WIRTSCHAFTS
UNIVERSITAT

Statistics 2 Unit 2 e

AND BUSINESS

Kurt Hornik

£quis 18 aacss <GANBA

cccccccccc ACCREDITED W ACCREDITED



Outline

= Estimation of parameters and fitting of probability
distributions
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Outline

= Estimation of parameters and fitting of probability
distributions

= The method of moments
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Example: Gamma distribution

For the Gamma (and hence in particular the exponential) distribution,
there are two alternative parametrizations: In R (see also
http://en.wikipedia.org/wiki/Gamma_distribution), the shape
parameter a and the scale parameter s are used, with corresponding
density:

f(t) =, t>0.
a

In Rice, the rate parameter A = 1/s is used instead of the scale
parameter s:

)\ortor—le—)\t

. . PN
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http://en.wikipedia.org/wiki/Gamma_distribution

Example: Gamma distribution

Of course one can simply use s < 1/X to move between the
parametrizations.

When we refer to the parameters of the Gamma distribution, we shall
always explicitly indicate whether the second parameter is scale or rate.
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Example: Gamma distribution

Let us find the method of moment estimates for the shape parameter o
and rate parameter A of the Gamma distribution.

Substituting u = At we find in general that

o) )\Orta—le—)\t
e = f tke— —  dt
0

r(a)
e © y\a+k—1 du
e
F(a) 0 A u
= 1 ” utk=la=tqy
F(a)Ak Jo
Mo+ k)

KCLE
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Example: Gamma distribution

Hence,

Mo+ k) _ ax---x(a+k—1)
F(a)Ak Ak

Hi =

and in particular,

o _a(or+ 1)

This expresses u; and uy as functions of a and A. We need to invert this
relation to express a and A as functions of u; and u; (i.e., solve the
system of 2 non-linear equations in 2 variables).

. . PN
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Example: Gamma distribution

From the second equation,

ARSIRCICESY
=+ = +— .
M2 NS Hi| H1 b

Thus,

pz—pz o1
1=_=>)\= M1 _
M1 A IJZ_Ul
and
2
u
a=UA= L >
IJZ—I-‘l
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Example: Gamma distribution

This gives the MoM estimates

n2
. H -
a=—=—, A=—D0.
,UZ_Ul NZ_Ul

As before, with

10 o
fi1 = X, uz—u§=;Z(Xz—X)2=02
i=1

we can write the MoM estimates as
X2
& = = A= "
o) o

i
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Example: Gamma distribution

What about the sampling distribution of the estimate?
(Again, we estimate two parameters, so this is a bivariate distribution.)
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Example: Gamma distribution

What about the sampling distribution of the estimate?
(Again, we estimate two parameters, so this is a bivariate distribution.)

Well, this is not “well known"”: it does not have a name, and there are no
ready-made dpqgr functions for it.

What can we do?
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Example: Gamma distribution

What about the sampling distribution of the estimate?
(Again, we estimate two parameters, so this is a bivariate distribution.)

Well, this is not “well known"”: it does not have a name, and there are no
ready-made dpqgr functions for it.

What can we do?

Easy in theory: use simulation. We’'re looking for the distribution of

X2 X

where Xi,..., X, are i.i.d. Gamma with shape a and rate A.

So we could generate B such samples of size n, and approximate the
underlying distribution by the empirical distribution.
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Example: Gamma distribution

Ahem ...but we don’t know a and A, so how can we simulate?

Well, we have the MoM estimates & and A, so perform the simulation
using these parameters.

This gives the following simple bootstrap procedure for approximating
the sampling distribution (in general) and standard errors of the
estimates (in particular).

. . PN
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Example: Gamma distribution

1. Draw B samples of size n from the Gamma distribution with shape
and rate parameters & and A.

. ez
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Example: Gamma distribution

1. Draw B samples of size n from the Gamma distribution with shape
and rate parameters & and A.

2. In each bootstrap sample, estimate the parameters (using the

method of moments), giving estimates a; and )\;.

. . PN
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Example: Gamma distribution

1. Draw B samples of size n from the Gamma distribution with shape
and rate parameters & and A.

2. In each bootstrap sample, estimate the parameters (using the
method of moments), giving estimates a and )\;.

b
3. Estimate standard errors as

1 B
sa=4|= . (af —a)?
Bb=1

where & =B-137__ a}, and similarly for s;.

Slide 12 £quis [N ancse <G AMBA



Example: Gamma distribution

1. Draw B samples of size n from the Gamma distribution with shape
and rate parameters & and A.

2. In each bootstrap sample, estimate the parameters (using the
method of moments), giving estimates a and )\;.

b
3. Estimate standard errors as

1 B
sa=4|= . (af —a)?
Bb=1

where & =B-137__ a}, and similarly for s;.

(Alternatively, use the standard deviation of af, ..., a3.)

- . PN
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Consistency

Of course, using these “plug-in” procedures where we substitute a
parameter 6 by an estimate 6 only makes sense if the latter is close to
the former.

Definition (Consistency). Let énAbe an estimate of a parameter 0
based on a sample of size n. Then 6, is said to be consistent in
probability if 6, converges to 6 in probability as n — oo.

Similarly, 8, is strongly consistent if 6, — 6 almost surely as n — co.
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Consistency

Of course, using these “plug-in” procedures where we substitute a
parameter 6 by an estimate 6 only makes sense if the latter is close to
the former.

Definition (Consistency). Let énAbe an estimate of a parameter 0
based on a sample of size n. Then 6, is said to be consistent in
probability if 6, converges to 6 in probability as n — oo.

Similarly, 8, is strongly consistent if 6, — 6 almost surely as n — co.
Again, note that we do not know the underlying parameter 6!
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Consistency

In the above cases, we can use LLNs to establish that sample moments
converge to (population) moments.

Hence, if

9=(91,...,9m)=h([.11,...,[.1m)

with h continuous, we will have

Omom = ({1, ..., im) — 6

as n — oo, in probability or almost surely.
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Consistency

Similarly, if the standard errors are of the form
oy =h(8)/vn,

and h is continuous, then for the plug-in estimate
sg=h(8)/vn

we will have
0g/5¢ — 1

as n — oo, in probability or almost surely.
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Outline

= Estimation of parameters and fitting of probability
distributions

= The method of maximum likelihood
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Motivation

Suppose you observe a sample x1, ..., X, from a discrete distribution
with unknown parameter 6.

Consider the probability mass function (called frequency function in
Rice)

I]:D(X]_ =X1,.-.. ,Xn - ane),
where the “conditioning” on 6 is used to explicitly indicate that the
probability is computed for a specific value 6 of the unknown parameter.

The above gives the “likelihood” (probability) of observing what you
observed.

When estimating 6, would you rather take 6 to make the above large or
small?
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Motivation

Well, the smaller, the more unlikely is observing what we observed.
In extremis, observing what we observed becomes impossible. Strange.
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Motivation

Well, the smaller, the more unlikely is observing what we observed.
In extremis, observing what we observed becomes impossible. Strange.

So clearly, it makes much more sense to choose 6 so that the likelihood
is large, perhaps even as large as possible.

This is the principle of maximum likelihood estimation (MLE).
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The method of maximum likelihood

In general, suppose random variables X1, ..., X, have a joint density

f(x1,...,xnl6).

(One can consider the usual densities as “with respect to Lebesgue
measure” and probability mass functions as densities “with respect to
counting measure”.)

The maximum likelihood estimate of 6 is the (if unique) value of 6 that
maximizes f(xi, ..., Xn|0), thus making the observed x1, ..., x, “most
likely”.
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The method of maximum likelihood

More formally, write
lik(6|X1,...,Xn)=f(X1,...,Xnl0)
to express the fact that the likelihood function is a function of the

unknown parameter for fixed observations x1, ..., Xn.

Often (as in Rice) one simply writes lik(8) omitting the dependence on
the observations.

The MLE is obtained by maximizing lik(6]x1, ..., xn) over 6, ideally
finding

Omie(X1, ..., Xn) =arg meaxlik(elxl, e Xn).
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The method of maximum likelihood

Typically, it is more convenient to work with the (natural) logarithm of
the likelihood, the so-called log-likelihood £ = log(lik).

. PN
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The method of maximum likelihood

Typically, it is more convenient to work with the (natural) logarithm of
the likelihood, the so-called log-likelihood £ = log(lik).

As log is increasing, maximizing the likelihood is equivalent to
maximizing the log-likelihood.

. PN
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The method of maximum likelihood

Typically, it is more convenient to work with the (natural) logarithm of
the likelihood, the so-called log-likelihood £ = log(lik).

As log is increasing, maximizing the likelihood is equivalent to
maximizing the log-likelihood.

(Notation follows Rice. Not my favorite notation: | would write L and LL
for likelihood and log-likelihood, respectively.)
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The method of maximum likelihood

If the X; are i.i.d., the joint density is the product of the marginal
densities:

lik(BIx1, ..., xn) =] [F(xil6)
i=1

and the log-likelihood becomes the sum of the marginal log-densities:

161x1, . ... xn) = > _log(f(xil6).
i=1
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Example: Poisson distribution

If X1,...,Xp are i.i.d. Poisson(A), the log-likelihood is

IAIX, -, Xn) = D 10g (P(Xi = Xi|A))
i=1

n )\X[
= Zlog (—Ie_)‘)
-1 Xi:

= Z(xilog()\)—mg(xi!)—)\)

i=1

= Iog()\)in— na— Z log(x;!).
i=1 i=1
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Example: Poisson distribution

To maximize with respect to A, compute the derivative and set it to zero:

1 n
(A = XZx,-—n =0
i=1

from which the MLE for the sample x1,..., X, is obtained as

1

_Z.

(One can easily verify that the critical point indeed gives the maximum.)

3
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Example: Poisson distribution

To maximize with respect to A, compute the derivative and set it to zero:

1 n
(A = XZx,-—n =0
i=1

from which the MLE for the sample x1,..., X, is obtained as

1

_i.

(One can easily verify that the critical point indeed gives the maximum.)

3

The MLE agrees with the MoM estimate, and thus has the same
sampling distribution.
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Example: Normal distribution

If X1,...,Xp are i.i.d. N(u, 02),

n

2
X1,...,X ,07) =
f(x1 nlH ) !=1| /a0

exp(—(xi— u)?/(20°))

The log-likelihood for 6 = (u, 02) is thus

n

1 N (xi— 1)?
Z( 2Iog(21w) 57

i=1

LU, 0%|X1, ..., Xn)

% 10g(0?) = D log(2m) — ——s 3 0xi— 2
= ——=log(o?)— = log(2m)— — » (xi— ).
> g > g 202i=1 i—HM
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Example: Normal distribution

To maximize with respect to u and 02, compute the partial derivatives
and set these to zero.

This first gives

o1 1 i( NN i
— = > (X =) x (=2)=—| > Xi—n

and

n 1 1 n
= + Xi—U)? = —|—-n+—= > (xi—u)?|.
902 202 204 Z( (—H) 202( 02 ;( (= H) )
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Example: Normal distribution

Setting the partials to zero then yields

12 10
A==>xi=%,  62==>(x;—%)>.
N3 N3

(Again, one can easily verify that the critical point indeed gives the
maximum.)
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Example: Normal distribution

Setting the partials to zero then yields

12 12
A==>xi=%,  62==>(x;—%)>.
N3 N3

(Again, one can easily verify that the critical point indeed gives the
maximum.)

Again, the MLE agrees with the MoM estimate, and thus has the same
sampling distribution.

. . PN
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Example: Normal distribution

Setting the partials to zero then yields

12 12
A==>xi=%,  62==>(x;—%)>.
N3 N3

(Again, one can easily verify that the critical point indeed gives the
maximum.)

Again, the MLE agrees with the MoM estimate, and thus has the same
sampling distribution.

Note that the MLE of the variance again is not the sample variance.
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Example: Gamma distribution

If X ~Gamma(a, rate = A), the density is
axa—le—)\x

f(xm’/\):T’ x > 0.
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Example: Gamma distribution

If X ~Gamma(a, rate = A), the density is

orxa—l e—)\x

f(x|la, A) = T, x > 0.

Thus, the log-likelihood for observations x1, ..., x, from from X4,..., X,
i.i.d. Gamma(a, rate = A) is

Lo, A|X1,...,Xn)
AIX ™ 1e—)‘xl)

— Zlog( @

nalog(A) + (a— 1)2 log(x))— A in —nlog(l'(a)).
i=1 =1
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Example: Gamma distribution

To maximize with respect to a and A, we could again try to compute the
partial derivatives and set these to zero. For the partials, we get

ol

oa i=1
n r/

nlog(A) + ; log(x;))—n F((:))

Slide 29
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)

ancss <5 AMBA



Example: Gamma distribution

Setting 9//oA = 0 gives
. n&
)\ = S =
2im1 Xi

X|-| Q

Substituting into af/0a = 0 gives

A A

(&)

nlog (g) + Z log(x;)—n r@) =0
i=1

This is a non-linear equation for the MLE of a which we cannot solve
“explicitly”.
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Example: Gamma distribution

With R, we can simply compute the MLEs via numerical optimization
(remember the examples for Poisson and normal in the last unit of
Computing).

To approximate the sampling distributions, we can again use the
bootstrap.

Comparing with the approximation for the MoM estimates would show
that the distributions for the MLE are substantially less dispersed.
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Consistency of the MLE

Theorem (Consistency of the MLE). Under appropriate smoothness
conditions on f, the MLE from i.i.d. samples from f is consistent.
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Consistency of the MLE

Theorem (Consistency of the MLE). Under appropriate smoothness
conditions on f, the MLE from i.i.d. samples from f is consistent.

Proof/sketch. Consider maximizing

1,(6) j L
= 5;1 log(f(X]6)).

n

If 8o is the underlying parameter, i.e., if X1,..., X, are i.i.d. with density
f(x|6p), then as n — oo, by the law of large numbers:

£n(6)

— kg, log(f(Xil6)) = J log(f(x]6))f(x]60) dx.
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Consistency of the MLE

Suppose we can show that as n — oo, the & maximizing £,(6)/n
converges to the 6 maximizing limp—e £,(6)/N.

(This is far from being straightforward, and needs f to be nice enough.)
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Consistency of the MLE

Suppose we can show that as n — oo, the & maximizing £,(6)/n
converges to the 6 maximizing limp—e £,(6)/N.

(This is far from being straightforward, and needs f to be nice enough.)
Then what remains to be shown is that the limit is maximized at 6.
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Consistency of the MLE

Suppose we can show that as n — oo, the & maximizing £,(6)/n
converges to the 6 maximizing limp—e £,(6)/N.

(This is far from being straightforward, and needs f to be nice enough.)
Then what remains to be shown is that the limit is maximized at 6.
Consider the function

h(t)=tlog(t)—t+1
fort > 0. Then
1 1
h’(t) =log(t) +t x ? —1=log(t), h”(t) = ?

so that h has its minimum at t = 1 with value h(1) =0.
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Consistency of the MLE

Hence, forall t> 0,
h(t)=tlog(t)—t+1>0
with equality iff t =1, and thus for all u, v> 0,
u u u u u
vh(—):v(—log(—)——+ 1)=u|og(—)—u+v20
v v v v v

with equality iff u = v.
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Consistency of the MLE

Hence, for all t > 0,
h(t)=tlog(t)—t+1>0

with equality iff t =1, and thus for all u, v> 0,

u u u u u
vh(—):v(—log(—)——+1)=u|og(—)—u+v20
v Vv v Y v

with equality iff u = v.
Now take u = f(x]|60) and v = f(x|6). Then for all x,

f(x160)
f(x16)

OSf(XIGo)Iog( )—f(XI90)+f(><|9)-

Hence,
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Consistency of the MLE

wwwwwwww

ooooooooo
sssssssss

o
A

6
< J (f(Xleo) log (J;((’:l 90)))—f(><|90) +f(x|e)) dx

f log(f(XIGo))f(XIeo)dx—J log(f(x|6))f(x|60) dx

—Jf(Xleo)dX + Jf(xle)dx.

As densities integrate to 1, this yields

J log(f(x16))f (x|60) dx < f log(f(x160))f (x|60) dx

with strict inequality unless the densities agree.
Slide 35
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Consistency of the MLE

Hence, unless densities could agree for different parameters, the
underlying parameter is the unique maximizer.
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Fisher information

Suppose that f is nice enough (more below) and consider the random
variable
alog(f(XIG))]’

s(6) = Vg log(f(X16)) =[ 20,
J

This is the gradient of the log-density, which connaisseurs call the score
function.
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Fisher information

Clearly,

Jf(XIG)dX=1 = iJf(x|e)c/x=o
90,

Now assume that we may change integration and differentiation (which
in particular needs the support of f to not depend on 8), and remember
that

alog(f(x|6)) 1 of(x|6) of (x|6)  alog(f(x|6))
= = = f(x16).
90, f(x]6) 00, 00, 00,
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Fisher information

Then,

0
0 = a—ejff(xle)dx
Jaf(XIG)
96;

dlog(f(x|6))
Ja—ejf(xle)dx

alog(f(X16))
89]' '

dx

= 0

Thus, the score has mean zero:
Ee(s(6)) = 0.
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Fisher information

The covariance matrix of s(0) is called the Fisher information matrix:

1(6) = cove(s(0)) = Ea(s(8)s(6)").

Explicitly, the (j, k) element of I(0) is

alog(f(X|6)) o |09(f(X|9)))
906, 96k .

[1(6)];k =Eo (
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Fisher information

Under appropriate smoothness conditions on f, I(6) may also be
expressed as

9% 10g(f(X16))
0006’

1(6) =—[Ee( )=—[Ee (He(log(f(X16))))

where Hg denotes the Hessian with respect to 6.
Explicitly, the (j, k) element of I(0) is

9° |09(f(X|9)))

[I(e)]j,k=—[E9( 26,365
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Fisher information

To see why, take the above

d1og(f(x|6))
0= J a—e,f( 16) dx

and differentiate once more with respect to 6.
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Fisher information

Then
0 alog(f(x|6))
0 = 50, (f 20, f(xle)dx)
[ 9 (alog(f(x]6))
= aek( 26, f(xle)) dx
2
_ r(a Iog(f(XIG))f(xle)+alog(f(XIe)) af(XIG)) dx
J 30,00k 96; 96k
2] 0 | 0))al )
_ r(a og(f(x] ))f(x|9)+a 09(f(x16)) alog(f(x] ))f(x|e)) dx.
J 06,06k 90, 00k
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Fisher information

l.e.,

J

or equivalently,

32 log(f(x16))
06,00

f(x|8)dx = —J

alog(f(x|6)) alog(f(x|6))

x|0) dx
%, soJx19)

¥

00,006k

Slide 44
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62|09(f(XI9)))_ . (alog(f(XIG))alOg(f(XIG)))
=—Fg :

906,
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Asymptotic normality of the MLE

Theorem (Asymptotic normality of the MLE). Under appropriate
smoothness conditions on f, the MLE 6 from i.i.d. samples from f
satisfies

V(8 —80) S N(0,1(80)1).

(The RHS is a multivariate normal distribution with mean zero and
covariance the inverse of the Fisher information matrix I(6¢).)
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Asymptotic normality of the MLE

Proof/sketch. From a Taylor series expansion,
0 = VL(8) ~ Vgl(60) + Hol(80)(6 — 60)

from which

Hol(60)(0—60) ~ —Vol(69) =

6— 6, —(HeL(80)) Vel (80).
and thus
, Hel(80)\ ! Vol(60)
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Asymptotic normality of the MLE

Proof/sketch. From a Taylor series expansion,
0 = VL(8) ~ Vgl(60) + Hol(80)(6 — 60)

from which

Hel(60)(8 — 60)
6— 6,

—Vel(eo) ==
—(Hel(60)) Vel (60).

~
~

and thus

. Hel(60)\~* Vol(6
/ﬁ(e—eo)z—( ol( o)) ol( o)'

Jn

n

We now show that the 1st fraction satisfies an LLN and the 2nd a CLT.

Slide 46
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Asymptotic normality of the MLE

As X1,...,Xp arei.i.d.,

£(8) = Y, log(f(Xil6)).
i=1

By what we just established, if 8¢ is the underlying parameter,

= the random variables Vg log(f(X1160)), ..., Velog(f(Xn|60)) are i.i.d.
with mean zero and covariance matrix I(69)

Slide 47 £quis [l ancse <" AMBA



Asymptotic normality of the MLE

As X1,...,Xp arei.i.d.,

£(8) = Y, log(f(Xil6)).
i=1

By what we just established, if 8¢ is the underlying parameter,

= the random variables Vg log(f(X1160)), ..., Velog(f(Xn|60)) are i.i.d.
with mean zero and covariance matrix I(69)

= the random variables Hg log(f(X1|60)), ..., Helog(f(Xn|6o)) are i.i.d.
with mean —I(69).
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Asymptotic normality of the MLE

Hence, by the LLN (actually, the “obvious” multivariate generalization),

Hol(6 12
MeltO) _ > He log(f(Xi60)) — Ee, (He 10g(f(X|60))) = —I(60).

n n =1
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Asymptotic normality of the MLE

Hence, by the LLN (actually, the “obvious” multivariate generalization),

Hel(6 12
) S Holog(£0Xi60)) — Es, (Holog(F(X180))) =~1(Bo).
i=1

n

And by the CLT (actually, an “obvious” multivariate generalization),

Vgl(eo) 1
n

Vo 10g(f(Xil60)) % N(0, 1(60)).
Z
=1
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Asymptotic normality of the MLE

Combining both,

Hef(eo))_1 Vel(60) ¢

/ﬁ(é—eo)%—( - — (I1(680))~*N(0, 1(60)).
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Asymptotic normality of the MLE

Combining both,

Hef(eo))_1 Vel(60) ¢

/ﬁ(é—eo)%—( - — (I1(680))~*N(0, 1(60)).

Now if A is a matrix and Y has a multivariate normal distribution with
mean 0 and covariance %, then AY has a multivariate normal
distribution with mean zero and covariance AXA’.

Thus, with A = (I(80))~! and £ =1(6o),

o

N(O, (I(60))~*1(60)(1(60))™*)
N(0,1(60)™H).

(1(80))~*N(0,1(60))
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Asymptotic normality of the MLE

The lecture notes explicitly handle the case where we have a single

parameter only. But this has always been confusing, so nhow we do the
real thing(s).

If there is a single parameter, I(0) is a number. In this case, we can also
write the result as

J/nI(80)(6— 60) 3 N(O, 1).

(If one write S¥/2 for the symmetric square root of a positive definite
symmetric matrix, one can also generally write

(NI(60))2(8— 66) 5 N(O, Im)

with I, the m x m identity matrix.)
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Confidence intervals

A confidence interval for a population parameter 6 is a random
interval which contains 6 with some specified (coverage) probability.

A 100(1 — a) percent confidence interval contains 6 with probability (at
least) 1 — a; if we took many random samples and formed confidence
intervals from each one, 100(1 — a) percent of these would contain 6.

Confidence intervals are frequently used in conjunction with point
estimates to convey information about the uncertainty of the estimates.
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Example: Normal distribution

The MLEs of u and g2 from an i.i.d. normal sample are

18 _
a=X, 62= ;Z(X[—X)z.
i=1

A confidence interval for u is based on the fact that

/(X —p)
3

n—1

where S? is the sample variance and t,_1 the (Student) t distribution
with n— 1 degrees of freedom.
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Example: Normal distribution

Write Qr(a) for the a quantile of distribution F.
Then

P(Qtn_l(a/Z) < @ < Qt, (11— 0(/2)) =l-a

and rearranging and using the symmetry of the t distribution gives

_ S _ S
P(X— THOtn_l(l— a/2) Su<X+ THOtn—l(l— 0{/2)) =1—a.
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Example: Normal distribution

To obtain a confidence interval for 02, note that
A2 n
na 1
— X2 o yv2
57— 52 le(xl XY™~ Xna
=
where sz;—l denotes the chi-squared distribution with n— 1 degrees of
freedom.

Thus,
né?
P| 0y (a/2) < — < Qp (1—a/2)|=1-a,

and rearranging gives

né? 5 né?
P <0’ ——|=1-a
Qe (1=0a/2) Q. (0/2)
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Approximate confidence intervals

Where exact iAntervaIs cannot be obtained, we can use the fact that in
general, ¥/n(6 — 06p) approximately has an N(0, (I(8¢))~1) distribution.

The unknown I(6p) can be approximated by the plug-in estimate I(6).
If 6 is a single parameter, we have

1(6)/1(60) — 1

and hence

— 1(6 .
VnI(B)(6— 60) =\ I((Go)) V/nI(60)(6—60) 3 N(O, 1).
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Approximate confidence intervals

Therefore
P (202 < VNIB) (O~ 00) S 2102 ) 1 - @

and hence an approximate 100(1 — a) percent confidence interval is

6 + zq/2/4/ nI(6).
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Example: Poisson distribution

The MLE of the parameter A from a sample from a Poisson distribution is

A=X.

The sampling distribution is known, but depends on the unknown
parameter.

Approximate confidence intervals can be obtained from the above.

We have
AX
log(f(x|A)) = log (;e—A) =xlog(A)—log(x!)— A

so that the Fisher information is given by

2 2 EERY:
[E/\(alog(f(xl)\))) =[E,\(X ) =[E,\(X A) var)\(X)

1
A A A2 A2 A
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Example: Poisson distribution

Thus, an approximate 100(1 — o) percent confidence interval for A is
given by

)\A £ Zg/2/V nI():) =)\A £ Zg/2/V n/): =X+ Za/2 v)_(/n.
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Bootstrap confidence intervals

If the distribution of A= §— 6o was known, confidence intervals could be
obtained via

P(Qa(a/2) < 6—60<Qn(l1—0a/2))=1—a
as

P(O—Qa(l—0a/2) < 69 <B—0n(a/2))=1-a.
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Bootstrap confidence intervals

If the distribution of A= §— 6o was known, confidence intervals could be
obtained via

P(Qa(a/2) < 6—60<Qn(l1—0a/2))=1—a
as

P(O—Qa(l—0a/2) < 69 <B—0n(a/2))=1-a.

But since 0g is not known, we use 9 in its place.
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Bootstrap confidence intervals

We generate B bootstrap samples from the distribution with value 6,
and compute the respective MLEs 6.

The distribution of 8 — 6 is then approximated by that of 6* — 6 and the
quantiles of this are used to form the approximate confidence interval.

l.e., the quantiles Qa are approximated by the empirical quantiles of
(67 —6,...,6;—0).
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