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Agenda 

• Stationarity 

• Autocorrelation/Autocovariance 

• White Noise/Random Walk 

• AR/MA/ARMA Models 

• Model Estimation 

• Forecasting 

• Dickey-Fuller-Test 
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(Weak) Stationary Processes 

• Stationary processes: 

1) Mean stationary:   𝜇𝑡 = 𝜇 

2) Variance stationary:  𝜎𝑡
2 = 𝜎2 

3) Covariance stationary: 𝛾𝑡,𝑠 = 𝛾𝑠  

 

• Weak stationary: if 1), 2) and 3) are fulfilled 

Kana 20.4.2013 3 



(Weak) Stationary Processes 
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stationary 

non-stationary 



Autocorrelation/Autocovariance 

• Describes relationship between observations in 
different periods 

 

Variance:  𝛾0 = 𝜎𝑦
2 

Autocovariance: 𝛾𝑠 = 𝐸 𝑦𝑡 − 𝜇 𝑦𝑡−𝑠 − 𝜇  

Autocorrelation: 𝜌𝑠 =
𝛾𝑠

𝛾0
 

Autocovariance is symmetrical: 
𝛾𝑠 = 𝐶𝑜𝑣 𝑦𝑡−𝑠, 𝑦𝑡 = 𝐶𝑜𝑣 𝑦𝑡 , 𝑦𝑡−𝑠 = 𝐶𝑜𝑣 𝑦𝑡+𝑠, 𝑦𝑡  
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White Noise 

• Stationary process 

 

   𝒚𝒕 = 𝝐𝒕 
   𝑬 𝝐𝒕 = 𝟎, 𝑽 𝝐𝒕 = 𝝈𝝐

𝟐 

   

  ACF: 𝜌0 = 1, 𝜌1 = 0,  𝜌2 = 0, … 

  If 𝑠 ≠ 0, then 𝛾𝑠 = 0 
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Random Walk 

• Non-stationary process 

• Without drift:  𝒚𝒕 = 𝒚𝒕−𝟏 + 𝝐𝒕 

• With drift:   𝒚𝒕 = 𝒄 + 𝒚𝒕−𝟏 + 𝝐𝒕 
• Example:   𝑦2 = 𝑐 + 𝑦1 + 𝜖2 

   𝑦2= 𝑐 + 𝑐 + 𝑦0 + 𝜖1 + 𝜖2 
   𝑦2= 𝑦0 + 2𝑐 + 𝜖1 + 𝜖2 

 

𝒚𝒕 = 𝒚𝟎 + 𝒄𝒕 + 𝝐𝒋

𝒕

𝒋=𝟏
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Random Walk 

𝒚𝒕 = 𝒚𝟎 + 𝒄𝒕 + 𝝐𝒋

𝒕

𝒋=𝟏

 

 

• Growing variance  (𝜎𝑡
2 = 𝑡𝜎𝜖

2) 

• Time-dependent expected value 

• ACF: 𝜌0 = 1, 𝜌1 = 1,  𝜌2 = 1, 𝜌3 = 1,… 
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White Noise / Random Walk  
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Transforming Non-Stationary Process into 
Stationary Process 

• Differentiating: 𝑦𝑡 = 𝑥𝑡 − 𝑥𝑡−1 

– random walk 

• Line fitting to observed values –> residuals 
from a linear trend as a new variable 

– deterministic trend 

• Logarithm/square root – can stabilize the 
variance, if it is not constant  

– geometrical growth 
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AR Model 

• Autoregression model: 𝑦𝑡 depends on a 
weighted sum of the past values and a 
random shock 

• AR(1):   𝑦𝑡 = 𝛼𝑦𝑡−1 + 𝜖𝑡, 𝑠. 𝑡. 𝛼 < 1 

• Equiv. to:  𝑦𝑡 − 𝛼𝑦𝑡−1 = 𝜖𝑡 

    s.t.: 𝛼 < 1  

   (𝛼 = 1 -> Random Walk!) 

 

Kana 21.4.2013 11 



Lag Operator 

• 𝐿𝑦𝑡 = 𝑦𝑡−1 
• 𝐿2𝑦𝑡 = 𝐿𝑦𝑡−1 = 𝑦𝑡−2 

 
• AR(1):  𝑦𝑡 − 𝛼𝑦𝑡−1 = 𝜖𝑡 
   1 − 𝛼𝐿 𝑦𝑡 = 𝜖𝑡 

 
• AR(2):  𝑦𝑡 − 𝛼1𝑦𝑡−1 − 𝛼2𝑦𝑡−2 = 𝜖𝑡 

   1 − 𝛼1𝐿 − 𝛼2𝐿
2 𝑦𝑡 = 𝜖𝑡 

 

 „lag polynomial“ 
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MA Model 

• Moving average model: observed value 
depends on a weighted linear sum of the past 
errors 

• MA(1):  𝑦𝑡 = 𝜇 + 𝜖𝑡 + 𝛽𝜖𝑡−1 

• or:   𝑦𝑡 = 𝜇 + (1 − 𝛽𝐿)𝜖𝑡 
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ARMA Model 

• Combination of AR and MA processes 

 

• ARMA(1,1):  𝑦𝑡 = 𝛼𝑦𝑡−1 + 𝜖𝑡 + 𝛽𝜖𝑡−1 
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ARMA Model 

• ACF -> indicator of the correct model 

– Random Walk: 

 

 

– AR Process: 

 

 

– MA Process: 
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Estimation of the model 

• Finding the parameters, which are most in 
accordance with the observed vlaues 

• Unconditional least squares (ULS) 

• Maximum likelihood (ML) 
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Forecasting with AR model 

• AR(2):  
• 𝑦 𝑡+1 = 𝛼1𝑦𝑡 + 𝛼2𝑦𝑡−1 + 𝜖𝑡+1 

• 𝑦 𝑡+2 = 𝛼1𝑦 𝑡+1 + 𝛼2𝑦𝑡 + 𝜖𝑡+2 

• 𝑦 𝑡+3 = 𝛼1𝑦 𝑡+2 + 𝛼2𝑦 𝑡+1 + 𝜖𝑡+3 

• etc. 

 

• Convergence to mean  
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Forecasting with MA model 

• MA(2):  
• 𝑦 𝑡+1 = 𝜇 + 𝛽1𝜖𝑡−1 + 𝛽2𝜖𝑡 + 𝜖𝑡+1 

• 𝑦 𝑡+2 = 𝜇 + 𝛽1𝜖𝑡 + 𝛽2𝜖𝑡+1 + 𝜖𝑡+2 

• 𝑦 𝑡+3 = 𝜇 + 𝛽1𝜖𝑡+1 + 𝛽2𝜖𝑡+2 + 𝜖𝑡+3 

• etc. 

 

• MA(2) model -> forecast after 2 periods equal 
to mean 
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Forecasting with ARMA 

• ARMA(2,2):  
• 𝑦 𝑡+1 = 𝜇 + 𝛼1𝑦𝑡 + 𝛼2𝑦𝑡−1 + 𝛽1𝜖𝑡 + 𝛽2𝜖𝑡−1 + 𝜖𝑡+1 

• 𝑦 𝑡+2 = 𝜇 + 𝛼1𝑦 𝑡+1 + 𝛼2𝑦𝑡 + 𝛽1𝜖𝑡+1 + 𝛽2𝜖𝑡 + 𝜖𝑡+2 

• 𝑦 𝑡+3 = 𝜇 + 𝛼1𝑦 𝑡+2 + 𝛼2𝑦 𝑡+1 + 𝛽1𝜖𝑡+2 + 𝛽2𝜖𝑡+1 + 𝜖𝑡+3 

• etc. 
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Forecast: AR(2) / MA(2) / ARMA(2,2) 
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Forecast Evaluation 

• Root mean square error (RMSE) 

• Measure of the differences between predicted 
and observed values (prediction errors) 

• Measure of accuracy between different 
models 

• 𝑅𝑀𝑆𝐸 =
 (𝑦𝑡+𝜏−𝑦𝑡+𝜏 )

2𝑛
𝜏=1

𝑛
 

Kana 21.4.2013 21 



Forecast Evaluation – MA(2) 
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Forecast Evaluation – ARMA(2,2) 

 

Kana 19.4.2013 23 



Dickey-Fuller Test 

• Unit root test 
• Random Walk:  𝑦𝑡 = 𝑐 + 1𝑦𝑡−1 + 𝜖𝑡 
• Stationary process:  𝑦𝑡 = 𝑐 + 𝜌𝑦𝑡−1 + 𝜖𝑡 
 
∆𝑦𝑡 = 𝑦𝑡 − 𝑦𝑡−1 = 𝑐 + 𝜌𝑦𝑡−1 + 𝜖𝑡  − 𝑦𝑡−1 
∆𝒚𝒕 = 𝒄 + (𝝆 − 𝟏) 𝒚𝒕−𝟏 + 𝝐𝒕  

 
• Dickey-Fuller Test: 

• 𝐻0: 𝜌 = 1, 𝐻𝐴 : 𝜌 < 1 

• 𝐻0: (𝜌 − 1) = 0, 𝐻𝐴 : (𝜌 − 1) < 0 
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Dickey-Fuller Test 

• 𝐻0: (𝜌 − 1) = 0, 𝐻𝐴 : (𝜌 − 1) < 0 

• Regression of:  ∆𝑦𝑡= 𝑐 + (𝜌 − 1)𝑦𝑡−1 + 𝜖𝑡 

 

𝐷𝐹 =
𝜌 − 1 

𝑉𝑎𝑟 (𝜌 − 1 )
 

 

• Distribution dependent on drift (with/without) 
and number of regression coefficients 
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Dickey-Fuller Test 
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