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Agenda

* Stationarity

e Autocorrelation/Autocovariance
* White Noise/Random Walk
 AR/MA/ARMA Models

* Model Estimation

* Forecasting

* Dickey-Fuller-Test
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(Weak) Stationary Processes

 Stationary processes:

1) Mean stationary: Uy = U
2) Variance stationary: o = o?

3) Covariance stationary: Vyis = Vs

 Weak stationary: if 1), 2) and 3) are fulfilled
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(Weak) Stationary Processes
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Autocorrelation/Autocovariance

e Describes relationship between observations in
different periods

2

Variance: Yo = 0y
Autocovariance: y. = E(y; — ) (Vs — W)
Autocorrelation: p, = ;:S

0

Autocovariance is symmetrical:
¥s = Cov(yi—s, ¥e) = Cov(yy, Ye—s) = Cov(Yiys, Vt)
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White Noise

* Stationary process

Yt = €t
E(Et) — O, V(Et) — 0-%

ACF: Po = 1, pP1 = O, Po = O,
If s +# 0,theny, =0
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Random Walk

* Non-stationary process
 Without drift: y; = y;_1 + €
* With drift: Ve =C+ Y1t €

* Example: Yo =C+ Yy, t6€
yo=c+ (c+yy,+e€)+e,
Yo2=Yo +2C+El +EZ

t

yt:yo‘l‘Ct"‘EEj
=1
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Random Walk

t
Jj=1

* Growing variance (07 = to?)
* Time-dependent expected value
* ACF:pg =1, p1 =1, pp=1p3=1,..
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White Noise / Random Walk
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Transforming Non-Stationary Process into
Stationary Process

* Differentiating: Vi = X¢ — X¢—1
— random walk

* Line fitting to observed values —> residuals
from a linear trend as a new variable

— deterministic trend

* Logarithm/square root — can stabilize the
variance, if it is not constant

— geometrical growth
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AR Model

* Autoregression model: y; depends on a

weighted sum of the past values and a
random shock

* AR(1): Ve = ayi_1 + €, S.t. |al <1
* Equiv. to: Ve — AYi_1 = €
st.a<1

(¢ = 1 ->Random Walk!)
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Lag Operator

* L%’t = YVt-1
* Ly = Lyiq = Yi—>

* AR(1):

* AR(2):

19.4.2013

Ve — AYt—1 = €t
(1—al)y, = €

Ve — A1Yt—1 — ApYr—2 = €¢
(1—ayL — apL?)y, = €

\ )
!

,lag polynomial“
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MA Model

* Moving average model: observed value
depends on a weighted linear sum of the past
errors

* MA(1): ye=u+e +feq
* or. ye =pu+(1—pBL)e;
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ARMA Model

 Combination of AR and MA processes

* ARMA(1,1): Ve = QYp—1 + €+ P
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ARMA Model

e ACF -> indicator of the correct model

— Random Walk:

=

=
=]
<L

— AR Process: ¢
— MA Process: ¢
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Estimation of the model

* Finding the parameters, which are most in
accordance with the observed vlaues

* Unconditional least squares (ULS)
 Maximum likelihood (ML)
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Forecasting with AR model

* AR(2):

* Vir1 = 1Y T A2Ye—1 €44

* Virz = O1Yee1 T A2V + €14

* Virz = Q1 Ve42 T A2Ve41 + €143
. etc.

* Convergence to mean
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Forecasting with MA model

c MA(2):
* Vi1 = U+ P1€t—q + Po€r + €44
* Vigz = U+ Pr€r + [r€rpq + €4

* Verg = U+ L1601 + [o€rin + €3
. etc.

e MA(2) model -> forecast after 2 periods equal
to mean
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Forecasting with ARMA

« ARMA(2,2):
* Vier = U+ 1YV T QY1 + P16 + Ba€p1 T €r4q
* Vev2o = U+ A1 Vi1 + X2Vt + f16¢y1 + P26 + €442
* Veez = U T AV + X2Ver1 + Br€eyr + Po€rrq + Erys

* efc.
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Forecast: AR(2) / MA(2) / ARMA(2,2)
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Forecast Evaluation

* Root mean square error (RMSE)

 Measure of the differences between predicted
and observed values (prediction errors)

 Measure of accuracy between different
models

. RMSE — \/z;*:l(ym—y/traz

n
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Forecast Evaluation — MA(2)
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Forecast: STATIONARYF
Actual: STATIONARY
Forecast sample: 1 202
Included observations: 200

Y
» Root Mean Squared Error

2.229763

Mean Absolute Error 1.716068
Mean Abs. Percent Error 192.6628
Theil Inequality Coefficient 0.626694
Bias Proportion 0.000001
Variance Proportion 0.511601
Covariance Proportion  0.488398
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Forecast Evaluation — ARMA(2,2)

8
, Forecast: STATIONARYF
Actual: STATIONARY
ad Forecast sample: 1 300
A | Adjusted sample: 3 202
Included observations: 198
0 ]

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Coefficient
Bias Proportion
Variance Proportion
Covariance Proportion

2.160901
1.692509
223.6721
0.566507
0.000000
0.348334
0.651666
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Dickey-Fuller Test

* Unit root test
* RandomWalk: y,=c+1y;_1 + €
* Stationary process: Vi = C+ pYe_q T+ €

Ay = (Ve — Y1) = C+pYe—q + €6 — Ve
Ays=c+(P—1) Y1t €

* Dickey-Fuller Test:
¢ HO::D — 1, HA:p< 1
* Hy:(p—1)=0,H;: (p—1) <0
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Dickey-Fuller Test

* Hy:(p—1)=0,Hy: (p—1) <0
* Regressionof: Ay,=c+ (p —1)y;_1 + €

————

—1
DF = f —
JVar(p —1)

* Distribution dependent on drift (with/without)
and number of regression coefficients
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Dickey-Fuller Test

Unit Root Test @

Test type

|.ﬁ.ugmer1ted Dickey-Fuller

.' |

Test for unit rootin
‘@ Level

() 1st difference
() 2nd difference

Indude in test equation
@ Intercept
") Trend and intercept

) None

Lag length

@ Automatic selection:

Schwarz Info Criterion

w

Maximum lags: 14

(") User spedfied: | 4

l QK J | Cancel
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Mull Hypothesis: STATIOMARY has a unit root

Exogenous: Constant

Lag Length: 1 (Automatic based on SI1C, MAXLAG=14)

t-Statistic Prob*
Augmented Dickey-Fuller test statistic -2.150842 0.0000
Test critical values: 1% level -3.463405
H% level -2.875972
10% level -2.574541
*Mackinnon (1996) one-sided p-values.
Augmented Dickey-Fuller Test Equation
Dependent Variable: DISTATIOMARY)
Method: Least Squares
Date: 04/20M13 Time: 10:23
Sample (adjusted): 3 200
Included observations: 193 after adjustments
Variable Coefficient Std. Error t-Statistic Frob.
STATIOMARY(-1) -0.3805624 0072876  -B.150842 0.0000
D{STATIONARY(-1)) -0.406209 0.064766  -6.271912 0.0000
-0.190071 0155232 1224428 02223
F-squared 0438667 Mean dependentvar 0.010416
Adjusted R-squared 0432910 3.D. dependentvar 2814306
5.E. of regression 2119324 Akaike info criterion 4 356107
Sum squared resid 2758493 Schwarz criterion 4 404929
Log likelinood -428.1556 Hannan-Quinn criter. 4 375273
F-statistic F6.19376  Durbin-Watson stat 1.956004

Prob(F-statistic)

0.000000

27



