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Although most of our work thus far has been in Em context of mEEo-mM:”mco: Wowomfo
even a cursory look through almost any economics ﬁmﬁ.@.oow mroiw t a szn o w , )
theory is built on sets, or systems, of relationships. Familiar examples 50%ﬁ m&Smn on"
equilibrium, models of the macroeconomy, and sets of factor or oUoBBmM ity o.Bm_M
equations. Whether one’s interest is only in a nmzz.“c_mn part of t .J_mwm em or 5” e
system as a whole, the interaction of the <M:._m_u_wm in the model «_&_ ave :ﬁz_umﬂ .m”__n-.
implications for both interpretation and estimation .om the model’s nw_.%ﬁvﬂ Q.U.m i
implications of simultaneity for econometric mm::_m:osuéaqm EMOWENME H@mmmﬂn_._a“
the apparatus discussed in this o:m?o.n was ao<m~onma,. The su mwn:nonoaaﬁnm.
the subject, continuing to the present, is among S.o most w.ﬁm:m_w\m :ﬁ_,a e
This chapter considers the issues that arise in interpreting and es EM_ | g g
equations models. Section 13.2 describes the mnmmqm_ Wmamio:ﬂ :moa %H Msﬁmw”p”“ :
systems of simultaneous equations. Most of the discussion of H.rmmm Eov m% ng: e _
problems of estimation. But before estimation can even be considered, the fun: W_z
question of whether the parameters of ::Q.oﬁ in the Ewam_ are even Mmﬁm:nw. e J.u.é /
be resolved. This problem of identification is a.aocmmma. in Section 5.. : €cl _w%m e
to 13.7 then discuss methods of estimation. mwocos 138 _m.oomomgma wit spect %m i
tests. In Section 13.9, the special characteristics of dynamic models are examined.

EQUATIONS MODELS

In this section, we describe the basic terminology and mgam:nm_ issues in M:m: ana wﬂu
simultaneous equations models. We begin with some simple examples and then prese
a general framework.

13.2.1  ILLUSTRATIVE SYSTEMS OF EQUATIONS

A familiar example of a system of simultaneous equations is a model of Emnww" e
librium, consisting of the following:
demand equation: Ga: = Q1 Pr + 2 X + €4y
supply equation: Gs: = B1ps + &51s
equilibrium condition: g4, = g, = q;.

'See, for example, Working (1926) and Haavelmo (1943).

- Because the endogenous variables are
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These equations are structural equations in that they are derived from theory and
each purports to describe a particular aspect of the economy.? Because the model is one
of the joint determination of price and quantity, they are labeled Jointly dependent or
endogenous variables. Income, x, is assumed to be determined outside of the model,
which makes it exogenous. The disturbances are added to the usual textbook description
to obtain an econometric model. All three equations are needed to determine the equi-
librium price and quantity, so the system is interdependent. Finally, because an equilib-
rium solution for price and quantity in terms of income and the disturbances is, indeed,
implied (unless «; equals 8,), the system is said to be a complete system of equations.
The completeness of the system requires that the number of equations equal the number of
endogenous variables. As a general rule, it is not possible to estimate all the parameters
of incomplete systems (although it may be possible to estimate some of them).

Suppose that interest centers on estimating the demand elasticity «. For simplicity,
assume that e; and ¢, are well behaved, classical disturbances with

Eles/|x] = Ele,x] =0,

E Tm? _\i i

Elel ] =of
Eleqie0, ] %]
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All variables are mutually uncorrelated with ob
Price, quantity, and income are measured in logar

means. Solving the equations for p and q in terms
form of the mode]

servations at different time periods.
ithms in deviations from their sample
of x, g4, and &, produces the reduced

Rr_ =g N
= ot —— = gx 4y,
P Bt —ar By —a :
(13-
q= Bronx + Brea — ey S——
B —a B — - -

(Note the role of the “completeness” requirement that o

Itfollows that Cov[p, eq] = 62 / (B —a;) and Cov[p,
the demand nor the supply equation satis
model. The price elasticity of demand ca
regression of g on x and p. This result is ¢

1 ot equal 8y.)

&] = =0l / (Bi~a1) soneither
fies the assumptions of the classical regression
nnot be consistently estimated by least squares
haracteristic of simultaneous-equations models.
all correlated with the disturbances, the least

Squares estimators of the parameters of equations with endogenous variables on the

right-hand side are inconsistent.>
Suppose that we have a sample of T observations on p. q, and x such that

plim(1/ T)x'x = o,

" p—

*The distinction between structural and nonstructural models is
example, Cooley and LeRoy (1985).

*This failure of jeast squa

sometimes drawn on this basis, See, for

res is sometimes labeled simultaneous equations bias.
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Since least squares is inconsistent, we might instead use an Em:.::_a:».a_ variable
estimator.* The only variable in the system that is not correlated with the disturbances
is x. Consider, then, the IV estimator, 8; = ¢'x/p’x. This estimator has

Ox/T  olpion/ (B —ay) - A,
px/ T clay/(f—e)

Evidently, the parameter of the supply curve can be estimated by using an instrumental
variable estimator. In the least squares regression of p on x, the ?ma_ox.ﬁ values are
P = (p'x/xx)x. It follows that in the instrumental variable regression the instrument i ‘
p- That is,

plim ; = plim

ar
=23
p'p :
Because p'p = p'p, B, is also the slope in a regression of q on these predicted valyes,
This interpretation defines the two-stage least squares estimator.

It would be desirable to use a similar device to estimate the parameters of the de-
mand equation, but unfortunately, we have exhausted the m.io::mmo,z in the sample. Not
only does least squares fail to estimate the demand equation, but without some further
assumptions, the sample contains no other information that can be used. This example

illustrates the problem of identification alluded to in the introduction to this chapter, ; .

A second example is the following simple model of income determination.

Example 13.1 A Small Macroeconomic Model
Consider the model

consumption: ¢ = og + a1Ye + aaCr_1 + £¢1, <3
investment: iy = By + Birt + Bolyi — Vi-1) + €12,
Yo =Co+ir+gr.

The model contains an autoregressive consumption function, an .3<mm5._m3 equation based
on intersst and the growth in output, and an equilibrium oo:.a&o:. j.,m model determines 5
the values of the three endogenous variables ¢;, ir, and y,. This model is a dynamic modek
In addition to the exogenous variables r; and g, it contains two predetermined <m1~J .
¢t-1 and y,_4. These are obviously not exogenous, but sﬁ: regard to the current .<m_c8 128
the endogenous variables, they may be regarded as :mé:m already Umm.: determined. The
deciding factor is whether or not they are ::ooam_m%ma with the current a_mE:um:owmj
we might assume. The reduced form of this model is :

demand:

Act = ao(1 — B2) + Pots + @1 Bt + aGr + ao(1 ~ B2)Crt — a1 oyt + (1 — Ba)en +orée

Air = a0z + Bo(1 — c) + Bi(1 — aa)ri + Bagr + 02 BaCioy — o1 — 1) Yoot + Pater +{1 = o)

i

AYe = oo+ o+ B+ Gt + 22Cioq — Baiot + e + eray

where A =1 —a- ~ f,. Note that the reduced form preserves the equilibrium condition. =

The preceding two examples illustrate systems in which there are behavioral eq
tions and equilibrium conditions. The latter are distinct in that even in an econome
model, they have no disturbances. Another model, which illustrates nearly all m_uo :
cepts to be discussed in this chapter, is shown in the next example.

4See Section 12.1.
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Example 13.2 Kiein’'s Mode/ /

A widely used example of a simultaneous equations model of the economy is Klein's (1950)
Model I. The model may be written

C=w+arP+aPy + as (W + W) + 61 (consumption),

It = o+ BiP+ 2Py + BaKi s +ex  (investment),
WE = o+ i Xy + 12 Xes + YaAr + &3 (private wages),
Xe=C+ 1+ G,

(equilibrium demand),

P=X-T—-W (private profits),

Ki = Kig + 1, (capital stock).

The endogenous variables are each on the left-hand side of an equation and are labeled
on the right. The exogenous variables are G =government nonwage spending, T; = indirect
business taxes plus net exports, W? = government wage bill, A, =time trend measured as
years from 1931, and the constant term, There are also three predetermined variables: the
lagged values of the capital stock, private profits, and total demand. The model contains
three behavioral equations, an equilibrium condition and two accounting identities. This
model provides an excellent example of a small, dynamic model of the economy. It has
also been widely used as a test ground for simultaneous equations estimators. Kiein esti-

mated the parameters using yearly data for 1921 to 1941, The data are listed in Appendix
Table F13.1.

13.2.2 ENDOGENEITY AND CAUSALITY

The distinction between “exogenous” and “endogenous” variables in a model is a subtle
and sometimes controversial complication. It is the subject of a long literature.’ We
have drawn the distinction in a useful economic fashion at a few points in terms of
whether a variable in the model could reasonably be expected to vary “autonomously,”
independently of the other variables in the model. Thus, in a model of supply and
demand, the weather variable in a supply equation seems obviously to be exogenous in
apure sense to the determination of price and quantity, whereas the current price clearly
is “endogenous” by any reasonable construction. Unfortunately, this neat classification
is of fairly limited use in macroeconomics, where almost no variable can be said to be
truly exogenous in the fashion that most observers would understand the term. To take
a common example, the estimation of consumption functions by ordinary least squares,

- as we did in some earlier examples, is usually treated as a respectable enterprise, even

though most macroeconomic models (including the examples given here) depart from
a consumption function in which income is exogenous. This departure has led analysts,
for better or worse, to draw the distinction largely on statistical grounds,

The methodological development in the literature has produced some consensus
on this subject. As we shall see, the definitions formalize the economic characterization

‘We drew earlier. We will loosely sketch a few results here for purposes of our derivations

: to follow. The interested reader is referred to the literature (and forewarned of some
- challenging reading).

—

“_w_ummvnoa example, Zellner (1979), Sims (1977), Granger (1969), and especially Engle, Hendry, and Richard
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and Richard (1983) define a set of variables Xt in a parameter-

nous if the full model can be written 1n Snamswm a

rginal probability distribution for x, and a conditional a_mﬁ.:ciﬁ_on *om.ﬂ w“ m_w M M M%M: t Mﬁ

i iti istributi olesse -
i ditional distribution 1s ni :

i 1 of the parameters of the con tional distribul : . o
mmmaﬁﬂwum the full Mﬁ of parameters of the joint distribution. Admw case HM__WWM MMMW__M :mwm
u ; PoRY . . . a Bm : |

1 tion appears 1n . g
eters in the conditional distribu i . :
Mm ﬁwm mwnm”.m present context, we will need this sort of construction to derive reduced .
or X;. et
¢ way we did previously. . . .
mOaB/w\Mw: nmmowo:n@ to time-series applications ( m:rocmﬁ_ the notion wwﬁmzmm %N_ Maom samﬁn: _ |
tions as well), variables x, are said to be predetermined in Em Bo%,m ﬁ_m MM i Ramﬁwﬂisoa £ 1
of all subsequent structural disturbances &5 mom s> om M,mnm(wwmm ! Momm: %cm determined
e totically, as if they ' ”.
in a model can be treated, at least asymp isn the sense g
,%_Mﬁ consistent estimators can be derived when they appear as nmmnommon.w W sed
result in Section 12.8.2 as well, when we derived the properties of regressi m
of the dependent variable. . . o "
_mmm.wn%wmww concept M Granger causality. Granger causality (a w:&. nm mﬁmﬂwﬂcmmﬁ_ MM”Ma :
back) is absent when f(X;|{X.-i, yi-1) equals f(x; _xT:.. W;m a.mmvﬁwwzom%mwmnou 3 i
the conditional distribution, lagged values of y, add no in oﬂdm ._ﬁmom o
movements of X, beyond that provided by _mmmoa <m_cnm of x; 1 E. This concept 8
useful in the construction of forecasting models. Finally, if x; 1s weakly €X0g n
if y,—1 does not Granget cause X;, then x, is strongly exogenous.

Engle, Hendry,
ized model to be weakly exoge

S
13.2.3 A GENERAL NOTATION FOR LINEAR SIMULTANEOU
o EQUATIONS MODELS®

The structural form of the model is’

yuyn tyaye +Fymiym t Buxi + - + Bk1X Kk = &1y
vy Fyaya +oFymymt Braxn + -+ BraXek = €12,

yimyl + yamya o ymmyin Bismxi + -+ PrmXik = EM-

i There are
i riables, denoted y;. ..., Ym-

e M equaticns and M endogenous va , -
ﬁ,_oaMMMCm <w%mc_om Xy, ..., Xk, that may include ?maoﬁﬁa_.:ma values of M; k- ¥
Mwm“wm__ The first element of x, will usually be the oosmﬁ,::, 1. Finally, ,M.Nw ,u. . N 3 Hﬁ m\ 3
m:..-a:_._.»_ disturbances. The subscript ¢ will be used to index observations, 3

€ WL cting o ion to hinear m S 1s chapter nlinear systems occupy another
We will be restrictn ur attention t linear models in this chapter, No line: 8

£1 hi § g I q . 3 ed
of literature in this area. Nonlinear systems br g forth numerous nouﬂﬁ——ﬂm»—oa—w UOv ond those €1sCU

n_EES:
and are beyond the scope of this text. Gallant (1987), Gallant and Holly (1980), Gatlant an

i idge (2002a) provide further discussion. .
Davidson and MacKinnon (2004}, and Wooldridge ( A % s and el .

7For the present, it is convenient to ignore the special nature of lag;
the same as the strictly exogenous variables.
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In matrix terms, the system may be written

ity o VM
viovn o vam
iy o yul
YMU ¥M2 o YMM
Pu Bz - Pim
B B o Pom
+x x Xk} “ =[e1 &2 - exlhs
Bxi Bxa -+ Pim

or
%M—J + R.‘\W == mw.

Each column of the parameter matrices is the vector of coefficients in a particular
equation, whereas each row applies to a specific endogenous variable.

‘The underlying theory will imply a number of restrictions on I' and B. One of the
variables in each equation is labeled the dependent variable so that its coefficient in the
model will be 1. Thus, there will be at least one *1” in each column of I'. This normaliza-
tion is not a substantive restriction. The relationship defined for a given equation will
be unchanged if every coefficient in the equation is multiplied by the same constant.
Choosing a “dependent variable™ simply removes this indeterminacy. If there are any
identities, then the corresponding columns of T and B will be completely known, and
there will be no disturbance for that equation. Because not all variables appear in all
equations, some of the parameters will be zero. The theory may also impose other types
of restrictions on the parameter matrices.

If I' is an upper triangular matrix, then the system is said to be triangular. In this

~ case, the model is of the form

Y= f(X) + g,

Yo = [y, X)) + &0,

Yem = s, Yooy oo Yo met, X0 + e

The joint determination of the variables in this model is recursive. The first is com-

pletely determined by the exogenous factors. Then, given the first, the second is likewise
aﬂ,o:E:mP and so on.

ESe ST LN RS VR N T SRS R Eo R ey
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The solution of the system of equations determining y, in terms of x, and &, is the .

reduced form of the model,

Ty T2 o M
Ty M2 - MM
%MH—\S Xy \«Kf . +_”§ ciu_a
K1 K2 -t KM
— .w—xh_ \—le
= —X, + e
”Nm=+<m

H.Jo:rmmmo_zao:goxmmrEo_.:omm_S:mﬁmm:m@ﬂwmnc-:_u_ﬁm__mmmn@:&:oumon&BE.
taneous equations systems: I must be nonsingular. 3

Example 13.3 Structure and Reduced Form
For the small model in Example 15.1,y’ = [c,i, ¥], X =[1,r, g, C.1, y-1], and

—ag —fs O
1 o 06 -p 0 1-B p 1
r<=yo 1 -1, B=|0 0 -1}, qLu,w o 1—a 1),

—ar ~f 1 -~z 0 O a4 pa 1

0 f O ]
ao(1 = B2 + o) 1P ar a1~ o) —Patty o

nm= W aofz + Po(1 —1) (1 —a1) B2 o> —B(1 —e) |, ;

ap + Bo B 1 a2 —B2

where A = 1 — oy — B,. The completeness condition is that «; and 8, do not sum to one.

The structural disturbances are assumed to be randomly drawn from an E.ﬁampﬂ,...

distribution with
Ele;|x]=0 and E[ee ix]=2X.

For the present, we assume that
Ele&) X, %] =0, Vi,s.

Later, we will drop this assumption to allow for heteroscedasticity and autocorrelation
It will occasionally be useful to assume that e, has a multivariate normal distribution
but we shall postpone this assumption until it becomes necessary. It may be convenien
to retain the ideniities without disturbances as separate equations. If so, then oné
to proceed with the stochastic specification is to place rows and columns of Nﬂo«_w_-
appropriate places in . It follows that the reduced-form disturbances, v, = &I~

Elv|x]=@"0=0,
E[vv |x]= @ Ysr'=aq.

This implies that
T =r'Qr.

. Y X E]=
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: The preceding formulation describes the model as it applies to an observation ly.x, &),
o at a particular point in time or in a cross section. In a sample of data, each joint obser-
e vation will be one row in a data matrix,

Yi x &

Y, X &

J ’
Yr Xr &7

;- In terms of the full set of T observations, the structure is

YI+XB=E,

B . with

E[E|X]=0 and E[(1/TEE|X]=ZX.
Under general conditions, we can strengthen this structure to
plim[(1/ ThE'E] = X.

An important assumption, comparable with the one made in Chapter 4 for the classical
regression model, is

pim(1/THX'X = Q, a finite positive definite matrix. 13-3)
We also assume that
plim(1 / T)X'E = 0. (13-4)

This assumption is what distinguishes the predetermined variables from the endogenous
variables. The reduced form is

Y=XNO+V, whereV=EI"

v ~ Combining the earlier results, we have
| %\

_ nQn+e IwQ o
plim— |X'|[Y X V]=| om Q ¢of. (13-5)
% Q 0 @

- 13.3 THE PROBLEM OF IDENTIFICATION

‘mc_i:m the problem to be considered here, the identification problem, logically precedes
,mma_.:m:o? We ask at this point whether there is any way to obtain estimates of the
parameters of the model. We have in hand a certain amount of information upon which
aa.cmm@ any inference about its underlying structure. If more than one theory is consistent
Wwith Ew same “data,” then the theories are said to be observationally equivalent and
there is no way of distinguishing them. The structure is said to be unidentified.

5
A useful survey of this issue is Hsiao (1983).
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