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L$M�N7OQP�RSP�TUP�VXWZY\[^]'W_PQ`�a�[cbdPdV'e�a'V'f�[gWZhSV
U
P�W_V�P�Y^i&jkaUY\l�jSmn[oYpT�Pdb�q'RSmZWZrol1bds^PdWZPdtuf�hSvxw'mZPdvxPdV'y

[ozktcPdt{OQq'[gPdt}|�OQa�[&~�a'VU]1OQa�[E�X��bS� �Q�SmZW_V�fSPdtE��rol�a'l�a'V�]xtcP�rol�[cPdt{��rol�a'l�P�W_V�P�Yp��j�jktoYc�(�
��f�WZbdb�W_P�tgP�V7��WZP^]�jSYD�'a'V�f�[cW_h�V'PdV'yo��`�a�[cbdPdV'y���RSPdT�W_tcRSP{a'V�];b�PdW�rol'V'P�V���WZP^]'W_PEi���l'PdV'mZWZV'W_P�V
����Y\h�V�a�[gb�PdV'mZW_V�W_P�VU�{e�q't

U = U0 = 1
a'VU]

U = U1 = 2
PdWZV��

U(x1, x2) =
√ vxWZV

(x1, x2), x1, x2 ≥ 0.

�p�n�}�p��� �}� v�WZV
(x1, x2)

WZY\[�]�Pd��V'WZPdtg[�jkm�Y�]�Pdt�f�mZPdWZV'PdtcPX]�Pdt�T�PdW�]�P�V"��P�t\[cP���hSV
x1

a�V�]
x2

���D� �Q�Z�'vxW_V
(1, 2) = 1

�
�utgh�T'W_P�tgP�V���W_P1bS� �%�9]�WZPX��jSjktcP
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L - N��^P�tgP}rol'V'PdV���WZP�]�WZP=PdtoY�[cPdV�a'V�]�bds^PdW_[gP�V�wUjktg[gWZPdmZm_P�V� &T'm_P�Wn[ca'V'R�PdV�]�Pdtpe�hSmZRSPdVU]�PdVx�'a'V�f�y
[cW_h�V'PdV¡jSV3]�P�t&��[gP�m_mZP

(1, 1)
�

��j��
f(x, y) = x + y

��TU�
f(x, y) = x y

��r}�
f(x, y) = x2 + y2

��]��
f(x, y) = x2 y2 ��P}�

f(x, y) = xα yβ, α, β > 0

�¢WZP�m�jka�[cPdV£OQtcj�]�WZPdV�[=a'V�]¤i�P}YgYgP(y�¥£j¦[ctgW_§1jkV¤]�P�t&��[gP�m_mZP
(1, 1) ¨

L . N��^P�tgP}rol'V'PdV©��W_P�]�W_P�Y�[oj¦[cW_h�V�zktcPdV¤�pa'V�f�[cP�e�h�m_R�PdV�]'Pdt&��a'V'f�[gWZhSV'P�V©a'VU]£Y�[cPdmZm_P�V���WZP;vxWn[
i&W_m_e�P7]'Pdt&i&P�YcY\Pdyª¥£jk[gtcWn§1e�P�Y\[�|�hST¤P�Y%Y\W�rol¡]'jkT�PdW	a'v«��m_h�f¦jkmZP}�=¥£jk§�W_v�j'|U¥¡W_V�W_v�j�h�]�P�t
�'j¦[\[cPdmZw'a'V'f�[cP�l�jkV�]'Pdm_[��
��j��

f(x, y) = −x2 + xy + y2

��TU�
f(x, y) = 1

x

mZV
(x) − y2 + 1��r}�

f(x, y) = 100(y − x2)2 + (1 − x)2

L$¬�N7OQP�RSP�TUP�V3W�Y\[&]�W_P���a'V'f�[gWZhSV

f(x1, x2) = 3 x1 + 4 x2 − ex1 − ex2

�^P�tgP}rol'V'PdV¡��WZP;]�WZPQmZhSf¦jSm_P�V5a'VU]5R�m_h�T�jkmZPdV3­�§�[gtcPdv�jx]�P�t��'a'V'f�[cW_h�V��
L�L�N��^P�tgP}rol'V'PdV¡��WZP;jkmZm_P�Y\[cjk[gWZhSV�zStgP�V1�pa'V�f�[cP;]�Pdt���a'V'f�[gWZhSV

f(x1, x2, x3) = (x3
1 − x1) x2 + x2

3

��[gPdmZmZPdV���WZP7e�P}Y�[�h�T�P}Y�Y\W�rol�]'jSTUP�W�a'v®mZhSf¦jSm_Px¥£j¦§�WZv�j'|�¥¡WZV'W_v�j3h�]�Pdt��'j¦[\[cPdmZw'a'V'f�[cP
lUjkV�]�P�mn[}�

L�¯�N1���ptcPdW�Yg]�W�Ygf�WZvxW_V�W_P�tga'V�R��
 &V'RSP�V'hSvxvxPdV¡P�W_V�P;vxhSV'h�wUh�m_W�Y�[cWZYcrol'P;�9WZtgv�j�w'tch�]�a'b�W_P�t\[�P�W_V�OQa'[&a'V�]¡T�PdmZWZP(e�Pdtg[%]�tcPdW
¥©zktcf�[cPS�'°%W_P;`%jSrol�e�tojkR�P(e�a'V�f�[cW_h�V'PdV5W_V¡]�WZP�YgPdV¡¥£zStgf�[cPdV5YgPdWZPdV

p1 = 63 − 4 q1, p2 = 105 − 5 q2
a'V�]

p3 = 75 − 6 q3.

°QjkT�PdW$W�Y�[
pi
]�P�t{�ptcPdW�Y{a'V�]

qi
]�W_PQjkT'R�P�YgP([cb([gPQ¥¡PdV�RSP�WZv±¥£jktcf�[

i
��°&P�tEOQP}YgjSv;[ca'v�y

Ycj¦[cb
R
]'Pdt��9W_tcv�j�PdtcRSWZT�[�Y\W�rol3jSa�Y=]�P�V¤]'tgP�W�­pW_V�bdPdmZa'v�Ycz¦[gb�PdV��

R = R1 + R2 + R3 = p1 q1 + p2 q2 + p3 q3.

°%WZP��ptgh�]�a�f�[cW_h�V�YgfSh�Y\[gP�V
C
Y\P�W_P�V3a�V�jkT'lUzkV'R�W_R��Sh�v³²�Pds^PdWZm_WZRSP�V3¥©jktcf�[}�

C = 20 + 15q = 20 + 15(q1 + q2 + q3).

°%WZP;�	WZtcvxj�vx��rol�[gPQW_l'tcPdV¡OQPds=WZV'V
R − C

v�j¦§�W_vxWZPdtcPdV��'�^P�tgP}rol'V'PdV¤��WZP´]'W_P´hSw'[gWZvxjSm_P
OQP}YgjSv;[cw'tgh�]�a�f�[cW_h�V5a�V�]¤]�PdV¡µ�v�Ycj¦[cbQWZV¡]�PdV¤P�W_V'b�PdmZV'PdV¤¥£zStgf�[gP�V��
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L���N7OQP}Y\aUrol�[�YgW_V�]�]�WZPQ��m_h�f¦jkmZPdVU��­�§�[gtcPdv�jQ�Sh�V
f(x, y) = x2 y

a'V�[cPdt�]�Pdt�`&PdT�PdV�TUP}]�WZV'RSa'V�R
x + y = 3

�
��j�������YgPdV¡��WZP;]'jSY��%w�[cW_vxWZPdtca'V'R�Y\w'tchST�m_P�v RStojkw'l'W�Ycrol��
��TU�©�^P�tgP}rol'V'PdV¡��WZP;]�WZP´Y\[cjk[gWZhSV�zStgP�V1�pa�V'f�[gPS�
��r}����[gPdmZmZPdV*��W_P5v�W_[�i&W_m_e�P5]'Pdt�RSPdtozkVU]�Pdtg[gP�V�i&P�YcY\Pdyª¥©j¦[gtcW_§©e�P�Y\[�|Dh�T"P�Y�Y\W�rol�]'jkT�PdW

a�v ¥£jk§�WZv�j�h�]'Pdt�¥¡WZV'WZvxjxlUjkV�]�P�mn[}�
L���N;­uW_Vxi&jSa�Y\lUjkm_[	vx��rol�[cPue�q�t	P�W_V7TUP}Y�[cW_vxv;[cP�Y�`&a�[gb�PdV'V'WZ�SP}jka�|

U = U0
|¦Y\P�W_V'P^ �a�YgR�jSTUP�V

E
vxWZV'W_vxWZPdtcPdV��U­uY&YgPdW

U = U0 = 1 = x
1

2

1 x
1

2

2

a�V�]
E = 4x1 + x2

���^PdtcP�rol'V�PdV£��WZP�]�WZP
h�w�[gWZv�jkmZP	�%hSVUY\a'vxf�hSv�T�W_V�jk[gWZhSV�]�P�t=OQq'[gPdtcvxPdV'R�PdV

x1
a�V�]

x2
���¢WZPQzSV�]�PdtcV1YgWZrol3]�WZP

 &a�YgR�jkT�PdV3T�Pdbdq�RSmZWZrol¡]�P}Y=`�a�[cbdPdV�V'W_��P�jSa�Y ¨
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L$M�N
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U = 1

U = 2

1

2
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L - N� &T'mZPdW_[ga'V'R�PdV�� ��j��@��T�� ��r}� ��]�� ��P}�
fx 1 y 2 x 2 x y2 α xα−1 yβ

fy 1 x 2 y 2 x2 y β xα yβ−1

fxx 0 0 2 2 y2 α(α − 1) xα−2 yβ

fxy = fyx 0 1 0 4 x y α β xα−1 yβ−1

fyy 0 0 2 2 x2 β(β − 1) xα yβ−2

 &T'mZPdW_[ga'V'R�PdV¡jkV¡]�P�t&��[gP�m_mZP
(1, 1)

�
��j��@��T��@��r�� ��]�� ��P}�

fx 1 1 2 2 α

fy 1 1 2 2 β

fxx 0 0 2 2 α(α − 1)

fxy = fyx 0 1 0 4 α β

fyy 0 0 2 2 β(β − 1)

L . N1��j��EY\[cjk[gWZhSV�zStgP�t^�ua'V'f�[����
0 = (0, 0)

|
	
f =

(

−2 1

1 2

) |
M2 = −5 < 0

|
⇒

�
0
WZY\[%��j¦[g[gP�m_w'a�V'f�[��

��TU�=Y\[cjk[gWZhSV�zStgP�t{�pa�V'f�[����
0 = (e, 0)

|
	
f(
�

0) =

(

−e−3 0

0 −2

) |

M1 = −e−3 < 0
|
M2 = 2 e−3 > 0

|
⇒

�
0
W�Y�[�mZhSf¦jkmZP�Y=¥©j¦§�W_v7a'v¤�

��r��EY\[cjk[gWZhSV�zStgP�t^�ua'V'f�[����
0 = (1, 1)

|
	
f(
�

0) =

(

802 −400

−400 200

) |
M1 = 802 > 0

|
M2 = 400 > 0

|
⇒

�
0
W�Y�[�mZhSf¦jkmZP�Y=¥£W_V'WZv�a�v3�

L$¬�N�Y\[cjk[gWZhSV�zStgP�tE�pa'V'f�[����
0 = (

mZV
(3),

mZV
(4))

|�	
f =

(

−ex1 0

0 −ex2

) |
i%jka'w'[gvxW_V�hStcPdV��

M1 = −ex1 < 0
|
M2 = ex1 · ex2 > 0

|�e�q't&jSm_mZP
(x1, x2)

⇒
m_h�f�jSm_P}YEa'V�]3RSmZhSTUjkmZP�YE¥£j¦§�WZv�a'v W_V
�

0 = (
mZV

(3),
mZV

(4))
�

L�L�N�Y\[cjk[gWZhSV�zStgPQ�pa'V�f�[cPS���
1 = (0, 0, 0)

|��
2 = (1, 0, 0)

|��
3 = (−1, 0, 0)

|
	

f =





6x1x2 3x2
1 − 1 0

3x2
1 − 1 0

0 0 2





|

i%jka'w'[gvxW_V�hStcPdV¡e�q'tQY�[oj¦[cW_h�V�zktcP;�pa'V�f�[cPS�
M1 = 6x1x2 = 0

|
M2 = −(3x2

1 − 1)2 < 0��]'j
x1 ∈ {0, −1, 1}

�(|
M3 = −2 (3x2

1 − 1)2 < 0
|

⇒
jkmZm_P�]�tcPdW�Y\[cjk[gWZhSV�zStgP�V5�pa�V'f�[gP;YgW_V�]¡��jk[\[cPdmZw'a'V'f�[gP��

L�¯�N�°%WZP�bda¤hSw�[cW_vxWZPdtcPdV�]'P�OQP�s=W_V�V�e�a'V'f�[gWZhSV¤m�jka�[cP([}�
G(q1, q2, q3) = R − C = q1(63 − 4 q1) + q2(105 − 5 q2) + q3(75 − 6 q3) − (20 +

15(q1 + q2 + q3)) = 48 q1 − 4 q2
1 + 90 q2 − 5 q2

2 + 60 q3 − 6 q2
3 − 20

|UY\[cjk[gWZhSV�zStgP�t
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�ua'V'f�[����
∗ = (q∗

1, q∗

2, q∗

3) = (6, 9, 5)
| 	

G =





−8 0 0

0 −10 0

0 0 −12





|
M1 = −8 < 0

|

M2 = 80 > 0
|
M3 = −960 < 0

|
⇒ G

WZY\[´fShSV�f�j��$|
⇒

�
∗
WZY\[�RSmZhST�jSm_P}Y&¥£jk§�WZv�a�v3�

h�w�[gWZv�jkmZPXOQP�Ycjkv;[cw'tch�]'a'f�[gWZhSV
qopt = q∗

1 + q∗

2 + q∗

3 = 6 + 9 + 5 = 20
|�µ&vxYcz¦[cbdP��

R1 = p∗

1q∗

1 = (63 − 4 q∗

1) q∗

1 = 36 · 6 = 234
|
R2 = 540

|
R3 = 225

�
L���N

o

o

-1 0 1 2 3 4

-1

0

1

2

3

4 mZhSf¦jkmZP�YE¥£jk§�W_v7a'v WZV
(2, 1)

|
mZhSf¦jkmZP�YE¥¡WZV'WZv�a'v WZV

(3, 0)
�

��TU� �	jkRStojkV�RSP(e�a�V'f�[gWZhSV��
L(x, y; λ) = x2 y − λ(x + y − 3)

|
Y\[cjk[gWZhSV�zStgPQ�pa'V�f�[cP��

1 = (2, 1; 4)
a'V�]��

2 = (0, 3; 0)
|

��r��^R�PdtozkV�]�P�t\[cPQi&P�YcY\Pdyª¥©j¦[gtcW_§$���	
=





0 −1 −1

−1 2 y 2 x

−1 2 x 0





|

�	
(
�

1) =





0 −1 −1

−1 2 4

−1 4 0





|�]�P([
(
�	
(
�

1)) = 6 > 0, ⇒
�

1
W�Y�[EPdWZV1mZhSf¦jSm_P}Yu¥£jk§�WZv�a�v3|

�	
(
�

2) =





0 −1 −1

−1 6 0

−1 0 0





|�]�Pd[
(
�	
(
�

2)) = −6 ⇒
�

2

WZY\[�PdWZV¤m_h�f�jSm_P}YE¥¡W_V�W_v7a'v¤�

L���N�Y\[cjk[gWZhSV�zStgPQ�pa'V�f�[cPS�
x1 = 1

2

|
x2 = 2 � λ = 4

�


