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ABSTRACT. This paper investigates optimal portfolio strategies in a mar-
ket where the drift is driven by an unobserved Markov chain. Information
on the state of this chain is obtained from stock prices and expert opin-
ions in the form of signals at random discrete time points. As in Frey et
al. (2012), Int. J. Theor. Appl. Finance, 15, No. 1, we use stochastic filtering
to transform the original problem into an optimization problem under full
information where the state variable is the filter for the Markov chain. The
dynamic programming equation for this problem is studied with viscosity-
solution techniques and with regularization arguments.

1. Introduction

It is well-known that optimal investment strategies in dynamic portfolio opti-
mization depend crucially on the drift of the underlying asset price process. On
the other hand it is notoriously difficult to estimate drift parameters from histor-
ical asset price data. Hence it is natural to include expert opinions or investors’
views as additional source of information in the computation of optimal portfolios.
In the context of the classical one-period Markowitz model this leads to the well-
known Black-Littermann approach, where Bayesian updating is used to improve
return predictions (see Black & Litterman [1]).

Frey et al. [7] consider expert opinions in the context of a dynamic portfolio
optimization problem in continuous time. In their paper the asset price process is
modelled as diffusion whose drift is driven by a hidden finite-state Markov chain
Y. Investors observe the stock prices and in addition a marked point process
with jump-size distribution depending on the current state of Y that represents
expert opinions. Frey et al. [7] derive a finite-dimensional filter p; with jump-
diffusion dynamics for the state of Y and they reduce the portfolio optimization
problem to a problem under complete information with state variable given by the
filter p;. Moreover they write down the dynamic programming equation for the
value function V' of that problem and, assuming that the dynamic programming
equation admits a classical solution, they compute a candidate solution for the
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optimal strategy. The precise mathematical meaning of these preliminary results
is however left open.

This issue is addressed in the present paper. A major challenge in the analysis
of the dynamic programming equation is the fact that the equation is not strictly
elliptic if the number of states of Y is larger than the number of assets. In fact,
due to this non-ellipticity it is not possible to apply any of the known results on
the existence of classical solutions to this equation. We study two ways to address
this problem. First, following the analysis of Pham [13] we show that the value
function is a viscosity solution of the associated dynamic programming equation.
Since the comparison principle for viscosity solutions applies to our model, this
yields an elegant characterization of the value function. However, the viscosity-
solution methodology does not provide any information on the form of (nearly)
optimal strategies.

For this reason we study a second approach based on regularization arguments.
Here an additional noise term of the form m_%dét, B an independent Brownian
motion of suitable dimension and m € N large, is added to the dynamics of the
state process p. The dynamic programming equation associated with the regu-
larized optimization problem is strictly elliptical so that recent results of Davis
& Lleo [4] imply the existence of a classical solution V™. Moreover, the optimal
strategy for the regularized problem can be characterized as solution of a qua-
dratic optimization problem that involves V™ and its first derivatives. We show
that for m — oo reward- and value function for the regularized problem and the
original problem converge uniformly for all admissible strategies. This uniform
convergence implies that for m sufficiently large the optimal strategy for the reg-
ularized problem is a nearly-optimal strategy in the original problem, so that we
have solved the problem of finding good strategies. In order to carry out this pro-
gram we need an explicit representation of jump-diffusion processes as a solution
of an SDE driven by Brownian motion and - this is the new part - some ezogenous
Poisson random measure; we refer the reader to Section 5 below for details.

The related literature on portfolio optimization under partial information is
discussed in detail in the companion paper [7]. Here we just mention the papers
Rieder & Béeuerle [14] and Sass & Haussmann[16] that are concerned with port-
folio optimization in models with Markov-modulated drift but without any extra
information.

The paper is organized as follows. In Section 2 we introduce the model of the
financial market and formulate the portfolio optimization problem. For this prob-
lem we derive in Section 3 the dynamic programming equation in the case of power
utility. In Section 4 we reformulate the state equation in terms of an exogenous
Poisson random measure. For this reformulated state equation we provide in Sec-
tion 5 an explicit construction of the jump coefficient. The main results of this
paper are presented in Sections 6 and 7. Here we show that the value function is
a viscosity solution of the dynamic programming equation. Moreover, we study a
regularized version of the dynamic programming equation and investigate nearly
optimal strategies.
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2. Model and optimization problem

The setting is based on [7]. For a fixed date T" > 0 representing the investment
horizon, we work on a filtered probability space (2,G,G, P), with filtration G =
(Gt)teo, 1) satisfying the usual conditions. All processes are assumed to be G-
adapted. For a generic G-adapted process H we denote by G the filtration
generated by H.

Price dynamics. We consider a market model for one risk-free bond with

price S = 1 and n risky securities with prices S; = (S},...,SP)" given by
dsi = (ui(yt)dwr Zaijdwg), Si=s, i=1,,n (2.1)
j=1

Here p = u(Y;) € R™ denotes the mean stock return or drift which is driven by
some factor process Y described below. The volatility o = (0%7)1<; j<n is assumed
to be a constant invertible matrix and W; = (W}!,--- .W}) is an n-dimensional
G-adapted Brownian motion. The invertibility of ¢ always can be ensured by
a suitable parametrization if the covariance matrix oo’ is positive definite. The
factor process Y is a finite-state Markov chain independent of the Brownian motion
W with state space {ey, ..., eq} where e; is the ith unit vector in R%. The generator
matrix is denoted by @ and the initial distribution by p = (p*,...,p%)". The states
of the factor process Y are mapped onto the states ui, ..., uq of the drift by the
function p(Y;) = MY:, where M, = ,ufc =pul(er), 1<1<n, 1<k<d.

Define the return process R associated with the price process S by dR: =
dSi/Si,i=1,...,n. Note that R satisfies dR; = u(Y;)dt + ocdW;, and it is easily
scen that G = G5 = G°. This is useful, since it allows us to work with R
instead of S in the filtering part. For details we refer to [7].

Investor Information. We assume that the investor does not observe the
factor process Y directly; he does however know the model parameters, in par-
ticular the initial distribution p, the generator matrix @ and the functions p’(-).
Moreover, he has noisy observations of the hidden process Y at his disposal. More
precisely we assume that the investor observes the return process R and that he
receives at discrete points in time 7, noisy signals about the current state of Y.
These signals are to be interpreted as expert opinions; specific examples can be
found in the companion paper [7].

We model expert opinions by a marked point process I = (T,,, Z,), so that at
T,, the investor observes the realization of a random variables Z,, whose distribu-
tion depends on the current state Y7, of the factor process. The T;, are modeled
as jump times of a standard Poisson process with intensity A, independent of Y,
so that the timing of the information arrival does not carry any useful informa-
tion. The signal Z,, takes values in some set Z C R", and we assume that given
Y = ey, the distribution of Z, is absolutely continuous with Lebesgue-density
frx(2). We identify the marked point process I = (T, Z,) with the associated
counting measure denoted by I(dt,dz). Note that the G-compensator of I is

Adt S0y Ly fr(2)dz.
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Summarizing, the information available to the investor is given by the investor
filtration T with

Fi=G{tvgl, 0<t<T. (2.2)

Portfolio and optimization problem. We describe the selffinancing trading
of an investor by the initial capital ¢ > 0 and the n-dimensional F-adapted trading
strategy h where h, i = 1,...,n, represents the proportion of wealth invested in
stock i at time ¢. It is well-known that in this setting the wealth process X (" has
the dynamics

ax{M & dsi
= > hi Sz't = b p(Ya)dt + b od Wy, X§" = xp. (2.3)

X i=0 t

We assume that for all ¢ € [0, 7] the strategy h; takes values in some non-empty

convex and compact subset K of R™ that can be described in terms of r linear

constraints. In mathematical terms,

K={heR": U h<uy,1<I<r forgiven (¥1,11),...,(¥,, 1) €R" x R}.
(2.4)
We assume that there is some A% € R"™ such that \I'lThO <y forall 1 <l <r
and that 0 € K. The set K models constraints on the portfolio. Moreover, the
assumption that h; € K for all ¢ facilitates many technical estimates in the paper.
For a specific example fix constants ¢; < 0, ¢ > 1, and let

K={heR": hj>c forall 1<i<n and Y hi<cy}.
i=1
This choice of K hat would correspond to a limit |¢;| on the amount of shortselling
and a limit ¢ for leverage.
We denote the class of admissible trading strategies by

H = {h = (ht)iejo,r): his F adapted and h; € K for all t}. (2.5)

Since u(Y:) is bounded and since o is constant, equation (2.3) is well defined for
all h € H.
We assume that the investor wants to maximize the expected utility of terminal
0
wealth for power utility U(z) = %+, 6 < 1, 6 # 0. The optimization problem thus
reads as

max{E(U(X)): h € H}. (2.6)

This is a maximization problem under partial information since we have required
that the strategy h is adapted to the investor filtration F.

Partial information and filtering. Next we explain how the control problem
(2.6) can be reduced to a control problem with complete information via filtering
arguments. We use the following notation: for a generic process H we denote by
H, = E(H|F;) its optional projection on the filtration F, and the filter for the
Markov chain Y; is denoted by p; = (p},--- ,pf) with pf = P(Y; = ex|F:), k =

IThe case § = 0 corresponds to logarithmic utility U(z) = Inz which is treated in [7].
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1...,d. Note that for a process of the form H; = h(Y;) the optional projection is
given by h(Y:) = ZZ:l h(ex)pF. In particular, the projection of of the drift equals

d
p(Yy) = pler)pf = Mp; .
k=1
The following two processes will drive the dynamics of p;. First, let
t
W, = o YRy — / Mpyds).
0

By standard results from filtering theory W is an F-Brownian motion (the so-called
innovations process). Second, define the predictable random measure

d
vi(dt,dz) = Adt Zpii fr(2)dz.
k=1

By standard results on point processes vy is the F-compensator of I, see for instance

Bremaud [2]. The compensated random measure will be denoted by I(dt,dz) :=
I(dt,dz) — vi(dt,dz).

Using a combination of the HMM filter (see e.g. Wonham [17], Elliott et al. [5],
Liptser & Shiryaev [11]) and Bayesian updating, in [7] the following d-dimensional
SDE system for the dynamics of the filter p is derived

dp; = Q" ppdt + BT (pr)dW, +/ vr(pe—, 2)1(dt, dz) (2.7)
Z

with initial condition pk = p*. Here, the matrix 8 = S(p) = (B1,...,B4) € R"*4
and the vector vr = y7(p,2) = (v}, ...,7H)" € R? are defined by

d
Be(p) =p* (afl(uk — ijﬂj) =pfo ' M(er —p) €R™
fr(2)
f(zp)

d
and véf(p,z):pk( —1),1<k<d, with F(zp) = 30 ful2):
k=1

(2.8)

It is well-known (see e.g. Lakner [10], Sass & Haussmann [16]) that the F-
semimartingale decomposition of X is given by

= R Mpydt+ h] odW,. (2.9)

Now note that for a constant strategy hy = h € K the (d + 1)-dimensional process
(X p) is an F-Markov process as is immediate from the dynamics in (2.7) and
(2.9). Hence the optimization problem (2.6) can be considered as a control problem
under complete information with the (d + 1)-dimensional state variable process
(X (n), p). This control problem is studied in the remainder of the paper.
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3. Dynamic programming equation for the case of power utility

A simplified optimization problem. As a first step, we simplify the con-
trol problem by a change of measure. As shown in Nagai & Runggaldier [12]
this measure change leads to a new problem where the set of state variables is
reduced to p and where the dynamic programming equation takes on a simpler
form. First we compute for an admissible strategy h € H the utility of terminal
wealth U(Xq(«h)) = %(X;h))e. From (2.9) it follows that

0 T T —~
Lixtiye — 20 o, {9/ (hj Mp, — 1 |aTh5;2)ds +9/ hIadWs} (3.1)
0 2 0

0 0
where |.| denotes the Euclidean norm. Define now the random variable ng ) =
exp { fOT Oh] ocdW, — % fOT |90Ths{2 ds} and the function
T 1-0, v+, 2
b(p, h; 6) = —0(h Mp— ——[oh| ) (3.2)

With this notation (3.1) can be written in the form

1 g r

§(X<Th))9 - % LI exp {/ —b(ps,hs;e)ds}. (3.3)

0

Since o is deterministic and since h is bounded, the Novikov condition implies
that E(Lgl )) = 1. Hence we can define an equivalent measure P" on Fr by
dPh/dP = Lgph), and Girsanov’s theorem guarantees that B; := Wt -0 f(f o hyds
is a standard F-Brownian motion. Substituting into (2.7) we find the following
dynamics for the filter under P"

dpy = a(pt,ht)dt—l—BT(pt)dBt—i—/zw(pt,,z)l(dt,dz) (3.4)

where a = a(p,h)=Q ' p+68"(p)o'h. (3.5)

In view of these transformations, for 0 < 6 < 1 the optimization problem (2.6) is
equivalent to

T
max < E( exp / —b(p®PM h:@)dsh): heH (3.6)
{E(e | ) e
where we denote by p?””’” the solution of (3.4) for s € [t,T] starting at time

t € [0,7] with initial value p € S for strategy h € H. For § < 0 on the other
hand (2.6) is equivalent to minimizing the expectation in (3.6). In the sequel we
will concentrate on the case 0 < 6 < 1; the necessary changes for § < 0 will
be indicated where appropriate. Moreover, # will be largely removed from the
notation. The reward and value function for this control problem are given by

v(t,p, h) E(exp { /tT —b(ptPh), hs)ds}) for h € H,

V(t,p) = sup{v(t,p,h): h € H}. (3.7)

Note that v(T,p,h) =V (T,p) = 1.
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The dynamic programming equation. Next, we derive the form of the
dynamic programming equation for V (¢,p). We begin with the generator of the
state process p; (the solution of the SDE (3.4)) for a constant strategy h; = h.
Denote by S = {p € R? : Zgzlpi = 1,p" > 0,i = 1,...,d} the unit simplex in
R?. Standard arguments show that the solution of this SDE is a Markov process
whose generator £ operates on g € C%(S) as follows

Z ﬁT gp pJ + Za pa (38)

+ A/Z{g(p+ v1(p, 2)) — 9(p)} f (2, p)dz

By standard arguments the dynamic programming equation associated to this
optimization problem is

Vilt.p) + sup { £V (1.p) —bp OV (1)} =0, (6:0) € 0.T) xS, (39)
heK

with terminal condition V (7T, p) = 1. In case that § < 0 the equation is similar,
but the sup is replaced by an inf. Plugging in £ as given in (3.8) and b(p, h) as
given in (3.2) into (3.9) the dynamic programming equation can be written more
explicitly as

d d
0 =Vi(t,p) +%Zﬁ () Bi(pe) Vet (¢ +Z{2Qlkpl}‘/})k(t,p)

Ei=1 k=1  I=1
+A/wwm+wm@wvmmﬁwmw (3.10)

+522{25 (p)o T OBV, (L, p) + OV (t, p)(hTMpf o7 (1-8)) }.

Suppose for the moment that a classical solution to (3.10) exists. The argument
of the supremum in the last line of (3.10) is quadratic in h and strictly concave
(as oo " is positive definite). Hence this function attains a unique maximum h* on
the convex set K. Moreover, as shown in Davis and Lleo [4], Proposition 3.6, h*
can be chosen as a measurable function of ¢t and p. Hence there exists a solution p*
of the SDE (3.4) with hy = h*(t, p); this can be verified by a similar application
of the Girsanov theorem as in the derivation of the equation (3.4). Then standard
verification arguments along the lines of Theorem 3.1 of Fleming & Soner [6] or
Theorem 5.5 of Davis and Lleo [4] immediately give that V' is the value function
of the control problem (3.6) and that hy := h*(¢,p}) is the optimal strategy.

Remark 3.1. If for some (¢,p) h*(¢,p) is inner point of K, an explicit formula
for h*(t,p) can be given. In that case h*(¢,p) is given by the solution h* of the
following linear equation (the first-order condition for the unconstrained problem)

O'Z,Bk YV (t,p) + V (¢, p)(Mp—aoTh(l—G)) =0.
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Since o is an invertible matrix h* equals

1
V(t,p)

However, the existence of a classical solution of equation (3.10) is an open
issue. The main problem is the fact that one cannot guarantee that the equation
is uniformly elliptic. To see this note that the coefficient matrix of the second
derivatives in (3.10) is given by C(p) = 8T (p)B(p). By definition equation (3.10)
is uniformly elliptic if the matrix C(p) is strictly positive definite uniformly in
p. A necessary condition for this is that there are no non-trivial solutions of the
linear equation fx = 0 so that we need to have the inequality n > d (at least
as many assets as states of the Markov chain Y). Such an assumption is hard to
justify economically; imposing it nonetheless out of mathematical necessity would
severely limit the applicability of our approach.

In the present paper we therefore study two alternative routes to giving a pre-
cise mathematical meaning to the dynamic programming equation (3.10). First,
following the analysis of Pham [13], in Section 6 we show that the value function
is a viscosity solution of the associated dynamic programming equation. Since
the comparison principle for viscosity solutions applies in our case, this provides
an elegant characterization of the value function. However, the viscosity-solution
methodology does not provide any information on the form of the optimal strate-
gies. For this reason, in Section 7 we use regularization arguments to find approx-
imately optimal strategies. More precisely, we add a term ﬁdéh with m € N

d
B =0 (tp) = m—s(00 ) Mp+ 0 > Bup)Vpe (t:p) -
k=1

1
(1-6)

and B a Brownian motion of suitable dimension and independent of B, to the
dynamics of the state equation (3.4). The HJIB equation associated with these
regularized dynamics has an additional term ﬁAV, A the Laplace operator, and
is therefore uniformly elliptic. Hence the results of Davis & Lleo [4] apply directly
to the modified equation, yielding the existence of a classical solution V™. More-
over, the optimal strategy "*h* of the regularized problem is given by the argument
of the supremum in the last line of (3.10) with V™ instead of V. We then de-
rive convergence results for the reward- and the value function of the regularized
problem as m — oo. In particular, we show in Theorem 7.5 that for m sufficiently
large ™h* is approximately optimal in the original problem.

4. Reformulation of the State Equation

To carry out the program described above we have to reformulate the state
equation for a number of reasons. First, in our model the state variable process p
(the solution of (3.4) takes values in the simplex & which is a subset of a d — 1-
dimensional hyperplane of R?. If we introduce the announced regularization to
the diffusion part of the state equation then the state variable will leave this
hyperplane and takes values in the whole R? so that the normalization property
of p is violated, which creates technical difficulties. Second, in our analysis we
need to apply results from the literature on the theory of dynamic programming
of controlled jump diffusions, such as Pham [13] and Davis & Lleo [4]. These
papers consider models where the jump part of the state variable is driven by
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an erogenous Poisson random measure, and this structure is in fact essential for
many arguments in these papers. In our model, on the other hand, the measure
I is not an exogenous Poisson random measure since the law of the compensator
vy depends on the solution 7;. Hence we need to reformulate the dynamics of the
state variable process in terms of an exogenous Poisson random measure.

Restriction to a d — 1-dimensional state. We rewrite the state equation
in terms of the ‘restricted’ (d — 1)-dimensional process m = (7!,..., 74 1)1 =
(p',...,p* ). Then the original state p can be recovered from 7 by using the
normalization property for the last component p? and we define p = Rrm :=
(m, ey Mg_1,1 — Z?;ll 7ri)T. Assuming p € S implies that the restricted state
process takes values in

d—1
Q:{weﬂ%d*:Zwiglmizo, ¢:1,...,d—1}.

i=1

Now the state equation for m € S associated to (3.4) reads as

d’ﬂ't = g(’ﬂ't,ht)dt-’—éT(ﬂ't)dBt + / ll(ﬂ'tf,Z)_ff(dt,dZ) (41)
z
where the coefficients are given by
a(m, h) = (o (Rm,h),...,a% Y (Rr, b)) e R4! (4.2)
B(m) = (B1(Rr),. .., Ba—1(Rm)) € RM¥41 (4.3)
v, (m 2) = (vH(Rm, 2),...,7¢ (Rm,2))" € RI7L (4.4)

It is straightforward to give an explicit expression for a, 8 and « P but such an
expression is not needed in the sequel. The original state can be recovered from 7
by setting p = R.

Exogenous Poisson random measure. In the remainder of the paper we
assume that the state process solves the following SDE

dﬂ't = g(’ﬂ't, ht)dt + éT (Wt)dBt + / "/(7Tt7, U)N(dt, du)7 (45)

u

where a and 3 are defined above, v : S x U — R4, and N is the compensated
measure to some finite activity Poisson random measure N with jumps in a set
U C R*. The compensator of N is denoted by v(du)Adt, i.e. we have N(dt,du) =
N(dt,du) —v(dz)Adt. In the next section we show that for a proper choice of ~(+)

and N (dt, du) the solution of (4.5) has the same law as the original state process
from (4.1).

In order to ensure that SDE (4.5) has for each control h € H a unique strong
solution and for the proof of some of the estimates in Section 7 the coefficients
a, 8 and v have to satisfy certain Lipschitz and growth conditions (see [9] and
[13]). These conditions are given below. For technical reasons we require that the
conditions hold not only for 7 € S but also for a slightly larger set S, D S defined
for sufficiently small € > 0 by

S. = {mr e R dist (,S) < ¢},
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where we denoted the distance of # € R?~! to S by dist (r,S) := inf{|r —
7|oo: Mo € S}, for |7|s the maximum norm on R4-1.

Assumption 4.1 (Lipschitz and growth conditions). There exist constants
Cr,g > 0 and a function p : U — Ry with [, p?(u)r(du) < oo such that for
all my,my €S, e<cand k=1,...,d

sup la(ms, ) — a(m, )| +[B,(m) = B,()| < Crlm—ml,  (46)
a(m )|+ [g,m| < C+l), @)

[y(m1,u) = y(m, )| < p(u) |my —m,  (4.8)

h(mw)| < p@+Ir).  (49)

In our case the coefficients o and 3 are continuously differentiable functions of
7 on the compact set S_ and h € K is bounded. Hence, the Lipschitz and growth
condition (4.6) and (4.7) are fulfilled. Specific conditions on the densities fx(+)
that guarantee (4.8) and (4.9) are given in the next section.

For the optimization problem (3.6) we can give an equivalent formulation in
terms of the restricted state variable = with dynamics given in (4.5), that is the
equation driven by an exogenous Poisson random measure. For this it is convenient
to denote for a given strategy h € H the solution of the SDE (4.5) starting at time
t < T in the state 7 € S by 7(t™") . This control problem reads as

max {E(exp { /T —b(Rr O h; a)ds}) he ’H}. (4.10)
0

The associated reward and value function for (¢,7) € [0,T] x S are

o(t,mh) = E<exp{/T fb(ngt’”’h),hs)ds}) for h e H,
t

(4.11)
V(t,7) = sup{v(t,m, h): h e H}
The generator associated to the solution of the state equation (4.5) reads as
= -1
Lhg(n) = 3 Zl gj(w)gj (T)Gini + 2@@ h) g (4.12)
ij= i=

+ [ ot + o) - g(@wta)
u
and the associated dynamic programming equation is

Vi(t, ) + sup {ﬁhV(t,w) — b(Rm, ks H)V(t,w)} —0, (t,7) €[0,T) x S. (4.13)
heK

5. State Equation with Exogenous Poisson Random Measure

In this section we show how a solution of the state equation (4.1) can be con-
structed by means of an SDE of the form (4.5) that is driven by an exogenous
Poisson random measure. The main tool for constructing v will be the so-called
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inverse Rosenblatt or distributional transform, see Riischendorf [15], which is an
extension of the quantile transformation to the multivariate case.

We impose the following regularity conditions on the functions fi(:) that rep-
resent the conditional densities of Z,, given Y7, = ey.

Assumption 5.1. All densities fx(z), 1 < k < d, are continuously differentiable
and have the common support Z. We assume that Z is a x-dimensional rectangle
[a,b] C R”, ie.

Z={zeR":—oc0<ap <z, <bp,<o0, k=1,...,k}.
Moreover, there is some 0 < Cy such that fx(z) > Cy forall z € Z, k=1,...,d.

Remark 5.2. Examples for densities that satisfy the above assumption are easily
constructed. Start with C'-densities fi and choose some (large) rectangle Z then

7};(2) z S z) where :K ;—
[ T 2 Tz tE) where 121 [[(:=e0 G

i=1
kE=1,...,k, € € (0,1], satisfy the requirements of Assumption 5.1. Intuitively,

fr(z) =(1—-¢)

(5.1) corresponds to a mixture of the original density ka and the uniform distri-
bution. The latter distribution carries no information so there is uniform a lower
bound on the information carried by a single expert opinion.

Inverse Rosenblatt Transform. In order to write our state equation (4.1)
in the form (4.5) with exogenous Poisson random measure we apply the inverse
Rosenblatt transform, see for instance see [15]. Denote by U = [0, 1]* the unit cube
in R”. In our context the inverse Rosenblatt transform is a mapping G : U — Z
such that for a uniform random variable U on [0, 1]” the random variable Z = G(U)
has density f(z,p) = 25:1 p? fj(2), p = Rm; the mapping G can thus be viewed
as a generalization of the well-known quantile transform.

Now we explain the construction of the transformation G in detail. First, we
define for k =1,...,k — 1, p = Rm, the marginal densities

b1 be
fzr. .z, (#1526, D) :/ / F(z1, 0oy Zhy Sk, -« v s Sy P)ASkc « - - dSpt1.
Ak+1 (75

(5.2)
For k = k we set fz,. z. = f. Next we define for k = 2,..., x the conditional
densities
fZl Zk(zl7~"7zk7p)
fz021.. 701 (ZRl21, o 2pm1,p) =
k|2 B 1( | ) fZl...Zk,l(le--7Zk—1ap)

and the associated distribution functions

Zk

Frpazy..2¢ 1 (2kl21, .. 2k-1,p) = / f20120 .z (SE|215 - 2121, p)dSig;
ar

for k = 1 we denote by Fz, the distribution function of Z;. Now we introduce the
Rosenblatt transform F: Z — [0,1]* = U, z — (Fi(z,p),..., Fx(z,p)) " by

ﬁ‘l(z7p) = FZ1 (Zlvp) and ﬁk‘(zap) = FZ;C|Z1...Z;C,1(Z]€|Z17' . 'Zk—hp)a k= 2a sy R
(5.3)
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Clearly, Fi(z,p) depends on the first k variables z1,..., 2z, only. The desired
transformation G will be the inverse of f‘, and the explicit form of F is needed
when we estimate the derivatives of GG in the proof of Lemma 5.4 below.

Assumption 5.1 ensures that the joint density f(z,p) is finite and bounded
away from zero. Hence, the conditional densities fz,|z,.. .z, ,(2|21,...2x—1,p) are
strictly positive, and the mapping z — Fgz, |z, . 7., (2]21,... 2x—1,p) is strictly
increasing and hence invertible. In the sequel we denote the corresponding inverse
function by F2k1‘21~»-zk—1 (lz1s -+ 2k—1, D).

Now the desired transformation Z = G(U) = G(U,p) with transformation
function G : U — Z, u > (G1(u,p),...,G.(u,p)) " can be defined recursively by

G1(u,p) = Fz_ll(ul,p), and for k =2,... K,
Gk(u7p) = PWZ_;‘ZIN_Zki1 (uk | Gl(u7p)a IR Gk—l(u7p))

Note, that by construction it holds G(F(z,p),p) = z. From [15] it is known that

for U is uniformly distributed in [0, 1]%, the random vector Z = (Zy,...,Z,)" =

G(U,p) has the joint distribution density f(z,p).

With the transformation G at hand we define the jump coefficient (7, u) by

”yk(ﬂ',u)zwk(M—l) forueld, k=1,...,d—1. (5.5)
- f(G(u, Rm), Rm)

Moreover, we choose the Poisson random measure N (dt,du) in (4.5) such that the

associated compound Poisson process has constant intensity A and jump heights

which are uniformly distributed on & = [0,1]". Then, the compensator of N is

v(du)dt = Adu dt and the compensated measure reads as N (dt, du) = N(dt, du) —

Adudt. Note that with this definition the solution m; of (4.5) satisfies for some

Borel set A C R?~!

P(Anp, € A| Fr,—) = /MIA (v(7r, -, w))du
= /M1A(71(7TTW,—7G(U7Rﬂ'Tn—)))du
= /Z1A(lI(7rTn_,z))?(Z,RWTR_)dz.

(5.4)

Hence with the above choice of v and N(dt, du), for constant h the process R,
7 the solution of the SDE (4.5), solves the martingale problem associated to the
generator £ from (3.8). Below we show that under Assumption 5.1 the Lips-
chitz and growth conditions from Assumption 4.1 hold, so that the SDE (4.5) has
a unique solution. It is well-known that this implies that the martingale prob-
lem associated with £ has a unique solution, see for instance Jacod & Shiriaev
[9], Theorem III1.2.26. Hence R has the same law as the state variable process
p in (3.4), which shows that we have achieved the desired reformulation of the
dynamics of the problem in terms of an exogenous Poisson random measure.

Remark 5.3. Admittedly, the construction of G and 7 is quite involved. The main
reason for this is the fact that we consider the case of multidimensional expert
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opinions with values in R for some x > 1. Note however, that such a multivariate
situation arises naturally in a model with more than one risky asset.

Lipschitz and growth conditions. The next Lemma states that under As-
sumption 5.1 the functions ¥ (7, u) satisfy the Lipschitz and growth conditions
(4.8) and (4.9). The proof is given in Appendix A.

Lemma 5.4. Under Assumption 5.1 and for e < & := M—Cﬁ the coefficient
Y(m,u) defined in (5.5) satisfies for m € S_ the Lipschitz and growth condition
(4.8) and (4.9).

6. Viscosity Solution

In this section we show that the value function of the control problem (4.11)
is a viscosity solution of the dynamic programming equation (4.13). Since it is
known from the literature that the comparison principle holds for these equation
(a precise reference is given below) we obtain an interesting characterization of the
value function as viscosity solution of (4.13). This part of our analysis is based to
a large extent on the work of Pham [13].

Preliminaries. The following estimates are crucial in proving that the value
function V' (¢, p) is a viscosity solution of (4.13).

Proposition 6.1. For any k € [0,2] there exists a constant C > 0 such that for
alld > 0,t €[0,T], 7, € S, h € H and all stopping times T between t and T Nt+9

E( [smM)") < o+ x| (6.1)

E( |xmm —x*) < o1+ |x")6% (6.2)
E({Ks&oﬁ‘ pltmh) ‘}) < C(1+|x*)s% (6.3)
(’W(tﬂ'h)—ﬂ'(tgh)‘ ) < Clr—¢)?. (6.4)

The proof is given in Appendix B.
Next we state the dynamic programming principle associated to the control
problem (4.10).

Proposition 6.2 (Dynamic Programming Principle). For ¢t € [0,T], 7 € S and
every stopping time § such that 0 < § <T —t we have

v _ o (t,m,h) (t,m,h)
(t,m) = SIElgE(eXp{ t —b(Rm™ ,hs)ds} (t+6,m.3 ))

For the proof of dynamic programming principle we refer to Pham [13], Proposi-
tion 3.1.

Applying the dynamic programming principle yields the next proposition on
the continuity of the value function. The proof is given in Appendix C.

Proposition 6.3. There exists a constant C > 0 such that for all t,s € [0,T] and
T, €S

[V (t,m1) — V(s,m)| < C’[(l + |m])|t — s\% +|m = 7r2|]. (6.5)
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Viscosity Solution. Following Pham [13] we adapt the notion of a viscosity
solution introduced by Crandall and Lions [3] to the case of integro-differential
equations. This concept consists in interpreting equation (4.13) in a weaker sense.
To simplify notation we split the generator £" given in (4.12) into

Lhg(m) = A"g(m) + B(r)
where for g € C?(S) the linear second-order differential operator A" is defined by

IS8

—1

d—1
Z QZT (ﬂ-)éj (ﬂ')gﬂ'i'frj (71-) + Qi (777 h’)gﬁi (ﬂ-)

1

Alg(m) =

N |

-
Il

and B is the integral operator
Ba(m) = A [ ot -+ 5(m.)) = gl) ().

Moreover D, g and D2?g denote the gradient and Hessian matrix of g w.r.t 7.

Definition 6.4. (1) A function V € C°([0,T] x S) is a viscosity supersolution
(subsolution) of equation (3.9) if

_%f(f, 7) = sup (— b(BR, MV (I,7) + A'U(E 7)) - BUET) 20 (6.6)
heK

(resp. <0) for all (£,7) € [0,T] x S and for all ¢y € C*%(]0,T] x S) with Lipschitz
continuous derivatives vy, D21 such that (,7) is a global minimizer (maximizer)
of the difference V' — 1 on [0,T] x S with V(¢,7) = ¢ (¢, 7).

(2) V is a viscosity solution of (3.9) if it is both super and subsolution of that
equation.

Proposition 6.5 (Viscosity solution). The value function V(t,7) associated to
the optimization problem (3.6) is a viscosity solution of (3.9)

Proof. Supersolution inequality. Let be 1 such that

0=V -9)(t7) = [Ofg]irxls(‘/ — ). (6.7)

We apply the dynamic programming principle for a fixed time § € [0,T —¢t] to get

T+s - G
Sy 7= _ T, " (&7,
V(7)) =y(@E,7) = ZIEJEE(GXP {/{ b(Rm, 7hs)ds}V(t +0,m s ))

From (6.7) we obtain

i+s S Emh)
0 > sup E{ exp / —b(Rr{t™M h)ds (E+ 8,7 ) —(E,7)). (6.8
su ( { A ( ) }w( s = ( )) (6.8)

We now define for u € [¢,T]

u _ - —
Ny := €xXp { ﬁ —b(Rrt™h), hs)ds} and  Zy, := 0y Y(u, 7ETM), (6.9)
7
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Then, we apply 1t6’s formula to Zz, 5, where we use the shorthand notation s for
w7 Since dZ, = —b(Rmy, he)nep(t, m)dt + nedip(t, ), we have

) Tt
Zrys = (7T + / b(Rrra, ha)nth(s, 7o) ds
t+6
+ / 0 { e (5,70) + AP (5, 7m3) + Bb(s,m,) }ds
t
t+5
+[ N Drth(s,75)B " (ms)d By
t

146 _
[ [ s ) = (s, m) N (s x o),

Due to our assumptions on b and 1, the last two terms are martingales with zero
expectations. From (6.8) we therefore obtain

0 > sup E(Zy; —9(t,7)
heH
t+48 _ _
sup E( / —b(Ra{"™M, by )nsip(s, 7T ds (6.10)
heH T

4o o _ -
+/ ne{tn(s, mETM) - A5, 7EF) - Bis(s, 7T} ).
t
We now show for the first integral that

t+6 . o
E([ *b(Rﬂ‘gt’“’h),hs)nsw(smgt’”’h))ds) >
t

E(/tm —b(Rmhs)w(,f)ds) —52(d).  (6.11)

where £(§) — 0 as § — 0. Using the Lipschitz continuity of i) we obtain the

inequality [¢(s, 7rg’?’h)) -, < C(ls — | + \ng’h) —7|), which leads to

o o o
sup E(/ —b(Rrt™h), hs)nsw(s,wgt’”’h)))ds >
t

heH
sup E( /t " “B(RrET | h b (d, ﬁ)ds) - 05{5 + E(Oggé | Emh) m) })

By Proposition 6.1 we have E(supogsgé |7r§’f’h) - ﬁ|) < C(1+ [7])82 and hence

we obtain
t+6 . o
E([ *b(RT{‘gt’ﬂ-’h), hs)ﬂsw(S,Wgt’w’h))ds> Z
t

E ( /:H —b(Rr{"TM o, %)ds) — 6e(6). (6.12)
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Recall from (3.2) that b(Rmw, h) = —0 (hTMRTF -0 ’O‘Th’2 ) Since this expres-
sion depends linearly on 7 and hs and since hg takes values in the compact set K
we have ~ _

b(RrE™M hy) — b(Rm, hy)| < ClnE™M — 7).
Using |ns — nz| = |ns — 1] < C|s — ¢| and the same computations to get (6.12) it
yields

t+6 _ _ t+6
B( [ ~b(Enl™ hnb(s,wlT)ds) 2 B( [ b(Rm h)0(E mds) - 52(0).
t t

Applying similar computations to the other terms in (6.10) by using the estimates
for the state process m and the Lipschitz continuity of D2 we obtain

t+9
) > ;sup B /t (BT O (E,7) + (B, 7) + A" (E7) + BY(E,7)}ds ).

O hen
Replacing h € H by a constant strategy in the above sup we get

t+3
e(d) > %(/f sup ( — b(R7, he)(t, ) + (1, 7) + AMp (L, 7) + Bi(E, ﬁ))ds.

heK
Applying the mean value theorem and sending § to 0 we get the supersolution
viscosity inequality:

%G’ )= sup ( — b(RT, W)V (I, 7) + A™y(1, f)) — By(L,7) > 0.

Subsolution inequality. Let ¢ be such that

0=V -9)(t7) = [O{I%?fs(v — 1) (6.13)

As a consequence of dynamic programming principle in Proposition 6.2 we have

V(E ™ = E z+6 _b R (Zvﬁvh) h d V (5 (f>?7h)
) = sup B exp [ (Rrg™ ™" he)ds e V(E+0,m,0s7)

Equation (6.13) implies that

t+6 _ - _
0 < sup E(exp { / —b(Rrt™h), hs)ds}z/J(t + 94, ﬂ'iig’h)) — (¢, ﬁ))
heH T

Using similar computations by applying It6’s formula to the process Z, given in
(6.9) and using the estimates for the state process m we obtain

t+6

e(6) < %Sup B( [ =0 b)) + ol 7) + A7) + Bi(E,7)}ds ).
heH t

Replacing h € H by a constant strategy in the above sup, applying mean the value
theorem and sending § to 0 we obtain the subsolution viscosity inequality

—u(.7) = sup (= b(RE,WV(E ) + A7) - BU(E7) < 0.
heK
O

Comparison principle. Here we quote the following result, which is Theo-
rem 4.1 of [13].
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Theorem 6.6. Suppose that Assumption 4.1 holds and that uq and us are contin-
uous functions on [0,T] x S such that u; is a subsolution and us is a supersolution
of the dynamic programming equation (3.9). If ui(T,7) < ug(T,m) for all w € S,
then

ur(t, ) <wug(t, ) for all (¢,7) € [0,T] x S.

Together with Proposition 6.5, this result implies immediately that the value
function V' (¢, 7) associated to the optimization problem (3.6) is the unique con-
tinuous viscosity solution of (3.9).

7. Regularized Dynamic Programming Equation

In this section we introduce the regularized version of our dynamic program-
ming problem and we discuss the convergence of reward and value function as
the regularization-terms converge to zero. In Corollary 7.5 we finally show that
optimal strategies in the regularized problem are nearly optimal in the original
problem.

Regularized state equation. Since regularization will drive the state process
outside the set S we need to extend the definition of the coefficients «, 8 and ~

from S to the whole R~!. For 7 € R4™!, h € K and € > 0 we define

~ [ a(m, k)1 —dist (7,8)/e) for me S,
a(m h) = { 0 otherwise.

Note, that S C S, and there is a continuous transition to zero if dist (7, S) reaches
€. Moreover, on S it holds a(m, h) = a(m, h), i.e. the coefficients coincide. Analo-
gously we define 8 and 7 as extensions of 3 and 7.

Lemma 7.1. Under the assumptions of Lemma 4.1 the coefficients Qé and ¥
satisfy the Lipschitz and growth conditions (4.6) to (4.9) for m € R4~1.

Proof. The Lipschitz and growth conditions for the coefficients «, 8 and ~ given
in Lemma 4.1 hold for 7 € S, for ¢ < Z. Multiplication of these functions by the
bounded and Lipschitz continuous function 1—dist (7, S) /e preserves the Lipschitz
and growth property. O

For the sake of simplicity of notation in the sequel we will suppress the tilde
and simply write o, 8 and v instead of a, 8 and 7.
Next we define the dynamics of the regularized state process ™

-~ 1 -~

d™my = oy, he)dt + B (") dBy + / (", u)N(dt, du) + —=dB; (7.1)
. = Vi

where Et denotes a d — 1-dimensional Brownian motion independent of B;. This

state process is now driven by an n+d— 1-dimensional Brownion motion. Note that

the diffusion coefficient of the regularized equation (3" (), ﬁfd—ﬁT satisfies the

Lipschitz and growth condition (4.6) and (4.7) givgn in Lemma 4.1 since (3(m;)
satisfies these conditions and \/%Id_l does not depend on p.
Lo-Convergence "y — 1. We now compare the solution ™y of the regular-

ized state equation (7.1) with the solution m; of the unregularized state equation
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(4.5) and study asymptotic properties for m — oco. This will be crucial for estab-
lishing convergence of the associated reward function of the regularized problem
to the original optimization problem.

We assume that both processes start at time to € [0,7] with the same initial
value ¢ € S, i.e. ™my, = m, = q. The corresponding solutions are denoted by

to,q,h to,q,h
mﬂ_ioq )andﬂ't(oq ).

Lemma 7.2 (Uniform Lo-convergence w.r.t. h € H). It holds for m — oo

E( sup ‘mwt(t‘”q'h) — Wt(to’q’h)f) — 0 uniformly for h € H.
to<t<T
Proof. To simplify the notation we suppress the superscript (to, g, h) and write m;
and ™. Moreover, we denote by C' a generic constant.

We give the proof for ¢ty = 0, only. Using the corresponding representation as
stochastic integrals for the solutions of the above SDEs we find

My —m = A7+ M" where

t
AP = /(g(mws,hs)—g(ws,hs))ds and
0

t t
up = [ - s+ [ [ 0w - 0) N s du
0 o Ju
1
vm
Note that here we have used the fact that the SDE for ™7 and for 7 is driven by an
exogenous Poisson random measure, since this permits us to write the difference
of the jump-terms as stochastic integral with respect to the same compensated

random measure.
Denoting G} := E(supsgt | s — 7r5|2) it holds

+——dB,.

Gm = E(sup |A™ 4 M;"P) < zE(sup |A;n|2) + 2E(sup |My|2). (7.2)
s<t s<t s<t
For the first term on the r.h.s. we find by applying Cauchy-Schwarz inequality and

the Lipschitz condition (4.6) for «

2

sup |A™|? = sup/ (a(™mu, hy) — (T, hy))du
s<t s<t [JO

S
< sup s/
s<t 0
t

t
t- / Cp|™my — my)?du < t- Cp sup |"m, — m|?du.
0 0 v<u

a("my, hy) — a(my, hu))’zdu

IN

Note that the constant C}, does not depend on h. Taking expectation it follows

¢ t
E(sup |AT|2) < t- CL/ E(sup |, — 7rv|2d5) < C’/ G7ds. (7.3)
s<t 0 0

v<s
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For the second term on the r.h.s. of (7.2) Doob’s inequality for martingales yields

B(sup|MI*) < 4B(M)

s<t

4(/t E(tr[(B("ms) — B(ms)) " (B("ms) — B(ms))])ds  (7-4)
// |7 Ts, U (ﬂé’u))|2)y(du)ds+W)_

Using the Lipschitz conditions (4.6) and (4.8) for the coefficients § and + it follows

E(trl(B("m,) — B(mo)) (B(" ) — B(ms))]) < CRE(™m, — )
< CLE(swp|"m —m[') = CLGY

IN

P E(|"ms — )
p*(u)E(sup |"m, — 7Tv|2) = p*(u)G™.

v<s

E(|y(" s, u) = y(ms,w))]?)

IN

Substituting the above estimates into (7.4) it follows that

E(Ssg\M;"lz) < (/ CLGmds+/ Gmds/ (d;)’f)

< c / Gmas 4 H4=Dt (7.5)
m
Substituting (7.3) and (7.5) into (7.2) we find
4d-1)T ¢
Gr < ¥+O/ Gmds.
0
Finally we apply Gronwall Lemma to derive
4(d—- 1T
?_%eCT—)O for m — oo

which concludes the proof.
O

Note, that the Lo-convergence for the restricted state process " established
in Lemma 7.2 also holds for the associated d-dimensional process "'p; = R ;.

We now extend the notions of reward and value function given in (3.7) to the
process ™p; = R™m; with ™, satisfying the regularized state equation (7.1).
Since ™p; takes values in R? (and not only in S) we extend the function b given
in (3.2) to p = Rm € RY. With the notation b, = min{b(p,h), p € S,h € K} and
b* = max{b(p,h), p € S,h € K} we define

b(p, h) := (b(p,h) V by) A b*.

Then b is bounded on R? x K and for p € S the function b coincides with b. In
the sequel we simply write b instead of b. We define the reward and value function
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associated to the regularized state equation (7.1) by

v (t,mh) = E(exp{/T —b(R("w (bR ),hs)ds}> for h € H,
V™, m) = sup{v™(t,m h): h e H}.

Recall that v(t, 7, h) and V(¢,7) defined in (4.11) denote the reward and value
function associated to the unregularized state equation (4.5). The generator asso-
ciated to the solution of the regularized state equation (7.1) reads as

mﬁh - 725 gTrﬂ’J+ Zgﬂﬂl+za ’]Thg‘n'7

i,j=1
+1}mw+ﬂmu»—gwnwmn
and the associated dynamic programming equation is
Vi (t, ) + sup {mchvmu,w) — b(Rr, h;e)vm<t,7r)} —0, (t,7) € [0,T) x R1.

heK
(7.6)
Note, that for the generator ™ L" the ellipticity condition for the coefficients of the
second derivatives holds: we have for all z € Rd’l \ {0}

1 1
ZT(ngJrQ—Id,l)z = 218" Bzt z z= |Bz)® + —|z* > 0.
m 2m

Hence the results of Davis & Lleo [4] apply to thls dynamic programming problem.
equation. According to Theorem 3.8 of their paper, there is a classical solution
V™ of (7.6). Moreover, for every (t,m) there is a unique maximizer ™h* of the
problem

sup {mﬁhvm(t, ) — b(Rm, h; O)Vm(t,ﬂ')},

heK
™h* can be chosen as a Borel-measurable function of ¢ and 7 and the optimal strat-
egy is given by "h} = "h*(t,"m;); see also the discussion preceding Remark 3.1.

Convergence of reward and value function. The next theorem on the

uniform convergence of reward functions is our main result; convergence of the
value function and e-optimality of "h* follow easily from this theorem.

Theorem 7.3 (Uniform Convergence of reward functions). It holds

sup [v™(t, 7, h) —v(t,m, h)] =0 form — o0, t€][0,T], m€S.
heH

Proof. We introduce the notation
T T
J::/ —b(Rrt™M ho)ds and J™ ::/ —b(R™7t™M hy)ds.
t t

Then the reward functions read as v(t,m,h) = E(e’) and v™(t,7,h) = E(e’")
and it holds
) ot )| =[BT~ eh) < B(le’ ~ e
< CE(|J™-J)), (7.7
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where we used Lipschitz continuity of f(z) = e® on bounded intervals and the
boundedness of J and J" which follows from the the boundedness of b. Using
Lipschitz continuity of b we derive

T
E(m =) = B| / [B(R7(™, ) = b(R™ ™), b)) ds| )
t
T
< / CE(" ™" — ntmh)) ds
t
T 1/2
< C/ (E(|mﬂ,gt,7'r,h) _ /ﬂ_gtﬂﬂ-ih) |2) ds = 0 (78)
t

for m — oo and uniformly w.r.t. h € H which follows from Lemma 7.2. Plugging
(7.8) into (7.7) we find

sup |[v™(t, 7, h) — v(t,m, h)] = 0 for m — oco.

heH
O
Corollary 7.4 (Convergence of value functions). It holds
VT(t,m) = V(t,®) form —o0, te€l0,T], m€S.
Proof. For 6 € (0,1) the assertion follows from
[V (t,m) = V(t,m) = ‘ sup v (¢, m, h) — sup v(t,w,h)‘
het heH
< sup |Um(t77rah) - U(ta7T7h)|
heH
and Lemma 7.3. Analogously, for 6 < 0 it follows
VT = VEm] = | nf v (6 k) — inf ot h)
(V™ (t,m) = V(t,m)| jnf 0™(t,m,h) — inf v(t, 7, h)
= | sup (=0 (t,m, ) = sup(—o(t,m, )|
heH heH
< sup |[v"(t, m, k) — v(t, T, h)|.
heH
O

On c-optimal stratgies. Finally we show that the optimal strategy ™h* for
the regularized problem is e-optimal in the original problem. This gives a method
for computing (nearly) optimal strategies.

Corollary 7.5 (e-optimality). For every € > 0 there exists some mg € N such
that

[V(t,m) —v(t,m,"h")| <e form >mg,
i.e. "h* is an e-optimal strategy for the original control problem.
Proof. Tt holds
|V(t7 71') - U(t7 T, mh*)|
< |V(t,m) — o™ (7, "R + [0 (¢t m, TRY) —u(t, T, TR

= |V(t,m) = V™(E,m)|+ v (7w, h) —o(t, 7, hY)| (7.9)



22 RUDIGER FREY, ABDELALI GABIH, AND RALF WUNDERLICH

where for the first term on the r.h.s. we used v™ (¢, m,"h*) = V™ (¢, 7). Using the
convergence properties for the reward function given in Lemma 7.3 and for the
value function given in Corollary 7.4 we can find for every € > 0 some mg € N
such that for m > mgq it holds

|V(t,7‘l’) - Vm(taﬂ-)| < g and |Um(ta777mh*) - U(tﬂTamh*)‘ < %

Plugging the above estimates into (7.9) it follows for m > my

V(t,7) —v(t,m,™h*)| < % n % -

O

Remark 7.6. Note that in the proof of the corollary we use that the sequence of
reward functions v converges to v uniformly in h. This is a stronger property
than convergence of the value functions V'™ to V so that standard stability results
for dynamic programming equations are not sufficient to proof the corollary.
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Appendix A. Proof of Lemma 5.4

Proof. We give the proof for the maximum norm |.| _ in R?. From this the assertion
for the Euclidean norm can be deduced from the equivalence of norms.

Note that the fact that all densities are C! with compact support Z = [a, b
implies the existence of constants Cs,Cy < oo such that for all 1 < k <d, z € Z,

0 ‘
fr(z) < Cz and lgfj(z)‘ <Cy, t=1,...,K. (A1)

Boundedness of f(z, Rr). First we show that for 7 € S, 2 € Z and e < &
there are constants 0 < C, < C* < oo such that

C. < f(z,Rr) < C*. (A.2)

For this, observe that for p = R,

d
fz,p) = ijfj(z) =Y P+ D P ). (A.3)

pI <0 pi>0

For the lower bound we deduce

fep) > Y (—e)maxfi(z) + Y p/ min f5(2)

p? <0 pi >0

—e(d-1)Cy  + (1—ij)-clz—e%+1-01:0*,
pi <0

Y

where we used Assumption 5.1, (A.1), p/ > —¢ and ijlpj = 1. For the upper
bound from A.3 we find

fzp) < 0+ > 9 max f;(2) < (1 -> pj)@ <(1+e(d—1)Cy=C*

pi>0 pi <0

Note that the lower bound in (A.2) implies that f(-, Rm) is strictly positive for
m € §_. Moreover, since the components of p = Rm sum up to one by definition
f(-,Rm) is a strictly positive probability density for 7 € S.. Hence, the inverse
Rosenblatt transform G(u, Rm) and thus the function (7, u) defined in (5.5) is
well defined for 7 € S, (and not just for 7 € S).

Proof of the Lipschitz condition (4.8). Clearly, (4.8) holds for some con-
stant function p(u) = p if we can show that the derivatives of (7, u) with respect
to 7/ are bounded for all 1 < j < d — 1. This is obviously equivalent to estimating
the derivatives of

’Yk(p, u) = pk(jk(G(uvp)) _ 1)
f(G(u,p),p)
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with respect to the components p/ where p = Rm. Let

SGp)
p,u) = apa(f( Clup).p) 1), i k=1,...,d.

Then it holds

0 FlGD) Y
a7 0 =93 ).y 1) P

The first term on the r.h.s. is bounded since it holds for kK =1,...,d and ¢ < &

(Gp) G
F(Glup).p) - G (A4)

where we have used (A.1) and the lower bound for f(z,p) given in (A.2).
It remains to show that c; *(p,u) is bounded. Abbreviating z = z(p) = G(u,p)
we find

Epou) = ? (z 5 i) 5 Gilu,p) - T(z.p)

Rl (£ +Zp Z 5 (2 55 Giwsn) J A5

Using (A.1), Z;lzl |p?| <1+ (d—1)z and estimate (A.2) for f, we derive for e <&
1 ~| 0
k < = 4 *
el < () |gemnlo

4Oy - (02 + (14 (d— 1)5)0&2 ‘%Gl(u,p)‘ )) (A.6)
=1

In Lemma A.1 below we show that the derivatives %Gl(u,p) are bounded, that is
there is some C > 0 such that for j=1,...,dand l=1,...,k ’%Gl(u,pﬂ <C.
From this the boundedness of cé? follows immediately.

Proof of the growth condition (4.9). Here we apply estimate (A.4) and find

(u p)) ‘ . CQ CQ
— | (L P) ) < (22 +1) <1 22 1
Y (p, u)| = ‘#( 0 ).0) ) < Ip I(C* + )_( +Ip|oo)(c* + )
and hence |y(p, u)|oo § p(1+ [p|,) with some constant 7. O

Lemma A.1. Under the assumptions of Lemma 5.4 there exists a constant C > 0
such that for j=1,...,d andl=1,... Kk

0
ﬁGl(U p)‘ C.

Proof. We derive from differentiating G;(F ( ,D),p) =z w.r.t. p; using the chain
rule

0 0
ZaulGl (2, p); )8pF(Z P)+ g5 CilF F(z,p),p) = 0.
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Substituting u = F(z,p) we obtain the estimate
9 |0 0 ~
— < E _—_ Ry n)
’6]7] Gl(uvp)‘ = v ‘aulGl(uap)Hap] FZ(Z7p)‘ (A7)

(i) For the proof of the boundedness of the derivatives on the r.h.s. we need the
following auxiliary estimates for tlie marginal densities fz,  z.,k=1,...,K given
in (5.2). From estimate (A.2) for f we derive the estimate
K K
C. H (bi —a;) < fz.z.(21,..,26,0) < CF H (bj —a;). (A8)
i=k+1 i=k+1

For the derivatives of the marginal densities w.r.t. p’ the definition of f in (2.8)
yields

B biy1 b
—fz .z (21, oy 20, D) = Fi(Z1s o) 2k Sktty - o5 S )dSkg1 - - - dSk.
apj AR+41 Qg
From Assumption 5.1 and (A.1) it follows
K 8 K
0<Cy H (bi —a;) < @le...zk(zhn-,zk,p) < Cy H (bi —a;).  (A9)
i=k+1 i=k+1
For the derivatives of the marginal densities w.r.t. z;, j =1...,%k we find
0
‘szlemzk (217 ) Zkvp)‘
d

INA
g\
b
5

S

X
o

~

b1 by . 9
/ ZP’gﬁ(zl;---aZk,5k+17-~~,Sn)d5k+1---d85

< Cq H (by — a;), (A.10)

where the upper bound from (A.1) on the derivatives of the densities f; has been
used.

(ii) Now we can prove the boundedness for the second term r.h.s. of (A.7). For
k =2,...,k we obtain from the definition of F(z,p) in (5.3)

~ 9
Fi(Z,P)’ = ’ 7fzk|zl...zk,1(8k|21, . ~Zk—1ap)d8k‘
Qg

op?
Qg
Zk

o

| "
8]?] fZl...Zkfl(Zla U] Zk}—17p)

9
OpJ

le...zk(~)‘%le...zk,l(~)‘ )dsk <C.

Here, we have used estimate (A.8), which states that the marginal densities are
bounded from above and bounded away from zero, and (A.9) for the boundedness
of the derivatives of the marginal densities w.r.t. p7.

IN

1
” m( le...Zk(')’le...Zk_l(~)+
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For k = 1 we observe that

0 —Fi(z,p) =

0
a7 —Fz, (z1,p / ap jle 51,p)ds1.

op

The boundedness 8/dp Fy(z, p) is a consequence of estimate (A.9).

(iii) For proving the boundedness of 9/0u;G;(u,p) in (A.7) we consider the Jaco-
bian matrices for G(u) and F'(z) defined by

5 (w)i= (o G, wd J7(:) = (5-Re)

Ou; ij=1..,k 0%z ij=1...,r

Below we show that for z = G(u,p) the matrix Jﬁ(z) is regular, hence J%(u) =

J;I(G(u,p)), since G(F(z,p),p) = z. From the definition of F in (5.3) it follows

that J¥(z) is a lower triangular matrix since ﬁk depends on z1, ..., 2, only.

Next we consider the diagonal elements of J¥'(z). Using (A.8) we find constants
C and C such that C < fz, 7. (21,...,2k,p) < C for all k = 1...,k. Then it
holds with § := min{C, C /C}

0
gFl(Z p) = fz(z,p) =6 and
0 fz21..2: (21,5 28, D)
—F(z = 26|21, e Ze—1,p) = Lok >4,
Oz k< ) Jaz.z (Gl k-1,) 2y zi (21,0 2k—1,D)
for k=2,..., k. Since Jﬁ(z) is triangular, its determinant is
det(J H —Fk(z p) > 8% >0,

hence JF (2) is invertible. -
Next we show that the the non-zero off-diagonal elements of J¥ are bounded.
It holds for k=2,...,k, j=1,...,k—1

0 k9

—F] = — Sklz1, .z ds

sz k( ) o p) 'fzk,|zl...z,€,1( k| 1, k 1727) k
/Zk ile...zk(zla"'7Zk7178k‘7p)dsk
ay 82] fZlu.Zk,l(zlw"7Zk—1ap)

IN

S ]jzjle._zk<~>\lev.-zk1<'>

12,2, 0)

+fzy..2: (") le...zk,1(~)‘ )dsk <C.

’i
82’]‘
Here again we have used that the marginal densities are bounded from above and
bounded away from zero, and (A.10) for the boundedness of the derivatives of the

marginal densities w.r.t. z;.
For proving the boundedness of 9/0u;G;(u,p) in (A.7) which are the entries

of the Jacobian matrix J(u) we use that J¢ is the inverse of JF . Since JF is
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a triangular matrix the entries of J& can be computed recursively by Gaussian
elimination starting with the first row. This gives that for k,l =1,...,k

k—1
1 ~
JG=— (5M -k Jﬁ),
']k:k: 7j=1

i.e. the entry J, g can be represented by an affine linear combination of the bounded

off-diagonal entries in row k of J F divided by J,i. The latter is strictly positive

and bounded from below by ¢ > 0. Hence, all entries of J¢ are bounded.
O

Appendix B. Proof of Proposition 6.1

Proof. We give the proof for k = 2. The assertions for k € [0, 2] follow from Holder
inequality. We denote by C' a generic constant.

Proof of inequality (6.1): E(|={"™"|2) < C(1 + |]°).
We recall the state equation

dry = a(my, he)dt + B (m)dBy + / (s, w) N (dt x du) (B.1)
u
and for the sake of shorter notation we denote by 7w, = W&t’w’h) the solution of

equation (B.1) starting from 7 at time ¢ using strategy h for 7 > ¢. Then it holds

T 2 T
m 2 < c(w%]/ a(m, hy)ds| +‘/ B(r,)dB,
t t

| [ At < au)

Taking expectation and using It6-Levy isometry implies

B ) < c(inf +B( [ latmnPas) + B( [ (g (r)s(a)as)

+E(/tr/u|fy(7rs,u)2y(du)ds)>).

We now use the linear growth of o, 8 and « and the integrability property for
p (see Assumption 4.1) to obtain

C 7T2—|—E/ 14 |m,[P)ds) p < C 7* + BE(r +E/ 7|%ds
{4 ([ arimPs)} < o{ il + B+ B( [ Imfds) }
C 7r2+1+E/ 7,)%ds) ¢. B.2
{Il () tmlds)} (B.2)

For any deterministic time 7 = u Fubini’s Theorem gives

u
B(m ) < C{inf +1+ [ B(m,P)ds)

t

and applying Gronwall’s Lemma to G,, := E(|m,|?) implies
E(|r,[*) < C(|x|* + 1)e?™ " < O(|x[* + 1).

2

+

E(|m,[*)

IN

IN
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Finally, we note, that for any stopping time 7 € [t,T At + 4] it holds

T ) t+48 ) 5
B( i ds) < [ B P)ds < €0+ ).

Substituting the upper estimate back into (B.2) proves the assertion.
Proof of inequality (6.2): E(|x\"™" — z|2) < C(1 + |=|?)s.
The process (7. —7) starts from 0 and hence the computations for . in the above
proof inequality (6.2) give for 7 € [t,T At + §]
t+48

E(jr, — ) c/tT<1+E<|ws|2>>dssc/t (1+ E(jm,[?))ds

IN

IN

t+48
c/ (14 CQA + (|n*)ds < C(1 + |x[*)é.

2
Proof of inequality (6.3): E({ SUD;<s<its \mﬁt’”’h) — 7T|} ) <C(+ \7T|2)(5.
We give the proof for ¢t = 0 from which the claim for general ¢ follows immediately.
Using the corresponding representation as stochastic integrals for the solution of
equation (B.1) we find

s —m = Ag+ M, where
A = / a(my, hy)dr and M :/ ﬁT(m)dBr —l—/ l(m,u)ﬁ(dr X du).
0 0 0
Then it holds
2 2
E({ sup |7y — 7 = E({ sup |As+ M,
({0§s§6| 1) ({ogs§6| 1)

2E( sup |A3|2)+2E( sup |M8|2). (B.3)
0<s<6 0<s<6

IN

For the first term on the r.h.s. we find by applying Cauchy-Schwarz inequality and
the growth condition (4.7) for o

/ a(my, hy)dr
0
4
5/ C(1 + [r,2)dr
0

Taking expectation and applying estimate (6.1) we find

swp |42 = sup
0<s<6 0<s<¢

< sup s/ la(r,, hy)|? dr.
0<s<é

IN

)
E( sup |A?) < 5/ CO + [ P)dr < 5C(1 + |, (B.4)
0<s<d 0

For the second term on the r.h.s. of (B.3) Doob’s inequality for martingales and
Ito-Levy isometry yields

E( sup |Ms|2)§4E(|M5|2) = 4(/5 E(tr(8" (m)B(m,)])dr

0<5<5
// (|y(mr,u ) du)dr)
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Applying the growth conditions (4.9), (4.7) and estimate (6.1) it yields

/E + |, dr—i—// E(1 + |7%) (du)dr)

0(1+|7r|2)/0 (1 +/up2(u)1/(du))dr§C6(1+|7r|2).(B.5)

Substituting (B.4) and (B.5) into (B.3) yields the assertion.
Proof of inequality (6.4): E(|r; (t.mh) _ (86, h)| ) < (m— €)%
For the sake of shorter notation we write 7, = ™h) and & ,Et“) and
B(&

e
we set Aa(m, &, h) = a(m,h) —a(§, h), AB(n,§) = g( ) and Al(ﬂ',f) =
~(m,u) — (&, u). Then,

IN

E( sup |MS|2)
0<s<6

IN

Y, = wT—&:w—§+/TAg@rs,gs,hs)ds+/7AgT(ws,£s)st
t

//M (7€) N (ds x du).

Applying Itd’s lemma to Y2 and using Ito-Levy isometry we obtain
BY.P) = fr— P+ B( [ {297 Balm, &) + (887, €887 (7,.8,))
t
+ [ 18y, g Puta) s ).
u

Hence we obtain from the Lipschitz continuity of o, 8,7 given in Assumption 4.1
BE(Y.?) <|r— €2+ CE(/T |Ys‘2ds>.
t
For any deterministic time 7 = u Fubini’s Theorem gives
B(YuP) < |r - ¢+ CB( [ 1[2as)
t
and applying Gronwall’s Lemma to G,, := E(|Y,|?) implies

E(|Yu) < |r — €7 e“@ 0 < Olm— ¢
Finally, we note, that for any stopping time 7 € [t,T At + d] it holds

t+96
B(Y.P) < m—¢P+CE( [ VPds) < Cln - gP.
t

Appendix C. Proof of Proposition 6.3
Proof. Boundedness of V. We recall that V (¢, 7) = supj,cy v(t, 7, h) where

o(t,mh) = E(exp{/T—b(ngt’”’h),hs)ds})
t

with b(p,h) = fG(hTMpf¥|aTh|2),
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and 7"™" is the solution of the SDE (4.5) with initial value m, = 7.

The function b is bounded, since it is continuous and 7 € § and h € K take
values in compact sets, i.e. |b(Rm, h)| < Cp with some constant C, > 0. Hence
0 < v(t,m h) < eIt < T for all h € H which implies that 0 < V(t,7) <

CbT
e“rt.

Note, that since the value function V is bounded, it also satisfies the linear
growth condition V (t,7) < C(1 + |x|) since |n| <1
Lipschitz continuity in 7. The reward function can be written as

o(t,m, h) = E(e’ ™) where J(r) := [ —b(Ra{"™" h,)ds. Tt holds for § € (0,1)
V(t,m) =V (t,&)| = | sup E(e (’T)) — sup E(e‘](f))‘ < sup |E(e‘] ™ _ e‘](g))|
heH heH heH
< sup E(le’™ — 7)) < sup CE(|J(m) — J(€)]), (C.1)
heH heH

where we used Lipschitz continuitiy of f(z) = e® on bounded intervals and the
boundedness of J(7) which follows, since b is bounded. For 6 < 0 we use V(t,7) =
infyey E(e’(™) = SUPp ey —E(e’(™) and apply analogous estimates.

Using that b is linear in 7 and that h; € K is uniformly bounded we derive

E(|J(x) - J(©)|) = EQLT@gthQhQ—MRﬁmm%mﬂ@D

IN

T
/ C’E(|7T£,t’”’h) — wgt’g’h)D ds
t

T 2 2
< C/t lm— € ds < O(T — 1) |m — £ < Clm — €].(C.2)

for every h € M, where we used estimate (6.4), |71 — ¢| < C'|m — €| and |7 — | <
1. Plugging the above estimate into (C.1) it follows |V (t,7) =V (¢,&)| < C' |7 — &,
which proves the Lipschitz continuity of V (¢, 7) in 7.

Continuity in ¢. Let 0 <t < s <7, then the dynamic programming principle
to V(t,m) implies

0 < |V(t,m) —V( s,7r)|
= sup E exp / b(Rx{t™M) )du} V(s,mbmh)) — V(s,w))

< sup E exp / b(Rr{t™h) hu)du} ‘V(s,wgt’”’h)) - V(S,TI')D

-+ sup E(‘ exp{ - / b(Rr{t™h), hu)du} V(s,m) —V{(s, W)’)

heH t
Using the Lipschitz continuity of V' in 7 the first term can be estimated by
C' sup E<|7r§t’”’h) - 7r|) < Cls— t|%
heH

where we have used (6.3). For the second term the boundedness of b and V yields
the estimate

leCes=t) 1|V (s,7) < Ols — ¢
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where we have used that f(z) = e” is Lipschitz continuous on bounded intervals.
Finally, we obtain

V(t,m)=Vi(s,m) < C(s—t>+]|s—t]) <(C+T?)|s—t>.
O
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