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1. Preliminaries

X = {Xy,---, X} independent identically
distributed (IID) random wvariables with cdf
F(x) and pdf f(x).

Xos={X1pn <o < Xpop}: Order statistics
obtained from X.

e The pdf of Xy (1 <7 <mn)is

n' r—1 n—r
= e T = F@y T @),

fr:n@j) =

e The cdf of Xy (1 <1 < n)is

n

Fal) =3 () F@Y (- F@)™. @
e The joint pdf of X,y and Xg.p (1 <7 < s <
n) is

n' r—1
r—Dl(s—r—1)!(n—s) @) )

< {F(y) — Fx)}" " fy) {1 - F(y)}"°,
T <y (3)

frsm(z,y) = (

see David and Nagaraja (2003) and Arnold et al. (1992).
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X = {Xy, -, X} independent nonidenti-
cally distributed (INID) random variables with
cdf Fj(x) and pdf f;(x),i=1,--- ,n.
Xos={X1pn <o < Xpop b Order statistics
from X.

e The pdf of X;py (1 <7< n)is

k=1 k=r+1
(4)

e The joint pdf of X, and Xgp (1 < 1r <
s < n)is

1
franlw) = (r—1Dln—r1) zp:

Freal@¥) = G 9

< B -P@} £l T] (- R},

k=r+1 k=s+1
T <y, (5)

where > p denotes the summation over all n!
permutations of (¢1,--- ,ip) of (1,--- ,n).



e Another expression for fr.,(x) in the form of
a permanent is as follows:

Jranlw) = (r—1Dln—r1) 8
+ +
Fi(e) - Fyfa) }
: : r — lrows

Fi(x) -  Fy(x)
Al@) - falz) ’

1—Fi(x) -+ 1—F,(x)

L= R) - 1- B } )

where T|A|" denotes the permanent of a ma-

trix A (which is simply like the determinant,
except that all the signs in its expansion are
positive).



e Similarly, the joint pdf of X,.,, and Xg
(1<r<s<mn)is

1
frsml®,y) = (r=1Dl(s—=r—1)l(n—s) :
i +
: : r — lrows
Fi(y) = Fi(z) -+ Fu(y) — Fu(x) \
: : v s — 1 — lrows’
Fily) — Fi(z) -+ Fu(y) — Fu(z) y
fi(y) fnly)
1—F1(y) 1_Fn<y) \
3 : > L — STOWS
l=Fy) - 1-=Fl(y) )

T <Y;

see Vaughan and Venables (1972) for details.



2. Ranked Set Sample (RSS)

The Procedure of Ranked Set Sample

Cycle 1
& Xogy o0 Xpy — Xl(l)
X Xop o0 Xy — X1(2)
X Xop o0 Xy — Xl(n)
Cycle m
& Xom =+ Xy — Xm(l)
X Xop o0 Xy — Xm(2)
X1 Xog o0 Xy — Xm(n)

The RSS data so obtained are
XRSS — {X1<1)7 " Xm<1)7 " Xl(n)a " Xm(n)}

Observe that:
(a) Xj(;)'s are independent;

(b) For same r, X;(,’s are identically dis-
tributed:;



(¢) If ranking is perfect, the pdf of Xir) 18

n)

Fiealt) = gy =y (@Y 0= F)™" )

Some Results and Developments

® (MclIntyre, 1952):

m n
. 1 ¥
firss = —— >} Xig
1=1 r=1
® (Takahasi and Wakimoto, 1968; Dell and Clutter, 1972):

E(firss) = p,  Var (fipss) < Var(X);

(7 :mn—lzz ,URss

1=1 r=1
(biased for 02).




® (Stokes, 1980):

Var(s?)
< :
MSE(67s)
® (Chuiv and Sinha, 1998): Discussion of BLUE-RSS.

for mn sufliciently large.

® (Stokes, 1995): Discussion of Fisher Information
and MLE

Lo (1) < Iy (1), Tin(0) < I ().

® (Chen, 2000a): Estimation of quantiles using

RSS.

® (Chen, Bai and Sinha, 2003): A book length account
of RSS and related developments.



3. Ordered Ranked Set Sample

Let N = mn, and
XORSS _ {XORSS < XORSS < < XORSS

be the order statistics obtained from X gas.

Theorem 1: The pdf of X O,RSS 1S

n Jre1—1 JN—1

AU 3D I DD D ZWfrnN

P k=5 kr—1=Jjr—1 kyr11=0

where ) p denotes the summation over all N!
permutations (¢1,--- ,4p) of (1,---, N),

_— lia/m] if i/ = [iq/m]
]a - { /

lio/m] + 1 ifi,/m > [za/m}’, ]
IERNLEIEST ) 2| G

N
=+ Z k..
o
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Theorem 2: The joint pdf of XORSS and
XO¥P(1<r<s<N)is

n 7s—1 In—1n—ky

E VR SIS D I I

P ki=n ks—1=Js—1 ks=0 kn=0 l1=

n—ky_1 kry1 ks—1—1 ksi1

—1=0 lry1=kpy1+1=Jr11 ls—1=ks—1+1—js—1 ls4+1=0

k‘N
X Z W:sff,éan<x7 y)) T <Y,
In=0
where
. r—1I(s—7—1D!(nN —s)!
W~ =D NN = 3

Tr=1ls—r—DUN — s)l(nN)’

o = {HECIHOE)
AT OO

N N
r = Zka+jr+js_ Zla_ks_17

a=1 a=r+1
a;ﬁr s a#s

s = Zk: +]S+Zl

a;ﬁr s
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Moments of ORSS

The fact that

N

IR PP

r=1 1=1 r=1
readily yields the following identities:

N

Z“SIJ{VSS = mz,u = Ny,

r=1

Z Hypon = M Z E(Xi2(r)) = Ny 1.1,

N
m — 1
PRI B S LU
r=1 s=r+1 r=1 s=r+1 r=1
Theorem 3: Suppose Xoprss = {XORSS <

- < X0} is an ORSS from a symmetric
dlstrlbutlon say, about 0. Then,

Orss d ORSS
XeNT = =X e L<r<N,
ORSS v ORssy d ORSS ORSS
(XT:N 7X5:N ) - (_XN+1—5:N7 _XN+1—T:N) )

1<r<s<N.
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Theorem 3 immediately yields the following
symmetry relations for moments of ORSS:

RN = —HNe -y, LST SN,

U’/Q,ES]% — O?\EE%—T,N—Fl—TIN’ l<r<N,
/LS,PS{S]% — M%RE§—87N+1—TIN7 L<r<s<N,
079,58]% — OREE%—S,]\H%—T:N? 1<r<s<N\.

Remark 1: The mixture representations in
Theorems 1 and 2 will enable us to compute
the means, variances and covariances of ORSS
as mixtures of the corresponding quantities of
the usual OS. Theorem 3 will enable us to re-
duce the amount of computation considerably
for symmetric distributions.

13



4. Best Linear Unbiased Estimator
from ORSS (BLUE-ORSS)

Suppose X oprss 18 from a general location-scale
distribution with location parameter #; and

scale parameter 6y (> 0).
Let ZORSS = (XORSS 6’1) /05 be the stan-

dardlzed ORSS Let us denote

pORSS — [ Z0RSS)

oy = Cov(ZW°, Z0%5),1 <r <s <N,
Evidently,
B(XORS) = 6 + 6y juOR,

Cov( XORSS XORSS) 6’% 07(3?8]%
e It then easily follows that the BLUE-ORSS of
0 = 01,05 is

* 1) T /-1
9* — (BZ B) B'S 1 X opss.
and its variance-covariance matrix is
~1

Var(6*) = 62 (B’z—lB) |

14



where

B = [1 p, 3 = [0y s NN,
/  ORSS ORSS ORSS1/

1:[1717”'71]7“ :[:ul;]\/'a'”nu]\/';]\/'}'

Theorem 4: Suppose F' (x;—jl) is symmetric

about 0 and that {X%{\?S < ... < X]%ffjs\?} 1S

the ORSS from F (£724). Then:

(1) The BLUE-ORSS of 6y is a symmetric func-
tion of ORSS, i.e. if it is

* ORSS ORSS ORSS
) = a1 Xy N" +axXg N+ Han Xy,

then ar =any1_p,r=1,2,---  N;

(2) The BLUE-ORSS of 65 is a skew-symmetric
function of ORSS, i.e. if it is

05 = i XTN + boXo + - + Dy X jins

then b = -0y 1y, 7=1,2,--- | N.
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Comparisons between BLUE-ORSS,
BLUE-RSS and BLUE-OS

Let (67,65), (él,ég) and (61, 60) denote the
BLUE-ORSS, BLUE-RSS and BLUE-OS of
(61, 602), respectively. We then define:

. Var(6y) ,  Var(6s)
RE® = Var(07)’ RE"= Var(6%)’
pps _ Yar(0y)Var(6h) — (Cov(0y, 05))°
Var(07)Var(03) — (Cov (67, 03))%
RE — Var(6,) + Var(6s)
Var(07) + Var(65)
Var(6,) Var(6s)
RE = Var(0%)’ RE" = Var(60%)
RET — Var(6,)Var(6;) — (Cov (6, 6,))?
Var(07)Var(03) — (Cov (6%, 03))%
RES — Var(6;) + Var(6s)
Var(07) + Var(65)
REY — Var@)’ REW — Var(ffz)
Var(61) Var(6y)
REL — Var(?l)\/ar(ﬁ:g) — (COV(élA, 9%))2 |
Var(6y))Var(6s)) — (Cov(61, 05))?
RE2 _ Var(ﬁ:l) + Var(6,)
Var(6;) + Var(6s)



Table 1. Variances, Covariances and Relative Efficiencies of BLUES

for the Two-parameter Exponential Distribution
f(x):%exp(— ),x>a,)\>0

r—a

A

3 1 5 6 7 10

0.33078 0.08944 0.03943 0.02167 0.01352 0.00913 0.00656 0.00490 0.00380
0.83673 0.34106 0.18977 0.12152 0.08457 0.06219 0.04759 0.03765 0.03053
-0.39626-0.11685-0.05407-0.03064-0.01951-0.01339-0.00970-0.00732-0.00572
0.87500 0.23301 0.09931 0.05274 0.03189 0.02101 0.01472 0.01079 0.00820

1.50000 0.54029 0.28078 0.17202 0.11601 0.08340 0.06275 0.04888 0.03911

2 -1.00000-0.28755-0.12873-0.07074-0.04385-0.02944-0.02093-0.01553-0.01191

0.50000 0.16667 0.08333 0.05000 0.03333 0.02381 0.01786 0.01389 0.01111
1.00000 0.50000 0.33333 0.25000 0.20000 0.16667 0.14286 0.12500 0.11111

N 10.50000-0.16667-0.08333-0.05000-0.03333-0.02381-0.01786-0.01389-0.01111
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Table 1 (Contd.)

2 3 1 5 6 7

10

RE!
RE?
RE?
RE*

RE?
RES
RE"
RE®

RE?
RElO
RE"
RE12

2.64524 2.60516 2.51829 2.43362 2.35968 2.30174
1.79268 1.584171.47957 1.41558 1.37185 1.34093
2.60947 2.56419 2.48074 2.40103 2.33177 2.27891
2.03423 1.79629 1.65827 1.56967 1.50797 1.46391

1.511571.86343 2.11324 2.30712 2.46633 2.60791
1.19512 1.46603 1.75647 2.05735 2.36498 2.67977

2.24498
1.31863
2.22884
1.43080

2.72354
3.00179

2.20244
1.29813
2.18744
1.40227

2.83434
3.32000

2.15978
1.28082
2.14677
1.37802

2.92695
3.63924

2.08757 3.29681 4.56902 5.90123 7.28909 8.75203 10.24474 11.79055 13.34928

1.28478 1.54859 1.81785 2.09516 2.37895 2.67057

0.571430.71528 0.83916 0.94802 1.04520 1.13302
0.66667 0.92542 1.18715 1.45336 1.72393 1.99844
0.80000 1.28571 1.84180 2.45779 3.12598 3.84044
0.63158 0.86211 1.09623 1.33478 1.57758 1.82427

2.96810

1.21317
2.27644
4.59644
2.07443

3.26407

1.28691
2.55752
5.39012
2.32770

3.56047

1.35521
2.84133
6.21829
2.58376

Remark 2: ORSS is more efficient than RSS,
and significantly more eflicient than OS, while
RSS is not as eflicient as OS for small sample
sizes (n < 5).
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Table 2. Variances and Relative Efficiencies of BLUESs for the
One-parameter Exponential Distribution f(z) = %exp (—%),
x>0 A>0

n 2 3 1 5 6 7 8 9 10

3 j 0.36204 0.18841 0.11563 0.07819 0.05639 0.04257 0.03323 0.02671 0.02193
v 0.35714 0.18544 0.11390 0.07714 0.05573 0.04215 0.03299 0.02653 0.02179

e 0.50000 0.33333 0.25000 0.20000 0.16667 0.14286 0.12500 0.11111 0.10000
RE(X\, 5\) 0.98648 0.98427 0.98509 0.98661 0.98817 0.99008 0.99281 0.99319 0.99398
RE(\, 5\) 1.38107 1.76922 2.16209 2.55783 2.95544 3.35595 3.76156 4.15990 4.56081
REO\, 5\) 1.40000 1.79749 2.19482 2.59255 2.99080 3.38957 3.78880 4.18844 4.58844

Remark 3: ORGSS is very slightly less efficient
than RSS (with relative efficiency always more

than 98%), but significantly more efficient than
OS.
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Table 3. Variances and Relative Efficiencies for the Normal

(z—p)

Distribution f(x) = ﬁe_ 202 —00 < & < 00

2 3 1 5 6 7 8 9

10

0.340850.17198 0.10362 0.06924 0.04746 0.03719 0.02886 0.02311
0.49867 0.22085 0.13221 0.08996 0.05913 0.05046 0.04005 0.03259

——10.34085 0.17231 0.10399 0.06956 0.04979 0.03739 0.02910 0.02329
——|1.07080 0.39058 0.20836 0.13128 0.09093 0.06697 0.05151 0.04092
Yarli) 10.50000 0.33333 0.25000 0.20000 0.16667 0.14286 0.12500 0.11111
——10.57080 0.27548 0.18005 0.13332 0.10570 0.08750 0.07461 0.06502

RE®
RE"
RE®

RE?
RElO
REY
RE™

1.00000 1.001871.00359 1.00470 1.04902 1.00537 1.00827 1.00787
2.147291.76851 1.57599 1.45926 1.53772 1.32726 1.28634 1.25538
2.147291.771821.58165 1.46612 1.61309 1.33439 1.29697 1.26527
1.68149 1.432871.32448 1.26157 1.32012 1.19069 1.16987 1.15270

1.46694 1.93816 2.41261 2.88861 3.51163 3.84158 4.33098 4.80816
1.14463 1.247351.36185 1.48196 1.78759 1.73404 1.86315 1.99465

0.01890
0.02713
0.01906
0.03333
0.10000
0.05760

1.00844
1.22840
1.23877
1.13808

5.29057
2.12300

1.679102.41757 3.28560 4.28081 6.27735 6.66146 8.06929 9.59061 11.23185

1.27549 1.54979 1.82354 2.09373 2.55523 2.62824 2.89680 3.16185

1.46694 1.93454 2.40398 2.87509 3.34754 3.82108 4.29548 4.77059
0.53306 0.70531 0.86412 1.01556 1.16250 1.30648 1.44841 1.58888
0.78196 1.36446 2.07733 2.91982 3.89150 4.99215 6.22163 7.57990
0.75855 1.08159 1.37679 1.65962 1.93561 2.20733 2.47617 2.74299

3.42369

5.24629
1.72825
9.06693
3.00830

Remark 4: ORSS is more efficient than RSS,

and

significantly more efficient than OS.
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Table 4. Variances and Relative Efficiencies of BLUESs for the

. o . —(z—n)/B
Logistic Distribution f(x) = % ( 1f€_((xi% Tig: —00 < ¥ <00
n 2 3 1 5 6 7 8 9 10
Var(p*)

—11.14493 0.54810 0.32108 0.21093 0.14918 0.11095 0.08600 0.06849 0.05586
>—10.57587 0.27748 0.17078 0.11748 0.08633 0.06620 0.05259 0.04286 0.03561
Yarl) 11.14493 0.56956 0.33781 0.22266 0.15747 0.11710 0.09042 0.07189 0.05850
V‘“—@ 1.14493 0.45330 0.25214 0.16269 0.11433 0.08499 0.06577 0.05245 0.04283

U1 11.64493 1.07247 0.79289 0.62824 0.51997 0.44343 0.38649 0.34247 0.30745

525) 0.64493 0.33333 0.22539 0.17037 0.13697 0.11453 0.09841 0.08627 0.07679

RE' |1.00000 1.03915 1.05209 1.05563 1.05554 1.05544 1.05142 1.04965 1.04729
RE? |1.98818 1.63367 1.47638 1.38481 1.32429 1.28376 1.25047 1.22369 1.20260
RE? |1.98818 1.69764 1.55329 1.46185 1.39784 1.35493 1.31477 1.28444 1.25947
RE* 1.33070 1.23897 1.19941 1.17339 1.15406 1.14076 1.12696 1.11664 1.10776

RE® |1.43671 1.95669 2.46942 2.97846 3.48547 3.99670 4.49412 5.00052 5.50378
RE® |1.11993 1.20131 1.31977 1.45019 1.58650 1.72986 1.87108 2.01263 2.15619
RET |1.60901 2.35058 3.25907 4.31933 5.52970 6.91375 8.40886 10.06419 11.86719
RE?® |1.33070 1.70281 2.07025 2.43176 2.78937 3.14956 3.49872 3.85038 4.20044

RE® |1.43671 1.88296 2.34715 2.82150 3.30208 3.78677 4.27433 4.76400 5.25525
REY|0.56329 0.73534 0.89392 1.04721 1.19800 1.34750 1.49630 1.64472 1.79294
RE™|0.80929 1.38462 2.09817 2.95470 3.95589 5.10266 6.39568 7.83544 9.42233
RE'|1.00000 1.37437 1.72605 2.07243 2.41701 2.76092 3.10457 3.44818 3.79183

Remark 5: ORSS is more efficient than RSS,
and significantly more eflicient than OS.
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5. Nonparametric Confidence
Intervals for Quantiles

Confidence Intervals for Quantiles

o The cdf XD\ (1 <r < N)is

X H [1—]F(x)<k’g,n—]{71+1)]},

I=i+1
where ) g, denotes the summation over all
permutations (ji,---,4n) of (1,---,N) for

which 77 < -+ < g; and 7,01 < --+ < Jn,
I)(a,b) is incomplete beta function, and

L _{[J'z/m] if ji/m = [j;/m],1 <1 <N,
l Ji/ml+1 ity /m > |j/m],1 <I<N.
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o With ¢ = F ~l(p) as the p-th quantile
(0 < p < 1), we have
Pr(XpN® <& < XJN°) = PriUpy" <p} —Pr{UZ" < p}

_ ZZ{HI ko — ki + 1)

i=r S

X H L(ki,n /<:g+1)]},

[=i+1
where U = F (XO055), U%SS = F (XO59).
e [or constructing a confidence interval for &,
with confidence coefficient > 1 — a
(1) Choose r and s such that s — r is as small
as possible:
(2) For different (r, s) with same s —r, choose r

and s such that E {U{g}ﬁ\fss — USERVSS} 1s as small
as possible.

e The upper confidence limit X?uRSS for &p:
:inf{S:Pr(fngg?VSS) 21—04}.
e The lower confidence limit XgRSS for &p:

si=sup{s:Pr(XRW°<¢) >1-a}.

23



Theorem 5: Suppose 0 < p < 1, and §j 1s the
p-th quantile such that F'(§y) = p. Then:

(1) [ X205, X5 is a confidence interval for

§p with confidence coefficient > 1 — o if and
only if {X]%R—S;l:]\f’ XORSTle N} is a confi-
dence interval for {1, with confidence coet-
ficient > 1 — a, i.e.,

Pr (X <& <XV >1-a
ORSS ORSS .
& br (XN 1N S 81-p < XN—H—l:N) > 1—q

(2) XP85 is an upper confidence limit for &,

w1th confidence coefficient > 1 — « if and
only if X5 QRSS o1y 18 a lower “confidence limit

for §1—p Wlth confidence coeflicient > 1 —
1.e.,

Pr(§ < Xo¥') >1-a
& Pr( Xy vy <&y) >1—a

24



Table 5. 95% Confidence interval for the p-th quantile

o

> =

=

*

*
— o R
O T 0 > = >
y S =

s B s B s B e B s B e Y s B e B e |

—_— e

L T et M s B s B s B s B s B s B e |

[ IR S T [ TN [ TN [y S By S By SR S SN [ S |

nlp=01p=02p=03p=04p=05p=06p=0.7p=08p=0.9

<A 0 10 0 O
Daﬂa Daﬂaﬂapa

SSE

=,

N o < 10 © I- EelSs

25

x*: that is chosen based on the minimum expected width.

*: the expected widths of [3, 7] and [4, 8] are the same.



Table 6. 100(1 — «)% Upper confidence limit for the p-th quantile

p=01 p=02 p=03 p=04 p=05 p=06 p=0.7 p=08 p=0.9

n190% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95%

003 3 4 4 5 5 6 6 7 7 8 8 9 9 10 10
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Table 7. 100(1 — «)% Lower confidence limit for the p-th quantile

n

p=01 p=02 p=03 p=04 p=05 p=06 p=0.7 p=08 p=0.9

10

90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95%
1 11 1 1 1 1
r 1 1 1 1 1 2 2 2 2
1 1r 1 1 2 1 2 2 2 2 3 3
1 1 1r 2 1 2 2 3 2 3 3 4 4
1 1r 1 1 2 2 3 2 3 3 4 4 5 4
1 11 2 2 2 2 3 3 4 4 5 4 6 5
1 11 2 2 3 3 4 3 5 4 5 5 6 6

27



Comparison with Approximate
Confidence Intervals for Quantiles

e Approximate confidence interval [xpmss, xoms]

with confidence 1 — o and equal tail probabili-
ties, is given by [see Chen (2000)]

I =~ Np— Zloz/2\lmz]p<rnnr+ 1) [1 o ]p(r,n—r+ 1)]7

r=1

[y ~ Np+Zla/2JmZIp(r,nr+l) 1 —I,(r,n—r+1)],

r=1

and Z, denotes the a-th quantile of N (0, 1).

e The approximate upper confidence limit
X7 ORSS and the approximate lower confidence

11m1t X ORSS can also be expressed as

L =~ NleaJmZIp(r,nr+l) 1 —I,(r,n—r+1)],

r=1

L,

Q

Np+ZlaJmZIp(r,nr+l) 1 —I,(r,n—r+1).

r=1

28



Table 8. 90% Approximate ORSS confidence interval for the p-th
quantile, based on one and two cycles, with exact level of confidence

m np=01p=02p=03p=04p=05p=06p=07p=08p=0.9

12 (0,1 [0,1] [0,2] [0,2 [0,2] [0,2] [0,2] [1,2] [1,2]
80% 61% 95% 90% 81% T0% 55% 37%  20%

3 00,1 [0,2] [0,2] [0,2] [0,3] [1,3] [1,3] [1,3] [2,3]

1% 9% 84% 69% 95%  85% 73%  54%  28%

4 00,1 [0,2] [0,2] [0,3 [1,3] [1,4] [24] [2,4] [3,4]

62% 88% 68% 91% 75% 95% 83% 67%  36%

5 (0,1 [0,2] [0,3] [1,3] [1,4] [2,4] [2,5] [3,5 [4,5]

54%  79%  92% 4%  91%  T3%  93%  76%  43%

6 [0,2] [0,2] [1,3] [1,4] [2.4] [2,5] [3,5] [4,6] [4,6]

04%  68% 80% 92% T1% 8T%  64% 2%  54%

7 (0,20 [0,3] [1,3] [1,4] [2,5] [3,6] [4.6] [4,7 [5,7]

91%  94%  69% 81% 88%  93%  T4% 90%  60%

8 [0,2] [0,3] [1,4] [2,5 [3.5] [3.6] [47 [58 [6,8]

87%  89%  90% 92% 69% 80% 86% 93%  66%

9 [0,2] [0,3] [1,4 [2,5 [3.6] [4,7] [58 [6,9 [7,9]

83% 82% 83% 8% 86% 89% 91% 95%  71%

10 [0,2] [1,3] [2,4] [2.6] [3,7 [48 [6,8 [7,9 [8,10]
8% 2%  69% 95% 95%  95% 68% 70%  75%

2 9 0,2 [0,3] (0,3 [1,3] [1,4] [1,4] [2,4]
83% 95% 86% T0% 90% 80%  61%
3 0,3 0,3 [L4 [1,5 [25 [3.6 [3.6]

04%  T9% 8% 95% 83% 90%  79%
4 00,2] [0,3] (1,4 [15 [26 3,7 47 [58 [6,8]
83% 85% 8% 90% 93% 95% 81% 8%  60%
5 [0,2] [0,4] [1,5 [2.6] [3,7] [4.8 [59 [6,10] [6,10]
5% 94%  92%  91%  90% 91%  92%  94%  T1%
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Remark 6: The exact level of confidence, in
most situations, for the approximate confidence
interval based on one-cycle RSS, is considerably
lower than 90% even for large n (particularly
when p is away from 0.5). However, the confi-
dence level becomes close to 90% when the num-
ber of cycles is more than one in the RSS.

30



Table 9. 100(1 — )% Approximate upper confidence limit for the
p-th quantile, with exact level of confidence

p=01 p=02 p=03 p=04 p=05 p=06 p=07 p=08 p=09
90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90%95%
201 1 1 1 T2 2 2 2 2 2 2 2 2 2 2 2 2
80% 61% 45%95% 90% 81% 70% 55% 39% 20%
3 1 1 T 2 2 2 2 2 2 3 3 3 3 3 3 3 3 3
71% 46%95% 84% 69% 50%95% 87% 74% 54% 29%
41 1 2 2 2 2 3 3 3 3 3 4 4 4 4 4 4 4
62% 88% 68% 91% 76% 55%95% 86% 67% 38%
51 1 2 2 2 3 3 3 4 4 4 4 4 5 5 5 5 5
54% 79% 51%92% 75% 91% 5% 49%93% TT% 46%
66 1 2 2 2 3 3 3 4 4 4 5 5 5 5 6 6 6 6
46%94% 68% 83% 55%92% T74% 88% 65% 85% 54%
n2 2 2 3 3 3 4 4 5 5 5 6 6 6 17 7 7T 7
91% 57%94% T70% 81% 89% 64%95% T78% 90% 60%
8§ 2 2 3 3 3 4 4 5 5 5 6 6 v 7 7 8 8 8
87% 89% 55%91%64%94% 72% 80% 87% 54%94% 67%
92 2 3 3 4 4 5 5 6 6 7 7 7 8 8 9 9 9
83% 82% 83% 85% 87% 90% 59%93%64%96% 72%
w2 2 3 3 4 4 5 6 6 7T 7T 8 8 8 9 9 10 10
78% 74% 2% T1%95%71%95% 71%96% 72% 73% 76%

3

Remark 7: The exact level of confidence, in
most situations, for the approximate upper con-
fidence limit, is considerably lower than 90%

and 95%.
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Table 10. 100(1 — )% Approximate lower confidence limit for the
p-th quantile, with exact level of confidence

p=01p=02 p=03 p=04 p=05 p=06 p=07 p=08 p=0.9
n90%95%90%95%90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95%
2 1 1 1 1 1
95% 99% 100%
3 1 1 1 1 1 2 1 2 2
95% 98% 100% 95%100% 99%
4 1 1 1 1 1 2 2 2 2 3 3
95% 99% 100% 98% 100% 98%
5 1 1 1 1 1 2 2 3 2 3 3 4 4
93% 98% 100% 98%  92%100% 99% 96%
6 1 1 1 1 2 2 3 2 3 3 4 4 5 4
100% 100% 97%  92%100% 99% 97%  94%100%
7 1 1 2 1 2 2 3 3 4 4 5 4 5 5
99% 95%100% 99% 98% 96% 94%100% 100%
8 1 1 1 2 2 3 3 4 3 5 4 5 5 6 6
94% 99% 98% 96% 94%100%91%100% 99% 100%
9 1 2 1 2 2 3 3 4 4 5 5 6 6 7 7
96% 93%100%  99% 99% 99% 98% 99% 99%
10 1 1 2 2 3 2 4 3 5 4 6 6 7 7 8 8
98% 96% 96%100%95%100%95%100% 96% 97% 99%

Remark 8: The exact level of confidence, in
most situations, for the approximate lower con-
fidence limit, is considerably more than 90% and

95%.
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Comparison with Intervals Based
on the Usual Order Statistics

o [et ip and f}p, respectively, be the confidence
interval for the p-th quantile based on OS and
the expected length of this interval.

o Let ]; and L;, respectively, be the confidence
interval for the p-th quantile based on ORSS
and the expected length of this interval.

e 'Then, the percentage reduction in

Ly, compared to Ly can be defined as

L, — L*
2 - R —
LP
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Table 11. 90% OS confidence interval ip for the p-th quantile, its
expected length L, the expected length L of the ORSS confidence
interval, and the percentage reduction in L) compared to ZNLp

n p=01p=02p=03p=04 p=05 p=06p=07Tp=08p=0.9

51, 1,5 [1,5  [L,9]
L, 0.6667 0.6667 0.6667
L 0.5574  0.5574 0.5574
PR 16.39% 16.39% 16.39%

61, [1,5]  [1,6]  [2,6]
L, 0.5714 0.7143 0.5714
L 0.4697 0.4771  0.4697
PR 17.80% 33.21% 17.80%

71, [1,6] [1,6] [1,6]/[2,7] [2.7 [2,7]
L, 0.6250 0.6250 0.6250  0.6250 0.6250
L 0.4049 0.4129 0.5495 0.4129 0.4049
PR 35.21% 33.94% 12.08% 33.94% 35.21%

81, [1,6] [1,6] [2,7] 3,8]  [3,8]
L, 0.5556 0.5556  0.5556  0.5556 0.5556
Ly 0.3556 0.3631 0.3646 0.3631 0.3556
PR 36.00% 34.65% 34.38% 34.65% 36.00%

9fp [1,6] [2,7 [1,7]/[3,9] [3,8 [4,9]
L, 0.5000 0.5000 0.6000  0.5000 0.5000
Ly 0.3229 0.4315 0.4339 0.4315 0.3229
PR 35.42% 13.70% 27.68% 13.70% 35.42%

10 I, [1,6]  [2,7] [2,8]/[3,9] [4,9] [5,10]
L, 0.4545 0.4545 0.5455  0.4545 0.4545
L 0.2918 0.2938  0.2944  0.2938 0.2918

PR 35.80% 35.37% 46.03% 35.37% 35.80%
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Remark 9: The percentage reduction in Ly
(the expected width of the confidence interval
based on ORSS) compared to L, (the expected
width of the confidence interval based on OS) is
quite significant, and this amount of reduction
increases as n increases in general.
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6. Nonparametric Tolerance
Intervals

e A tolerance interval that covers at least a pro-
portion vy of the population with tolerance level

(3 1s defined as
ORSS

Pr {/XC:SVS flz)dz > 7} = 0. (6)

e The LHS of Eq. (6) can be rewritten as
Pr {UORSS UR® > 7} =1-— FWgRSS<’Y),
WheI’e UORSS — F (XO?VSS) and WORSS UORSS UORSS
J: '
e The cdf of WORSS can be derived as

n Js—1 Jn—1 kr—i—l 1 ks—1—1

Fyyorss(w) = » Z DD DN )y

P ki=n ks—1=Jjs—1 ks=0 kn=0 ZT+1 0 ls—1=0

T+1

XZ ZDk]lbrs w(s =1 N —§" —r"+1),

T+10 bs—1=0

e Now, we need to choose r and s making s —r
as small as possible and

Y ORSS

Pr {/XC:SVS flz)dz > 7} > 0. (7)
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Theorem 6: Suppose 0 < 7,3 < 1, then:

(1) [ X5, XS] s a tolerance interval that

covers ~v proportion of the population
with tolerance level B if and only if

ORSS ORSS
XN—S—|—1IN7 X

terval that covers v proportion of the popu-
lation with tolerance level (3, i.e.,

X
Pr{/ f(x)dev} =0
X

Y ORSS

< Pr{/XOzSSHNf(x)dx > 7} = 5;

+1:N

(2) [X )P, 00) is a one-sided tolerance inter-

val that covers v proportion of the popu-
lation with tolerance level 5 if and only if

(—o0, X | ] is a onesided tolerance

mterval that covers v proportion of the pop-
ulation with tolerance level (3, i.e.

H{L%%ﬂwmzv}zﬁ

X
& Pr{/ f(z)dx 27} = 0.

—00

R N} 1S a tolerance in-
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Table 12. 90% Two-sided tolerance interval that covers ~y
proportion of the population

-

Y

nly=01y=02y=03y=047y=057y=06v=07y=08~v=0.9
2
31[1,3] [1,3]
4111,3]  [1,3] [1,4] [1,4]
2,4]  [2,4]
50[1,3]" [1,4] [1,4] [1,5] [1,5]
[3,5]* [2,5] [2,5]
2, 4]
6|[1,3]* [1,4]* [1,5] [1,5] [1,6] [1,6]
[4,6]" [3,6]" [2,6] [2,0]
2,4]  [2,5]
3,9]
T, 3] [1,4]% [1,5]* [1,6] [1,6] [1,7]
5,7 [4,7] 3,7 [2,7 [2,7]
2,4] [2,6] [2,5]
[4,6] [3,0]
3,5

o

x: intervals with the shortest expected width.
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Table 12. (Contd.)

’)/:

01y=029y=037y=047y=057v=067v=0.7y=08v=0.9

— — 0
o0 D —
=, D7 D7
— —_— — — O
00 o0 O Sy —
=, DP, Dyp
*
— x X O —
I~ o0 I~ & o o0 — O
= o — o — o
*
* xS
© o0 - I~ & o I~ — o0 O
— o o — o = = e
*
* o
1O 0 © - O© O I~ 0 O — I~ O o0
SN A e =0 <o
*
* LNy
<H o0 10 O © o0 - 10 — © O D~ o0
=0 eI T P I T D= D Y B B
*
* _x  ——FO — — ———

- - - - - - - - - - - - - - - - - -

[y i i S R SNy Sk S S S SNy SN [ S Shui B S By S Y S By S |

n

x: intervals with the shortest expected width.
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7. Fisher Information Comparison

Let the one-cycle RSS
Xrpss = {X1(1)> T aXl(n)}

be from the population with pdf % f (%)
and cdf F (£72)

Fisher Information and MLE-RSS

e The score equations based on RSS are
EPIPACTINR o VN A CT0)
e +Z Ve~ I

"0) o cofEe)
n+; f(Z) +Z<T ! F(z))

(7) r=1

Where 2 =
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e The Fisher information in RSS is

o[£ nln-1) (Z)
I(n) = O.2E F(2) + o2 E[F(Z)[l—F(Z)]]
n F(2)N| | nn-1) Z21*(2)
_n | (zr@N
Io) = 5P (f(Z) ) 1]
n(n —1) Zf(Z))
L [F(Z)[l—F(Z)}]’

where Z is the corresponding standardized
variable.

e For symmetric distribution, I(y, o) = 0.

o [(p)<I(n), I(o)<I(0).
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Fisher Information and MLE-ORSS

e The log-likelihood function is

I =D —nlnaJernf(zk)
k=1

+1In {Z H [(F(Zk))’k—l(l — F(zk))n—m] } .

e The score equations based on ORSS are




e 'The Fisher information based on ORSS is

o Lf(Z) o Lbl o b b
(2N 1 1
rine) - 2o ()] (5] el
on : Z(Z)\ 1 . raz 1 as\2  ag
ror= 0| (F) 1| ) R () -5
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Examples

MSE(fiyig)
MSE(MI\k/ILE)’

MSE<0-1>\k/[LE)

RE(pang) = RE(oyig) =

e Logistic Distribution

r = " i),
Fk(l{va) - O:j(u,a))

I(0) = S {E[Z°1—2F(2) - 1)

S0 Dgizp )0 - F2),
o) = (o) + %E { (%)2 _ %} < i(0),

Table 13. Comparison of Fisher Information of o between RSS and
ORSS from Logistic(u, o) distribution

n 2 3 1 5 6 7 8 9 10

o?1(0)(3.29440 5.58191 8.29451 11.45899 15.03105 19.08059 23.50773 28.33388 33.67061
o2I*(0)[3.04032 5.01068 7.36663 10.16772 13.35357 17.01754 21.04628 25.54500 30.92350
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Table 14. Bias and MSE of MLEs based on RSS from

Logistic(u, 0%) distribution

n Bias([LQMLE) MSE([;MLE) Bias(&QMLE) MSE(&QMLE)
2 -0.00123  1.14555 -2.12526  5.97207
3 0.00103  0.54891 -0.16112  0.19406
4 -0.00017  0.31869 -0.10695  0.12830
5 0.00110  0.20932 -0.07887  0.09209
6 0.00002  0.14808 -0.06070  0.06933
7 0.00019  0.11038 -0.04831  0.05477
8 0.00015  0.08548 -0.03993  0.04421
9 -0.00136  0.06875 -0.03254  0.03603
10 0.00169  0.05538 -0.02809  0.03043

Table 15. Bias and MSE of MLEs based on ORSS from
Logistic(u, 0%) distribution

Bias (u{1p)

MSE(s{1p)
3

RE(urmrE)

Bias(o{1R)

MSE(o{1R)
2

RE(U]VILE)

© 00 I O U w3

—_
O

-0.00123
0.00108
-0.00018
0.00108
0.00000
0.00020
0.00010
-0.00137
0.00178

1.14555
0.54980
0.31940
0.20972
0.14836
0.11055
0.08560
0.06882
0.05545

1.00000
0.99838
0.99780
0.99812
0.99809
0.99853
0.99866
0.99904
0.99868

-1.67503
-0.18265
-0.12261
-0.09068
-0.07018
-0.05562
-0.04604
-0.03726
-0.03164

3.06856
0.21666
0.14504
0.10460
0.07855
0.06178
0.04962
0.04032
0.03368

1.94621
0.89570
0.88461
0.88042
0.88265
0.88653
0.89091
0.89374
0.90347
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e Normal Distribution

Table 16. Comparison of Fisher Information between RSS and
ORSS from Normal(u, 0?) distribution

n o?l(u)  o?*I(u,0) o21(o) o?I*(u) o*I*(u,0) o*I*(o)
2 2.96123  0.00039 4.53074 2.95681 0.00044  4.20724
3 5.88288 -0.00561  7.62492 5.86996  -0.00493  6.88766
4 9.76617 -0.00149 11.23962 9.74324  -0.00198 10.04306
5 14.61027 -0.00437 15.40385 14.57601  -0.00446 13.71449
6 20.41955  0.00434 20.07481 20.37240 0.00335 17.86093
7 27.18308  0.00227 25.29647  27.12498 0.00216 22.56148
8 34.90793 -0.06191 31.15110  34.83470  -0.06409 27.85410
9 43.59402 -0.07638 37.63034  43.49940  -0.07851 33.69233
10| 53.24776 -0.02337 44.40295 53.14073  -0.04098 39.92216
Table 17. Bias and MSE of MLEs based on RSS from

Normal(yu, 0?) distribution

n Bias([LQMLE) MSE([;MLE) Bias(&QMLE) MSE(&QMLE)
3 — — — —

4 0.00141  0.10676 -0.12910  0.10160
5 -0.00396  0.06799 -0.09069  0.07030
6 -0.00262  0.04912 -0.07149  0.05349
7 -0.00073  0.03804 -0.05576  0.04285
8 -0.00170  0.02834 -0.04439  0.03381
9 -0.00012  0.02350 -0.04240  0.02838
10 -0.00424  0.01931 -0.03675  0.02501
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Table 18. Bias and MSE of MLEs based on ORSS from
Normal(y, 0?) distribution

Bias (1 31,p)

S

MSE({1p)

RE(purmrE)

Bias(o{1.p)

*
MSE(o{ 1 1)

RE(U]VILE)

-0.00054

0.00125
-0.00400
-0.00243
-0.00076
-0.00161
-0.00005
-0.00418

© 00 O Ut = W

—_
O

0.17397
0.10706
0.06814
0.04935
0.03815
0.02840
0.02355
0.01936

0.99721
0.99772
0.99527
0.99706
0.99786
0.99812
0.99729

-0.22907
-0.14710
-0.10249
-0.08175
-0.06212
-0.04924
-0.04589
-0.04068

0.18255
0.11498
0.08032
0.06104
0.04820
0.03838
0.03152
0.02745

0.88360
0.87518
0.87636
0.88904
0.88108
0.90040
0.91093

Remark 10: For logistic as well as normal
distributions, the efliciency of the MLE-ORSS
of 1 is almost the same as the MLE-RSS of p,
while the relative efliciency of the MLE-ORSS
of o with respect to the MLE-RSS is around

90%.

Interestingly, for small n (say, 3), the Newton-
Raphson method often does not converge based
on RSS, but it does converge based on ORSS.
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e One-parameter Exponential Distribution

Table 19. Comparison of Fisher Information between RSS and
ORSS from Exponential(o) distribution

n 2 3 4 5 6 7 8 9 10

o?I(o) | 2.79955 5.41277 8.84513 13.08436 18.10901 23.95813 30.59065 38.15936 46.23967
o2I*(0) | 2.76277 5.32411 8.70176 12.88173 17.84192 23.61300 30.18296 37.64389 45.66347

Table 20. Comparison of bias and MSE of MLEs between RSS and
ORSS from Exponential(o) distribution

Bias(6 MSE(& Bias(c*) MSE(oy5)
( 2MLE) (QMLE) g ) chMLE RE(0)

0.01834  0.36682 0.02226 0.37486 0.97856
0.01415  0.19200 0.01685 0.19625 0.97837
0.01022  0.11638 0.01198 0.11881 0.97960
0.00731  0.07811 0.00851 0.07955 0.98190
0.00670  0.05614 0.00754 0.05712 0.98280
0.00540  0.04242 0.00604 0.04307 0.98494
0.00045  0.03290 0.00088 0.03335 0.98629
0.00428  0.02649 0.00447 0.02694 0.98345
0.00403  0.02133 0.00442 0.02158 0.98840

05 © 000 ot w3

Remark 11: For the one-parameter expo-
nential distribution, the efficiency of the MLE-
ORSS of ¢ is almost the same as the MLE-RSS
of o (being more than 98%).
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8. Tukey’s Linear Sensitivity Measure

Comparison
Let Y = (Y7,Y5,---,Y,) be a vector with dis-
tribution function Fgy, where @ = (61, -- ,0;)".

/

Let w = (py,-+-,up) and X denote, re-
spectively, the mean vector and the variance-

covariance matrix of Y.

Assume that the partial derivatives
O
90
all exist, and let D = ((d;;)).

e The linear sensitivity measure contained in Y
about 0 is

S(Y;0) =sup D'A'(ASA) 1AD,
A

where sup is taken over those A for which
AX A’ is non-singular.

e Then, the linear sensitivity measure becomes
S(Y;0)=D'vD:;

[see Nagaraja (1994) and Chandrasekar and Balakrishnan (2002) for

details].
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e Let us define the relative efficiencies as

RE(/LBLUE) = %, RE(UBLUE) — %a

where
($*(1), (o)) and  (S(n),S(0))

are the sensitivity measures in ORSS and RSS,
respectively, about p and o.

Table 21. Comparison of linear sensitivity between RSS and ORSS
from Logistic(u, o%) distribution

S(w) S(o) S*(n)  S(o)  RE(psue) RE(0s1us)
0.87341 0.87341 0.87341 1.73650 1.00000  1.98818
1.75573 2.20602 1.82447 3.60392 1.03915  1.63367
2.96026 3.96609 3.11446 5.85548 1.05209  1.47638
449111 6.14675 4.74096 8.51207 1.05563  1.38481
6.35048 8.74662 6.70318 11.58308 1.05554  1.32429
8.53967 11.76594 9.01309 15.10464 1.05544  1.28376
11.05950 15.20538 11.62819 19.01391 1.05142  1.25047
13.91056 19.06575 14.60118 23.33060 1.04965  1.22369
17.09325 23.34781 17.90163 28.07809  1.04729  1.20260

© 00 IO U W N3

—_
-
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Table 22. Comparison of linear sensitivity between RSS and ORSS

from Normal(p, o%) distribution

n| S S(o) S*(n)  S(o) RE(upue) RE(0sus)
2| 293388 0.93388 2.93388 2.00532 1.00000  2.14729
3| 5.80363 2.56028 5.81448 4.52789 1.00187  1.76851
41 9.61593 4.79934 9.65043 7.56371 1.00359  1.57599
5| 14.37543 7.61739 14.44306 11.11572 1.00470  1.45926
6 | 20.08524 10.99780 21.06979 16.91149 1.04902  1.53772
71 26.74753 14.93140 26.89108 19.81793  1.00537  1.32726
8| 34.36385 19.41280 34.64788 24.97151  1.00827  1.28634
9| 42.93534 24.43864 43.27344 30.67988  1.00787  1.25538
10} 52.46290 30.00675 52.90568 36.86042 1.00844  1.22840

Table 23. Comparison of linear sensitivity between RSS and ORSS

from Exponential(u, o) distribution

n S(w) S(o) S*(w) S*(0)  RE(psue) RE(0s1us)
2| 1.14286 0.66667  3.02314 1.19512 2.64524  1.79268
3| 4.29170 1.85085 11.18056 2.93206 2.60516  1.58417
41 10.06989 3.56145 25.35888 5.26941 2.51829  1.47957
5| 18.96039 5.81344 46.14243 8.22941 2.43362  1.41558
6| 31.35595 8.61967 109.53242 11.82492 3.49319  1.37185
7| 47.58677 11.99067 109.53242 16.07860 2.30174  1.34093
8| 67.93731 15.93509 152.51807 21.01255 2.24498  1.31863
91 92.65721 20.46016 204.07229 26.55999 2.20244  1.29813
10| 121.96878 25.57201 263.42567 32.75320 2.15978  1.28082
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Table 24. Comparison of linear sensitivity between RSS and ORSS

from Exponential(o) distribution

n

2 3 1 5 6 7 8 9 10

RSS
ORSS
RE

2.80000 5.39246 8.77927 12.96275 17.94482 23.72697 30.31037 37.69593 45.88441
2.76213 5.30766 8.64837 12.78917 17.73261 23.49164 30.09246 37.43908 45.60811
0.98648 0.98427 0.98509 0.98661 0.98817 0.99008 0.99281 0.99319 0.99398

Remark 12: In the case of normal and logis-
tic distributions, we observe that the REs are
always more than 1. For the parameter u, the

RE

is close to 1, but for o, it is considerably

larger than 1 (particularly for small n).

In the case of the two-parameter exponential
distribution, the REs are considerably larger
than 1 for both © and o.

These reveal that the BLUE-ORSS will be
more efficient than the BLUE-RSS in these cases
(and considerably so for small n).

In the case of the one-parameter exponential
distribution, the RE is less than 1 but is around
99%. This means that the BLUE-ORSS has
about the same efficiency as the BLUE-RSS.
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9. Outliers and Robust Estimation

RSS when One Outlier is Involved

Suppose a single outlier, Y, is involved in the
one—cycle RSS XRSS — {X<1>, s 7X(n)}
e Then, the pdf of X (r) becomes

1 — 1
WS () = ~h5(2) + =

- fran(z), —00 < < 00.

e Similarly, the joint pdf of X (r) and X (s) is

1 1 n— 2

—00 < <y <00,

where fr.n(2) and b () are, respectively, the
pdf of the r-th order statistic in a sample of size
n containing no outlier and one containing a
single outlier with cdf G(y) and pdf g(y).

o4



ORSS when One Outlier is Involved

Suppose one outlier Y, with cdf G(y) and
pdf ¢g(y), is contained in Xpggg from a pop-
ulation with cdf F(z) and pdf f(x). Let
XORSS — {X?,,P,{LSS S S X%%SS} be the
ORSS obtained from X pgq.

Theorem 7: The pdf of XOR (1 < r < n)

1S
ip41—1 in—
EXCES 9 S ol oR WL
P = Jr-1=ir—1 Jr41=0  jn=
where > p and ig(a = 1,--- ,n) are as

defined earlier, and
oo (F=Dln* =7 o/
Di) = =D — i H()

n
Fo= it Y Ja

a=1

a#r
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Theorem 8: The joint pdf of ngf\?s and
XO¥P(1<r<s<N)is

ORSS
R o S Z Z Z Z
P ji1=1 _1=0s—1 Js= In=0k1=
n—Jjr— Jr+1 Js—1—1 Js+1

kr—1=0 krp1=jr41+1—ir41 ks—1=Js—1+t1—is—1 ks11=0

X z”: Dy (ry8) Ry g.p2(, y), r <y,
=0
where
. B (f—l)'(§—f—l)!(n2—§)'
1a(78) _Dijk( — Dl(s —r = )l(n — s)!(n?)!

ZEBISSIRTH
ST OEOHOEHIT O]

r= Y Jetirtis— > ko= Js

a=1 a=r+1
a#r,s a#s

s = Zya+zs+zk

a;ﬁr s
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Moments of ORSS when One Outlier
is Involved

Theorem 9: Forn > 2. ¢ =1,2,---, and
under the assumption that a single outlier is
involved in the RSS, we have

n

ORSS(i ) 1 '
30—+ 13- ).
r=1

where

(4) _ +00 ;
11 B v f(z)d,



Theorem 10: Suppose one outlier Y, with cdt
G(y) and pdf g(y), is involved in X rgg of size n
from a population with cdf F'(x) and pdf f(x).

Suppose now that both f(x) and g(z) are both
symmetric about 0.

With X orgg as the ORSS from X ggg, we have

ORSS ORSS
h?“:% (:C) — hn§r+1:n(x)a

—o0 < xr < +00,

ORSS _ 1,ORSS
hr,s:n(xvy) - hn—s+1,n—fr+1:n(_ya _37)7
—o0 < T <Yy < +00.

In this case, we have the following symmetry
relations:

07(“)2%88 — _Ugisls—r:m lL<r=<mn,
wggsg — wgisls—r,nntl—r:n’ lL<r=<mn,
Ugg{s?% - _Ugisls—s,nntl—r:n’ L<sr<s<n,
("J?(“),Es’l% — wgisls—s,nntl—r:n’ l<r<s<n.
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Remark 13: The mixture representations in
Theorems 8 and 9 will enable us to compute
the means, variances and covariances of ORSS
(when a single outlier is present in the RSS) as
mixtures of the corresponding quantities of OS
from a sample containing a single outlier.

Theorem 10 will enable us to reduce the
amount of computation considerably for
symmetric-outlier models.

Therefore, in the case of normal distribution,
the tables of means, variances and covariances
of OS from a single-outlier model [of David, Kennedy
and Knight (1977)] can be used to discuss the robust-
ness of estimators based on ORSS when a single
outlier is present in the RSS.
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Applications to Robust Estimation

e Normal Distribution

We now consider X pgs from N(u, 02) popula-
tion while one outlier is involved in the RSS.

For the estimation of u, we consider:

® Lin g BLUE-ORSS;
® [iprve: BLUE-RSS;

o /15 up(1): BLUE-ORSS with one observation censoed from each
end;

e 7%(1): ORSS trimmed mean with one observation censored from
each end.

For the estimation of o, we consider:

e o7 - BLUE-ORSS:
] a-BLUE: BLUE—RSS,

e 05 up(1): BLUE-ORSS with one observation censored from each
end.
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Table 25. Bias of estimators of 1, when a single outlier from
N(A, 1) is involved in RSS from N(0, 1)

A
n Estimators 0 0.5 1.0 1.5 2.0 3.0 4.0
5 Whive 0 0.01985 0.03958 0.05626 0.07216 0.10115 0.12905
fsLus 0 0.01990 0.03925 0.05769 0.07517 0.10797 0.13941
pt oe(1) 0 0.01953 0.03605 0.04825 0.05539 0.06089 0.06184
T*(1) 0 0.01952 0.03586 0.04805 0.05506 0.06039 0.06130
6 1 us 0 0.01386 0.02666 0.03950 0.05097 0.07176 0.09180
fsLus 0 0.01380 0.02712 0.03965 0.05133 0.07280 0.09306
i os(1) 0 0.01364 0.02479 0.03390 0.03921 0.04311 0.04376
T*(1) 0 0.01364 0.02475 0.03382 0.03907 0.04289 0.04352
T s 0 0.01011 0.01959 0.02797 0.03551 0.04820 0.06038
fsLus 0 0.01013 0.01984 0.02887 0.03717 0.05212 0.06603
pt oe(1) 0 0.01000 0.01865 0.02496 0.02923 0.03243 0.03329
T*(1) 0 0.00999 0.01862 0.02486 0.02905 0.03217 0.03301
8 Wik 0 0.00773 0.01490 0.02114 0.02689 0.03622 0.04458
fsLus 0 0.00775 0.01514 0.02194 0.02820 0.03901 0.04902
pt oe(1) 0 0.00764 0.01432 0.01919 0.02267 0.02536 0.02583
T*(1) 0 0.00764 0.01431 0.01916 0.02262 0.02528 0.02575
9wk 0 0.00608 0.01180 0.01665 0.02107 0.02793 0.03411
fsLus 0 0.00612 0.01193 0.01723 0.02197 0.03022 0.03768
pt (1) 0 0.00606 0.01138 0.01528 0.01812 0.02023 0.02062
T*(1) 0 0.00606 0.01139 0.01530 0.01816 0.02029 0.02068
10 phom 0 0.00500 0.00963 0.01351 0.01680 0.02224 0.02716
fsLus 0 0.00495 0.00963 0.01387 0.01763 0.02405 0.02978
pt oe(1) 0 0.00496 0.00932 0.01253 0.01466 0.01655 0.01708
T*(1) 0 0.00496 0.00934 0.01259 0.01475 0.01670 0.01724
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Table 26.

MSE of estimators of u, when a single outlier from
N(A, 1) is involved in RSS from N(0, 1)

n Estimators

A

0 0.5 1.0 1.5 2.0 3.0 4.0

k
5 Hprug
HUeLUE

M;LUE(l)
(1)

k
6 Hprug
HUBLUE

Hirus(1)
(1)

k
7 Hprug
HUeLUE

M;LUE(l)
(1)

k
8 Hprug
HUeLUE

M;LUE(l)
(1)

k
9 Hprur
HUBLUE

ILL;LUE(]‘)
(1)

10 ILL;LUE
IaBLUE

M;LUE(l)
(1)

0.06924 0.06961 0.07220 0.07470 0.07942 0.09181 0.11045
0.06956 0.06998 0.07128 0.07363 0.07735 0.09047 0.11288
0.08266 0.08306 0.08535 0.08754 0.09012 0.09235 0.09272
0.08292 0.08333 0.08561 0.08777 0.09029 0.09241 0.09275

0.04746 0.04991 0.05110 0.05288 0.05514 0.06236 0.07337
0.04979 0.04999 0.05061 0.05171 0.05343 0.05951 0.07010
0.05712 0.05631 0.05750 0.05880 0.05977 0.06087 0.06103
0.05715 0.05640 0.05759 0.05889 0.05984 0.06090 0.06106

0.03719 0.03734 0.03784 0.03872 0.03983 0.04263 0.04714
0.03739 0.03750 0.03783 0.03841 0.03929 0.04244 0.04798
0.04087 0.04104 0.04151 0.04226 0.04289 0.04345 0.04368
0.04091 0.04108 0.04155 0.04228 0.04290 0.04343 0.04365

0.02886 0.02900 0.02933 0.02980 0.03045 0.03210 0.03451
0.02910 0.02916 0.02936 0.02969 0.03019 0.03195 0.03509
0.03108 0.03125 0.03155 0.03194 0.03232 0.03274 0.03282
0.03109 0.03126 0.03156 0.03195 0.03233 0.03274 0.03282

0.02311 0.02317 0.02342 0.02371 0.02409 0.02509 0.02652
0.02329 0.02333 0.02345 0.02365 0.02395 0.02501 0.02690
0.02452 0.02460 0.02483 0.02507 0.02531 0.02562 0.02566
0.02454 0.02461 0.02485 0.02509 0.02534 0.02564 0.02569

0.01890 0.01896 0.01912 0.01927 0.01954 0.02015 0.02110
0.01906 0.01909 0.01917 0.01930 0.01949 0.02015 0.02134
0.01986 0.01993 0.02008 0.02020 0.02038 0.02056 0.02062
0.01989 0.01997 0.02011 0.02024 0.02043 0.02061 0.02068
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Table 27. Bias of estimators of o, when a single outlier from
N(A, 1) is involved in RSS from N(0, 1)

A
n  Estimators 0 0.5 1.0 1.5 2.0 3.0 4.0
5 Ohive 0 0.00488 0.01768 0.04017 0.06658 0.12577 0.18739
OsLun 0 0.00494 0.01913 0.04090 0.06809 0.13125 0.19859
o oe(1) 0 0.00452 0.01176 0.03063 0.04220 0.05268 0.05415
6 o5oe 0 0.00332 0.01281 0.02810 0.04581 0.08602 0.12772
OpLun 0 0.00343 0.01326 0.02826 0.04692 0.08994 0.13559
o oe(1) 0 0.00331 0.01204 0.02187 0.03035 0.03768 0.03868&
T 0k 0 0.00237 0.00955 0.02040 0.03317 0.06200 0.09306
OpLun 0 0.00252 0.00972 0.02066 0.03419 0.06517 0.09788
o oe(1) 0 0.00184 0.00825 0.01595 0.02175 0.02734 0.02941
8 Ohiuk 0 0.00209 0.00745 0.01555 0.02580 0.04741 0.07042
OpLun 0 0.00193 0.00742 0.01574 0.02582 0.04922 0.07363
o oe(1) 0 0.00217 0.00685 0.01257 0.01798 0.02229 0.02387
9 ofus 0 0.00155 0.00572 0.01207 0.01990 0.03694 0.05432
o 0 0.00152 0.00585 0.01237 0.02036 0.03838 0.05717
ol oe(1) 0 0.00144 0.00506 0.00973 0.01373 0.01813 0.01887
10 o s 0 0.00107 0.00456 0.00997 0.01565 0.02948 0.04333
OpLun 0 0.00123 0.00473 0.00998 0.01637 0.03069 0.04553
ol os(1) 0 0.00107 0.00405 0.00816 0.01116 0.01505 0.01549
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Table 28. MSE of estimators of o, when a single outlier from

N(A, 1) is involved in RSS from N(0, 1)

A
n Estimators 0 0.5 1.0 1.5 2.0 3.0 4.0
5 0%k 0.08996 0.09036 0.09415 0.10145 0.11585 0.16776 0.25586
OsLun 0.13128 0.13198 0.13487 0.14202 0.15623 0.21537 0.32230
o oe(1) 0.24872 0.24898 (0.25836 0.26393 0.27399 0.28332 0.28537
6 05k 0.05913 0.06606 0.06784 0.07228 0.07937 0.10645 0.15337
OsLun 0.09093 0.09125 0.09260 0.09602 0.10300 0.13308 0.18911
o oe(1) 0.14930 0.14230 0.14636 0.14971 0.15307 0.15748 0.15859
o 0.05046 0.05076 0.05178 0.05417 0.05820 0.07401 0.10191
7 Oprum 0.06697 0.06714 0.06785 0.06968 0.07348 0.09029 0.12239
o oe(1) 0.09330 0.09386 0.09533 0.09726 0.09912 0.10138 0.10229
8 0hue 0.04005 0.04035 0.04095 0.04227 0.04488 0.05467 0.07198
OsLun 0.05151 0.05161 0.05202 0.05308 0.05531 0.06538 0.08503
o oe(1) 0.06659 0.06720 0.06784 0.06884 0.07014 0.07159 0.07219
9 ol s 0.03259 0.03283 0.03320 0.03406 0.03575 0.04206 0.05331
OsLun 0.04092 0.04098 0.04123 0.04188 0.04327 0.04965 0.06231
ol os(1) 0.05011 0.05050 0.05093 0.05161 0.05236 0.05337 0.05375
10 o}, o 0.02713 0.02729 0.02751 0.02812 0.02920 0.03347 0.04111
OsLun 0.03333 0.03336 0.03353 0.03395 0.03486 0.03907 0.04757
ol os(1) 0.03935 0.03955 0.03979 0.04026 0.04075 0.04155 0.04171
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Table 29. Variance of estimators of u, when a single outlier from
N(0,72) is involved in RSS from N(0,1)

T

n Estimators 1.0 0.5 2.0 3.0 4.0
5  Uhium 0.06924  0.06681  0.07706  0.09044  0.11121
Lo 0.06956  0.06971  0.07049  0.07382  0.07995
pt oe(1) 0.08266  0.07868  0.08699  0.08879  0.08951
T*(1) 0.08292  0.07880  0.08719  0.08895  0.08963
6 Lhios 0.04746  0.04879  0.05404  0.06200  0.07453
Lo 0.04979  0.04986  0.05022  0.05180  0.05473
i os(1) 0.05712  0.05456  0.05835  0.05919  0.05965
T*(1) 0.05715  0.05462 0.05843  0.05925  0.05971
T Uhios 0.03719  0.03651  0.03909  0.04238  0.04739
Lo 0.03739  0.03743  0.03761  0.03844  0.03999
pt oe(1) 0.04087  0.03997  0.04195  0.04246  0.04287
T*(1) 0.04091  0.03998  0.04197  0.04247  0.04287
8  Iiiue 0.02886  0.02853  0.03006  0.03180  0.03470
Lo 0.02910  0.02913  0.02923  0.02970  0.03058
pt oe(1) 0.03108  0.03064  0.03185  0.03209  0.03234
T*(1) 0.03109  0.03065  0.03186  0.03209  0.03234
9 Wiioe 0.02311  0.02288  0.02384  0.02492  0.02655
Lo 0.02329  0.02331  0.02337  0.02365  0.02419
pt (1) 0.02452  0.02426  0.02500  0.02517  0.02528
T*(1) 0.02454  0.02428  0.02502  0.02520  0.02531
10 phioe 0.01890  0.01876  0.01940  0.02010  0.02113
Lo 0.01906  0.01907  0.01911  0.01929  0.01963
pt oe(1) 0.01986  0.01969  0.02019  0.02034  0.02039

T*(1) 0.01989  0.01973  0.02024  0.02039  0.02044
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Table 30. Bias of estimators of o, when a single outlier from

N(0,72) is involved in RSS from N(0,1)

T

n Estimators 1.0 0.5 2.0 3.0 4.0
5 o 0 -0.01766 0.04450 0.09202 0.14019
OpLug 0 -0.01700 0.04576 0.09664 0.14921
o oe(1) 0 -0.02681 0.02414 0.03392 0.03844
6 o 0 -0.01175 0.03043 0.06277 0.09565
o 0 -0.01191 0.03145 0.06610 0.10180
o oe(1) 0 -0.01708 0.01677 0.02424 0.02745
7 o 0 -0.00895 0.02190 0.04547 0.06947
o 0 -0.00883 0.02286 0.04780 0.07342
o oe(1) 0 -0.01285 0.01220 0.01748 0.02054
8 o 0 -0.00668 0.01707 0.03453 0.05265
OsLun 0 -0.00682 0.01732 0.03603 0.05518
o oe(1) 0 -0.00864 0.01023 0.01438 0.01667
9 o 0 -0.00555 0.01315 0.02696 0.04036
o 0 -0.00543 0.01354 0.02803 0.04281
ol os(1) 0 -0.00721 0.00791 0.01163 0.01298
10 o 0 -0.00456 0.01070 0.02120 0.03210
o 0 -0.00443 0.01086 0.02237 0.03406
ol os(1) 0 -0.00591 0.00696 0.00938 0.01089
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Table 31. MSE of estimators of o, when a single outlier from
N(0,72) is involved in RSS from N(0,1)

T

n Estimators 1.0 0.5 2.0 3.0 4.0
5 o 0.08996 0.08934 0.11386 0.17421 0.27259
o 0.13128 0.13171 0.13539 0.15102 0.18027
o oe(1) 0.30523 0.30584 0.30613 0.30715 0.30788
6 o 0.05913 0.06587 0.07828 0.11065 0.16316
o 0.09093 0.09113 0.09301 0.10115 0.11665
OpLus(1) 0.24872 0.23928 0.26278 0.26941 0.27267
7 o 0.05046 0.05032 0.05779 0.07698 0.10848
o 0.06697 0.06709 0.06813 0.07276 0.08171
o oe(1) 0.09330 0.09249 0.09681 0.09835 0.09930
8 o 0.04005 0.04011 0.04459 0.05641 0.07650
OsLun 0.05151 0.05158 0.05220 0.05502 0.06053
o oe(1) 0.06659 0.06637 0.06872 0.06966 0.07047
9 o 0.03259 0.03270 0.03553 0.04341 0.05627
o 0.04092 0.04096 0.04135 0.04316 0.04673
ol os(1) 0.05011 0.05014 0.05145 0.05222 0.05240
10 o 0.02713 0.02714 0.02913 0.03432 0.04312
OpLug 0.03333 0.03335 0.03361 0.03482 0.03722
ol os(1) 0.03935 0.03931 0.04025 0.04072 0.04094
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Remark 14: From these computations, we
can conclude that if the presence of an outlier is
suspected, then the use of i, (1) is highly rec-
ommended, as it has minimal loss of efficiency
when there is no outlier, and also has very good
robustness properties (in terms of both bias and
MSE) when an outlier is indeed present.

In the case of 057 ;7p(1), it has high loss of
efliciency when there is no outlier, though de-
velops good robustness properties (in terms of
both bias and MSE) when an outlier is indeed
present for large samples, but not for small
samples.

O Q Hence, it will be of interest to propose
some other estimator of ¢ that suffers minimal
loss of efficiency when there is no outlier, and
also possesses good robustness properties when
an outlier is indeed present (even for small n).
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e Exponential Distribution

We now consider X ggs from Exp(6) population
while one outlier from Exp(09) is involved in the

RSS.

For the estimation of 6, we consider:

o 07 .. BLUE-ORSS;

BLUE"®

e 0, BLUE-RSS:
o O*

BLUE

(1): BLUE-ORSS with one observation removed from right.
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Table 32. Bias of estimators of €, when a single outlier from Exp(6)
is involved in RSS from Exp(1)

5
n  Estimators 1.0 2.0 10 5.0 8.0 10.0
5 0%, .. 0 0.03391 0.08770 0.11240 0.18371 0.23023
Opror 0 0.03486 0.09183 0.11814 0.19409 0.24359
0%, (1) 0 0.02683 0.04793 0.05309 0.06156 0.06460
6 0., 0 0.02307 0.05814 0.07393 0.11902 0.14826
Opror 0 0.02376 0.06128 0.07831 0.12706 0.15866
0%, (1) 0 0.01885 0.03397 0.03770 0.04385 0.04607
T 0., 0 0.01672 0.04116 0.05195 0.08247 0.10213
Opror 0 0.01720 0.04353 0.05530 0.08870 0.11023
0%, (1) 0 0.01399 0.02536 0.02819 0.03287 0.03456
8 0%, 0 0.01258 0.03048 0.03838 0.05966 0.07388
Opror 0 0.01300 0.03237 0.04091 0.06493 0.08034
0%, (1) 0 0.01078 0.01965 0.02198 0.02532 0.02684
9 0., 0 0.00979 0.02344 0.02927 0.04545 0.05555
Opror 0 0.01016 0.02494 0.03136 0.04930 0.06075
0%, (1) 0 0.00847 0.01562 0.01740 0.02043 0.02141
10 67,., 0 0.00792 0.01833 0.02310 0.03540 0.04301
Opror 0 0.00815 0.01976 0.02474 0.03854 0.04731

0% oe(1) 0 0.00698 0.01254 0.01433 0.01671 0.01754
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Table 33. MSE of estimators of 6, when a single outlier from
Exp(6) is involved in RSS from Exp(1)

n  Estimators 1.0 2.0 4.0 5.0 8.0 10.0
5 0% .. 0.07819 0.08810 0.13338 0.17027 0.34085 0.50528
Do 0.07714 0.08757 0.13725 0.17804 0.36766 0.55105
0% oe(1) 0.09648 0.10337 0.11096 0.11307 0.11675 0.11813
6 0%us 0.05639 0.06118 0.08196 0.09927 0.17771 0.25442
OsLue 0.05573 0.06079 0.08438 0.10376 0.19409 0.28171
0% oe(1) 0.06615 0.06958 0.07347 0.07459 0.07624 0.07729
7 0% s 0.04257 0.04517 0.05587 0.06461 0.10564 0.14436
OsLue 0.04215 0.04488 0.05734 0.06757 0.11535 0.16181
0% oe(1) 0.04827 0.05020 0.05224 0.05282 0.05409 0.05436
8 0% s 0.03323 0.03480 0.04105 0.04576 0.06831 0.09036
OsLue 0.03299 0.03459 0.04172 0.04756 0.07489 0.10152
0, (1) 0.03684 0.03801 0.03929 0.03969 0.04024 0.04056
9 0% . 0.02671 0.02768 0.03139 0.03434 0.04793 0.06115
OsLue 0.02653 0.02752 0.03186 0.03540 0.05202 0.06824
0, (1) 0.02911 0.02985 0.03065 0.03089 0.03135 0.03147
10 07, 0.02193 0.02252 0.02486 0.02670 0.03529 0.04334
OsLue 0.02179 0.02244 0.02521 0.02747 0.03809 0.04845
0% e (1) 0.02358 0.02403 0.02462 0.02479 0.02508 0.02518
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Remark 15: From these computations, in the
case of the exponential distribution, we can con-
clude that if the presence of an outlier is sus-
pected, then the use of 65, ;g(1) is highly rec-
ommended, as it has minimal loss of efficiency
when there is no outlier, and also has very good
robustness properties (in terms of both bias and
MSE) when an outlier is indeed present.
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