
List of Formulæ

Matrix Algebra

[αA]ij = α[A]ij
[A + B]ij = [A]ij + [B]ij
[A ·B]ij =

∑n
s=1[A]is[B]sj

‖x‖ =
√
xtx

Determinant

A−1 =
1

|A|
A∗

t

Eigenvalues

Ax = λA

Ak =

∣∣∣∣∣∣∣
a11 . . . a1k
...

. . .
...

ak1 . . . akk

∣∣∣∣∣∣∣
Ai1,...,ik =

∣∣∣∣∣∣∣
ai1,i1 . . . ai1,ik

...
. . .

...
aik,i1 . . . aik,ik

∣∣∣∣∣∣∣
A positive definite ⇔ all λk > 0 ⇔ all Ak > 0

Limits

lim
n→∞

(
1 +

1

n

)n
= e

lim
x→x0

f(x)

g(x)
= lim
x→x0

f ′(x)

g′(x)
if lim
x→x0

f(x) = lim
x→x0

g(x) = 0 (±∞)

Derivatives

(xα)
′

= α · xα−1
(ex)

′
= ex

(ln(x))
′

=
1

x
(sin(x))

′
= cos(x)

(cos(x))
′

= − sin(x)

(f(x) · g(x))′ = f ′(x) · g(x) + f(x) · g′(x)
(f(g(x)))′ = f ′(g(x)) · g′(x)

εf (x) = x · f
′(x)

f(x)

Multivariate Analysis

gradient: ∇f(x) = (fx1(x), . . . , fxn(x))

directional derivative: ∂f
∂h = ∇f(x) · h , ||h|| = 1

Jacobian Matrix:

f ′(x) =


∂f1
∂x1

(x) . . . ∂f1
∂xn

(x)
...

. . .
...

∂fm
∂x1

(x) . . . ∂fm
∂xn

(x)


(g ◦ f)′(x) = g′(f(x)) · f ′(x)

Hessian matrix:

Hf (x) =

fx1x1
(x) . . . fx1xn

(x)
...

. . .
...

fxnx1
(x) . . . fxnxn

(x)



Inverse and Implicit Functions(
f−1

)′
(y) = (f ′(x))

−1
, y = f(x)

Derivative of implicit function F (x1, . . . , xn) = 0:
∂xi
∂xk

= −Fxk

Fxi

Taylor Series

f(x) ≈ f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2 + · · ·+ f (n)(0)

n!
xn

f(x) =

n∑
k=0

f (k)(x0)

k!
(x− x0)k +Rn(x)

Important Taylor series:

exp(x) = 1 + x+
x2

2!
+
x3

3!
+
x4

4!
+ . . .

ln(x+ 1) = x− x2

2
+
x3

3
− x4

4
+ · · ·

sin(x) = x− x3

3!
+
x5

5!
− x7

7!
+ · · ·

cos(x) = 1− x2

2!
+
x4

4!
− x6

6!
+ · · ·

1

1− x
= 1 + x+ x2 + x3 + x4 + · · ·

f(x) ≈ f(0) +∇f(0)tx +
1

2
xtHf (0)x

f(x) ≈ f(x0) +∇f(x0)t(x− x0)

+ 1
2 (x− x0)tHf (0)(x− x0)

Integration∫
xa dx = 1

a+1 · x
a+1 + c∫

ex dx = ex + c∫
1
x dx = ln |x|+ c∫
cos(x) dx = sin(x) + c∫
sin(x) dx = − cos(x) + c∫
f(x) · g′(x) dx = f(x) · g(x)−

∫
f ′(x) · g(x) dx∫

f(g(x)) · g′(x) dx =

∫
f(z) dz with z = g(x)

Optimization

Lagrange function:
L(x, y;λ) = f(x, y) + λ (c− g(x, y))

bordered Hessian:

H̄(x) =

 0 gx gy
gx Lxx Lxy
gy Lyx Lyy


|H̄(x)| > 0⇒ x is local maximum

Kuhn-Tucker conditions:
Lxj
≤ 0, xj ≥ 0, xj Lxj

= 0
Lλi ≥ 0, λi ≥ 0, λi Lλi = 0
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