
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Accounting for the noise: The pre-averaging approach

@ Podolskij and Vetter (2006) were the first to introduce the
pre-averaging approach. Jacod, Li, Mykland, Podolskij and Vetter
(2009) enhanced the approach.

@ We consider the weighted average of k, € N successive increments.
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Accounting for the noise: The pre-averaging approach

@ Podolskij and Vetter (2006) were the first to introduce the
pre-averaging approach. Jacod, Li, Mykland, Podolskij and Vetter

(2009) enhanced the approach.
@ We consider the weighted average of k, € N successive increments.

Definition 1
We call g : [0,1] — R a weight function if it is continuous, piecewise C!
with a piecewise Lipsvarepsilontz derivative g’, and satisfies

g(0) = g(1) =0, L g (x)dx > 0.

Example: g(x) = min(x, 1 — x).
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Accounting for the noise: The pre-averaging approach (2)

Definition 2

Let g be a weight function and k, be a sequence of integers such that
kp, — o0 and Apk, — 0 as A, — 0.
For any d-dimensional process V we define the pre-averaged increments

kn—1 .

Vet = )] g(ki) (Vierpan = Virj-1an) »
=1
kn—1 .

V(g)! = Z g(%ﬂ) (Viir2pa, — Viita(-1))a,) -
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Accounting for the noise: The pre-averaging approach (3)

Example

K

(i) For V= W a d-dimensional Brownian motion, W(g)
centered Gaussian variable with covariance matrix

,k=1,2,is a

kn—1

KA le gz(ki) Iy = KAnkn folgz(s)dsld—i— O(A,).
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Accounting for the noise: The pre-averaging approach (3)

Example

K

(i) For V= W a d-dimensional Brownian motion, W(g)"", k = 1,2, is a

centered Gaussian variable with covariance matrix
kn—1 ; 1
kAR Z g2<—> Iy = nAnknJ g (s)dsly+ O(A,).
= 0

(i) For V=€ where ¢ is centered additive Gaussian noise with
covariance matrix ¥, then £(g);"" is a centered Gaussian variable

with covariance matrix

8 () () 5o [ st

=1 0
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Accounting for the noise: The pre-averaging approach (4)

@ The pre-averaged increments have the following orders
X(g)7"™ = 06 ((Ankn)7?).
n,K —1/2
(&) = O (ka''?).

o]
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Accounting for the noise: The pre-averaging approach (4)

@ The pre-averaged increments have the following orders
X(g)7"™ = 06 ((Ankn)7?).
— n,K —1/2
=@ = 0e (ka'?).

@ We are free to choose the window size k, as long as k, — oo and
Apk, — 0. So we can give the noise any order we want.
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Accounting for the noise: The pre-averaging approach (4)
@ The pre-averaged increments have the following orders
X(g)7"™ = 06 ((Ankn)7?).
2@ = 0r (ki'/?).

@ We are free to choose the window size k, as long as k, — oo and
Apk, — 0. So we can give the noise any order we want.
o Consider the perturbated processes

Zf’l =Y+ Anf/‘\/ta
2?72 - Yt + \/ 2An ‘//\Vt.
Then the expansion has the form
(Ankn)il/2 (?(g);ul, T 72(3-)2;_1((1_1);(")
= A(@)] + (Dnkn)/*B(&)] + AnknC(8)] + (Anks)/*E(g)]
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Accounting for the noise: The pre-averaging approach (5)

A(8)] +(Ankn)'/* B(8)] +Ankn C(8)7 +(Anka)"/*E(g)7
—— — —
Or(1) O (1) Op(1)

@ Recall: We are free to choose the window size k, as long as k, — o©
and Ayk, > 0as A, — 0.
~» For v =0, 1,2 we can choose kj such that E(g)7 is Op(1)!
~> The bigger v the smaller is the influence of the noise term.
~ Incentive to choose k, big.
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Accounting for the noise: The pre-averaging approach (5)

AQ)" +(Ankn)'? B()T +Anky C(g)7 +(Ankn) /> E(g)".
—— —— N——
s (1) 0s(1) Op(1)

@ Recall: We are free to choose the window size k, as long as k, —
and Ayk, > 0as A, — 0.
~» For v =0, 1,2 we can choose kj such that E(g)7 is Op(1)!
~> The bigger v the smaller is the influence of the noise term.

~ Incentive to choose k, big.

@ Drawback of the pre-averaging approach: Only the weighted averages
over a window of size k, enter into the main statistic.
~» The number of data-points decreases from [T/A,] to [T/Apkp).

~» The overall convergence rate in the CLT reduces from A,l,/Q to
(A pky) /2100
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Accounting for the noise: The pre-averaging approach (5)

AQ)" +(Ankn)'? B()T +Anky C(g)7 +(Ankn) /> E(g)".
—— —— N——
s (1) 0s(1) Op(1)

@ Recall: We are free to choose the window size k, as long as k, —
and Ayk, > 0as A, — 0.
~» For v =0, 1,2 we can choose kj such that E(g)7 is Op(1)!
~> The bigger v the smaller is the influence of the noise term.
~ Incentive to choose k, big.

@ Drawback of the pre-averaging approach: Only the weighted averages
over a window of size k, enter into the main statistic.
~» The number of data-points decreases from [T/A,] to [T/Apkp).
~» The overall convergence rate in the CLT reduces from A,l,/2 to
(A pky) /2100

@ Incentive to choose k,, as small as possible.
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Accounting for the noise: The convergence rate

A8)" +(Ankn) /2 B(g)? +Ankn C(8)7 +(Ankn)? E(g)" .
—— —— —— ——
Op(1) Op(1) Op(1) Op(1)

v = 2 The noise will not appear in the limit and the proofs are
rather easy.

ky, = O(A;3/4) ~~ convergence rate of A},/g.
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Accounting for the noise: The convergence rate

A(g)] +(Ankn)"/? Bg)] +Ankn C(8)] +(Ankn)"” E(g)]
— ~— —— —
O (1) Op(1) O (1) O (1)

v =2 The noise will not appear in the limit and the proofs are
rather easy.

kn = O(A, 8/4 ) ~~ convergence rate of AYE,

v =1 The noise will affect the variance in the CLT. We need two
different weight functions for the two statistics S™! and S™2.
kn = O(A, 2/3 ) ~» convergence rate of AYS,
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Accounting for the noise: The convergence rate

A(8)} +(Ankn)'/? B(g)7 +Ankn C(8)] +(Ankn)""* E(g)]
— ~— —— —
Op(1) Op(1) Op(1) Op(1)

v =2 The noise will not appear in the limit and the proofs are
rather easy.

kn = O(A, 8/4 ) ~~ convergence rate of AYS.

v = 1 The noise will affect the variance in the CLT. We need two
different weight functions for the two statistics S™! and S™2.

kn = O(A, 2/3 ) ~» convergence rate of Al/b

v =0 The noise enters the CLT as a BIAS. We need
BIAS-correction which is rather involved (and practically not
feasible)

kn = O(A, 1/2) ~~ optimal convergence rate of AV
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Accounting for the noise: The main statistic
We confine ourselves to the case v = 1 and put the formal assumption.

For 6 € (0,00) let k, be a sequence of integers satisfying

1

k
" 9A2/3

(14 0(a7/%)) = 0(a7%?).
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Accounting for the noise: The main statistic
We confine ourselves to the case v = 1 and put the formal assumption.

For 6 € (0,00) let k, be a sequence of integers satisfying

1

k
" 9A2/3

(14 0(a7/%)) = 0(a7%?).

Let g be a weight function. Then we define the main statistics

[t/2dAnky]—1
S(g)?’I = 2dApkn, Z det” ((Ank )" 1/22( )2:dkn T
i=0
(Ankn)™ 1/22( )(2d+(d—1)) >
[t/2dAnks]—1
S()0* = 2dBnks Y det? (280kn) 250,
i=0

(28nkn) ™ Z(&) 5oy 30111,
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Accounting for the noise: The Law of Large Numbers

@ Again, one can show that on %

1 T
A S @F 5 S(r.g)r = J T} (05, Vs, bs, 3, g)ds > 0,
(Ankn) 0

1 n2 P 2 JT 2
S U = | T2(0y, vs, bs, %, g)ds > 0.
Sa SO S = | 10w v b g >
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Accounting for the noise: The Law of Large Numbers

@ Again, one can show that on %

1 T
A S @F 5 S(r.g)r = J T} (05, Vs, bs, 3, g)ds > 0,
(Ankn) 0

1 n2 P 2 JT 2
S U = | T2(0y, vs, bs, %, g)ds > 0.
Sa SO S = | 10w v b g >

@ For our method it is crucial that the limits coincide. However,
S(r, g)lT = S(r, g)%-
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Accounting for the noise: The Law of Large Numbers

@ Again, one can show that on %

T

1 n
UXkyﬁﬂ@#_&sm@#:J.ﬁ@b%m$a@$>o
n™n 0
1

)
n2 P 2 2

’ — r sy Vs, 5727 .
WATEE L G jﬂ 2(04, Vs, by, X, g)ds > 0

@ For our method it is crucial that the limits coincide. However,
S(r.g)7 = S(r.&)T-

@ Using the same weight function for the two different rates, the
equality does not hold!
Reason: The semimartingale part satisfies a scaling property whereas
the noise part does not. (For the case v = 2 that does not matter
since the noise part disappears in the limit.)
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Accounting for the noise: The Law of Large Numbers (2)

@ A careful inspection of the influence of the weight function to the
limit yields the following:
The maps g S(r,g)%- and g+— S(r, g)% are real-valued functionals
that factorize in a functional mapping g to R* and a polynomial
mapping from R?* to R.
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Accounting for the noise: The Law of Large Numbers (2)

@ A careful inspection of the influence of the weight function to the
limit yields the following:
The maps g+ S(r,g)% and g — S(r, g)% are real-valued functionals
that factorize in a functional mapping g to R* and a polynomial
mapping from R?* to R.

@ The part associated to the semimartingale depends on the functionals

1

f g (s)ds (associated with o),
0
1

J g (s)sds (associated with v),
0
1

J g(s)ds (associated with b).
0
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Accounting for the noise: The Law of Large Numbers (2)

@ A careful inspection of the influence of the weight function to the
limit yields the following:
The maps g+ S(r,g)% and g — S(r, g)% are real-valued functionals
that factorize in a functional mapping g to R* and a polynomial
mapping from R?* to R.

@ The part associated to the semimartingale depends on the functionals

1

f g (s)ds (associated with o),
0
1

J g (s)sds (associated with v),
0
1

J g(s)ds (associated with b).
0

@ The noise part depends on the functional

fl (g’(s))2 ds.

0
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Accounting for the noise: The Law of Large Numbers (3)

Solution: We use two different weight functions g and h such that
1 1 1 1
f h2(s)ds:f g (s)ds, f h2(s)sds:f g (s)sds,
0 0 0 0
1 1 1 ) 1 )
f h(s)ds = J g(s)ds, f (h’(s)) ds = 4J (g’(s)) ds.
0 0 0 0

- S(r.g)} = S(r. h)%
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Accounting for the noise: The Law of Large Numbers (3)

Solution: We use two different weight functions g and h such that
1 1 1 1
f h2(s)ds:J g (s)ds, f h2(s)sds:f g (s)sds,
0 0 0 0
1 1 1 ) 1 )
f h(s)ds = J g(s)ds, f (h’(s)) ds = 4J (g’(s)) ds.
0 0

0 0
~~ S(r,g)% = S(r, h)2.

Example: A pair g, h satisfying the above relations:
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Accounting for the noise: The Law of Large Numbers (4)

@ We obtain that

S(h)*/S(g)y" — 2.
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Accounting for the noise: The Law of Large Numbers (4)

@ We obtain that
n,2 nl P _
S(h7°/S(g)7 — 24-Fr,

@ We can construct a consistent ‘estimator’ for the maximal rank Rt

. log (SN /S@)7)
R(n, T,g, h)=d— Tog 2 —> RT.
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Accounting for the noise: Central Limit Theorem

@ We can also derive associated CLTs with the rate (A, k,)"/? ~ A},/ﬁ.

@ We have the following 2-dimensional stable convergence on Q7

1 1
—-1/2 nl 1 n2 2
(@ako) ™ (eSO = S b e S — S %)
T
c—_§ MN<07 J @r(057 V57 bS7 Z)7 g? h)ds)7
0

and

T

(Apkn) 12 (k(n, T.g h) — r) £ MN(O, f V0, Vs, bs, 5, g, h)ds).

0
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Accounting for the noise: Central Limit Theorem (2)

@ The conditional variance Sg— Vi (0s, vs, bs, 2, g, h)ds can be consistently
estimated by V(n, T, g, h) such that we obtain a feasible version of
the stable convergence:

(Ankn)_l/2 <k(n7 T: 8, h) - RT)
V(n, T, g, h)

£S5 ~ N(0,1).
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The testing procedure




The testing procedure
@ For re {0,...,d} we can test the null hypothesis
Ho: Qr={weQ: Rr(w) =1}
against the alternative

H1 :sz-r: {weQ: RT(CL)) # I’}.
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The testing procedure
@ For re {0,...,d} we can test the null hypothesis
Ho: Qr={weQ: Rr(w) =1}
against the alternative
Hy: Q7 ={weQ: Rr(w) # r}.

@ Let w€ (0,1) and ¢, denote the symmetric a-quantile of A/(0,1)
defined by P(|®| > ¢,) = a when & ~ N(0,1). Then we obtain an
asymptotic level « test in the sense that

~

(Apky)~ 1/ (R(n, T.g h) — RT>
o g )
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The testing procedure
@ For re {0,...,d} we can test the null hypothesis
Ho: Qr={weQ: Rr(w) =1}
against the alternative
Hy: Q7 ={weQ: Rr(w) # r}.

@ Let w€ (0,1) and ¢, denote the symmetric a-quantile of A/(0,1)
defined by P(|®| > ¢,) = a when & ~ N(0,1). Then we obtain an
asymptotic level « test in the sense that

~

(Apky)~ 1/ (R(n, T.g h) — RT>
Ph, <‘ Vi Tah) ) > ca> — .

@ It is also consistent for the alternative in the sense that

~

(Apky)~ /2 (R(n, T.g h) — RT>
oo )
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The testing procedure (2)
e For re {0,...,d} we can also test the null hypothesis
ﬂO:Q?:{wEQ: Rr(w) < r}
against the alternative

Hi: Q3 ={weQ: Rr(w) > r}.
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The testing procedure (2)
e For re {0,...,d} we can also test the null hypothesis
I:IO:Q§-':{wEQ: Rr(w) < r}

against the alternative

Hi: Q3 ={weQ: Re(w) > r}.
@ Let w € (0,1) and ¢, denote the one-sided a-quantile of (0, 1)
defined by P(® > ¢,) = o when ® ~ A/(0,1). Then we obtain an
asymptotic level at most « test in the sense that

~

(Ankn)il/2 <R(n> T: 8 h) - RT)
limsup Pr, R >Co | <a.
n? 7g’

Tobias Fissler (University of Bern) Testing the maximal rank June 9, 2017 35/ 45



The testing procedure (2)
e For re {0,...,d} we can also test the null hypothesis
I:IO:Q§-':{wEQ: Rr(w) < r}
against the alternative
Hi : Q7 ={weQ: Rr(w) > r}.
@ Let w € (0,1) and ¢, denote the one-sided a-quantile of (0, 1)
defined by P(® > ¢,) = o when ® ~ A/(0,1). Then we obtain an

asymptotic level at most « test in the sense that

~

(Ankn)il/2 <R(”7 T: 8, h) - RT)
limsup Pr, R >Co | <.
n? 7g’

@ It is also consistent for the alternative in the sense that

(Ankn)il/2 (AR(n, T: 8, h) - RT)
IPIA-I > Ea — 1.
1 V(n, T, g, h)
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Simulation study & real data example

Testing the maximal rank



Simulation study

@ For estimating the maximal rank, one can consider truncated and
rounded versions of the estimator (consistency okay, but no CLT for
this version!).
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Simulation study

@ For estimating the maximal rank, one can consider truncated and
rounded versions of the estimator (consistency okay, but no CLT for
this version!).

@ In order to improve the finite sample performance and the asymptotic
variance, one can use an estimator with overlapping increments. An
LLN is straight forward. However, a CLT seems to be more involved.
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Simulation study

@ For estimating the maximal rank, one can consider truncated and
rounded versions of the estimator (consistency okay, but no CLT for
this version!).

@ In order to improve the finite sample performance and the asymptotic
variance, one can use an estimator with overlapping increments. An
LLN is straight forward. However, a CLT seems to be more involved.

@ Empirical results:

» The empirical counterparts of our statistics seem to converge to the
correct limits.

» The speed of convergence is rather slow — in line with the convergence
rate of A,17/6.

» Performance is better for smaller dimensions (rate is rather
[T/2dkaAy] /2 than AL,

» In particular, the speed of convergence depends on the complexity of
the respective model of the semimartingale.

» Working with overlapping increments decreases the variance while the
bias remains the same.
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Real data example

o Consider 8 American banks between 2006 and 2009 (1007 trading
days).
~» Homogeneous market.
~ Period includes crisis.

@ Pre-cleaning to exclude jumps (details in the paper).
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Figure: Estimators R(g, h)7 (black) and R (g, h)" (blue) over a one-day time
window. (Non-overlapping increments)
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Figure: Estimators R(g, h)1, (black) and Rint (g, h)1, (blue) over a 10-days rolling
time window. (Non-overlapping increments)



°
o
=+ ° °
3 o
o o o
o o e
o
%o o o °
o
o ° ) ° °©
o o o o
° o © o
o, o K
) o, ) ° )
°o ° ° °
000 ° ° 40 & o
2 ° ° o o0 o 00 o o0
s o @ 0% eo ° N o
T ° o o ° ° ° o o °
E o o ©o ° %‘% o 9% oo o ° ° °
= = ° ® o FE
7 5 o o s ° o
o o o ° ) ° ° £ o ) ° °
M 5 © ° ° ° 0 © e 00000 §%0 ® 07 ® & o B o 0o o
= ° o 0 °© 0%, %o o 0,°° L0° o0° @ %% ° o
< o @ ¥ o8 ° oo @ o ° & “o00 o o, ® °° o
< R o0 % & 2o 0% ° ° o ° o & o © ° 00 2 ° 00 ®
°© oo o g 0g ° e °o o
& %o o ® @ o o o )
O?O%mooo Qo %% & % o & %00 %o oo °y %% g>°oom o %%
0 g ° &p ° op 2 0 0g0 g B 0 oo o @ ogo 8 °.° % o ° D O S e on o O
@ - o
o 3 %0 E o o 3 °
o S @ 0%%0000 o 00 o0 oo o
€ $%%po o8 °8 o 500" s 5 &%, of ° o 0 20e T S PaBd oo, 0 00 o By
02 0 > @ o
) oo o ? o ° ° 000 @ 9%0, 0 0 o 00 jo, ©
@%@o o o o o 0% % o & aoo o8 o
odE agimo 8 Fppmpgmm oge @0 aw®f go s@a;:g oe8 o8 g o o gomanos s galo ﬁ@o?g;@.@@? oo p B0
o o ©o o o ® ) ° % 0% °o
0, o0& o o o oo o °7 o 9% ° o °. 8
° o o % oo ©° 8 ° o Lo o o ®oo. @POow® o °
o o o ° o o °
© . 82 B ogmo o oogo ol oca e o 8 o g o 8o o 8 o8 g 8 mggoln cam
° o ° ° ) o °© )
°®° o ° ° ° o o
o @g8 o o o oo ° o o °
o N o
T T T T
0 200 400 600 800 1000

days

Figure: Estimators R(g, h)7 (black) and R (g, h)" (blue) over a one-day time
window. (Overlapping increments)



Real data example — summary

Table: Sample mean and variance for the non-overlapping and overlapping

approach.
overlapping T mean variance
no 1 10.85 16.11
no 10 8.20 8.12
yes 1 822 231
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Extension

In theory, one could test the local volatility assumption: ¢; = h(X;) for

fe C2(RY):

. . . . X
@ lllustration for d = 1. One considers the semimartingale <ct> . Then,
t

. . X
one can ask for the maximal rank of the co-volatility of (;) .
t
@ Usually, one cannot observe the volatility process. So one needs an
estimator of the spot volatility. Since the test-statistic consists of a
ratio of two degenerate statistics, one obtains a rate of A},/6 —even in
the absence of noice!
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Thank you for your attention!




Stable convergence

Definition 3

Let (X,)n=1 be a sequence of random elements on (2, F,P) taking values
in a Polish space. X, converges stably to a random element X,

Xp 53 X
where X is defined on an extension (€, F,P), if and only if

lim E [¢(X,)Z] = E [$(X)Z]

n—0o0

for any bounded and continuous function ¢ and any bounded and
JF-measurable random variable Z. )
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Stable convergence Il

Proposition 4

The following properties are equivalent:

(i) X, 553 X;

(i) (Xn, 2) L (X, Z) for any F-measurable random variable Z;
(iii) (Xn, 2) £ (X, Z) for any F-measurable random variable Z.
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(i) X, 553 X;

(i) (Xn, 2) L (X, Z) for any F-measurable random variable Z;
(iii) (Xn, 2) £ (X, Z) for any F-measurable random variable Z.

Proposition 5

X, x — X, 2=x — x,Lx
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Stable convergence Il

Proposition 4

The following properties are equivalent:

(i) X, 553 X;

(i) (Xn, 2) L (X, Z) for any F-measurable random variable Z;
(iii) (Xn, 2) £ (X, Z) for any F-measurable random variable Z.

Proposition 5

X, x — X, 2=x — x,Lx

Proposition 6
(i) If Xo Z=5 X and Vi, = V, then (Xp, Vi) Z=5 (X, V).

(il) If Xp 553 X ~ MN(0, V/2) where V/ is F-measurable and
Vo — V> 0, then % £=3 N(0,1).

y
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