Chapter 6

Limits
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Limit of a Sequence

Consider the following sequence of numbers
(an);oil = ((_1)n%)n:1 = (_11 %/ _%r %/ _%/ %1 .. )

| I I 1T T
I L LA I

H (T |
ay as as 0 as ap

The terms of this sequence tend to 0 with increasing #.
We say that sequence (a,,) converges to 0.

We write

(ay) =0 or lima,=0
n—oo

(read: “limit of a,, for n tends to o)
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Limit of a Sequence / Definition

Definition:

A number a € R is a limit of sequence (an), if there exists an N for
every interval (a —¢,a + ¢) such thata, € (a —¢,a+¢) foralln > N;
i.e., all terms following a,; are contained in this interval.

Equivalent Definition: A sequence (a,,) converges to limit 2 € R if
there exists an N for every ¢ > 0 such that |a,, —a| < eforalln > N.

[Mathematicians like to use ¢ for a very small positive number.]

A sequence that has a /imit is called convergent.

It converges to its limit.

It can be shown that a limit of a sequence is uniquely defined
(if it exists).

A sequence without a limit is called divergent.
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Limit of a Sequence / Example

Sequence

(an),— = ((=1)

has limit a = 0.
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For example, if we set ¢ = 0.3, then all terms following a4 are contained

ininterval (a —¢,a +¢).

_ 1
If we sete = 1000000 *

are contained in the interval.

Thus
(="

n

lim =0.
n—oo

then all terms starting with the 1 000 001-st term
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Limit of a Sequence / Example

lima, =0
n—oo

Sequence (bn)::;l = (%):;1 =(03%3¢
lim b, =1
n—o0

Sequence (cn)oo = ((—1)”):3:1 =(-11,

) ! n=1
is divergent.

-1,1,-1,1,..

/7/'

.. ) is convergent:

)

Sequence (dn):o:1 = (2”):;1 = (2,4,8,16,32,...) is divergent,

but tends to co. By abuse of notation we write:

lim d, = o0
n—oo
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Limits of Important Sequences

0 fora<O
limn® =471 fora=0
n—oo
oo fora>0
0 forlgl <1
1 forg=1
lim g" = ord
n—00 oo forg>1
3 forg< -1
. 0 forlg| >1
nlgxgoq—n: o for0<g<1 (9] € {0,1})
B for—1<g<0
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Rules for Limits

Let (an)zo:l and (bn):):l be convergent sequences with nlg]go a, =a

and lim b, = b, resp., and let (cn):;l be a bounded sequence.

n—0o0
Then

(1) lim(k-ay+d) =k a+d

(2) Jg(un—i—bn) =a+b

(3) y}i_r)r;o(un-bn) =a-b
. 4n A

(4) r}1_r>r010—n—b forb # 0

(5) lim(a,-¢c,) =0 provided a = 0

n—o0
(6) nlg)go ak = at
Josef Leydold — Bridging Course Mathematics — WS 2023/24 6 — Limits — 7/47

Rules for Limits

lim (z+n32> =243 1limn2=2+3-0=2

n—oo

lim (27" -n7!) = lim =0

n—o00 n—oo 21
1 lim (1+ 1)

. + n n—oo 1
lim = =3
n—e0 ) — = lim (2-3) 2

n n—00

. . 1
lim sin(n)- — =0
N—00 N —r n

bounded Y
—0
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Rules for Limits / Rational Terms

Important!
When we apply these rules we have to take care that we never obtain
expressions of the form 2, 2 or 0 - co.

0’ oo’

These expressions are not defined!

3241 lm 3n2+1

. _ N—0 _ .
r}ll;ro}o n2 -1 - lg.n n2 —1 T - (not deflned)
n—oo

Trick: Reduce the fraction by the largest power in its denominator.

: -2
32 41 2 3 -2 11n0103+n
fim AL oy 3T s _3_54
n—seo n2—1  noep? 1—n2 liml-n2 1

n—oo
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Euler’s Number

n—o0

1 n
lim <1 + n) = e = 2.7182818284590. ..

This limit is very important in many applications including finance
(continuous compounding).

_ X\ . 1 \"
tim (14 %) = fim (14 7-)

1\™ n
= lim {1+ — (m = 7)
m—r00 m X
1\™M\"
:<lim (1+> ) =e*
m—oo m
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Problem 6.1

Compute the following limits:

ot 7+ 2))

(2n3—6n2+3n—1>

(b) Lim 7316

n—o0

(c) limy e (1> — (—1)"n%)

2
(d) lim (” “)

n—oo \ 1+ 1
. nmod 10
@ Jim ("7

amod b is the remainder after integer division, e.g., 17mod5 = 2 and 12mod 4 = 0.

Josef Leydold — Bridging Course Mathematics — WS 2023/24 6 — Limits — 11/47

Problem 6.2

Compute the following limits:
1 nx
(a) lim (1 + )
n—00 n
n
(b) lim (1+2)
n—o00 n

1 n
(c) Lim (1 + )
n—s00 nx
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Limit of a Function

What happens with the value of a function f, if the argument x tends to
some value xo (which need not belong to the domain of f)?

Function f(x)

2
_oxt—1 s 4

flx) =

x—1

is not defined in x = 1.
By factorizing and reducing we get

function /
1 1 x

g(X)=x+1:{]2C,(x)' ::zji s —
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Limit of a Function

Suppose we approach argument xo = 1.
2

Then the value of function f(x) = J; — tends to 2.
We say: £(x)
f(x) converges to 2 when x tends to 1
and write: T
2 1 2T
o |
x—1 x—1
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Limit of a Function

Formal definition:
If sequence (f(xn))f:1 of function values converges to number y for

every convergent sequence (xn)ff’:l — Xxg of arguments,
then v is called the limit of f as x approaches xj.

We write

Ime(x):yo or f(x)— yoforx — xp
X—Xp

xo need not belong to the domain of f.
Yo need not belong to the codomain of f.
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Rules for Limits

Rules for limits of functions are analogous to rules for sequences.

Let JCh_)rgclof(x) = a and xh_)n;log(x) =b.

(1) lim(c-f(x)+d)=c-a+d

X—X0

(2) lLm (f(x)+g(x))=a+b

X— X0

(3) lim (f(x)-g(x)) =a-b

X—X0

~~

(4) lim

X—X0 g

(5) lim (f

X—X0o

X

—~
~—

—~
=
~—
~—
=~
I
AN
=~

(x):Z forb #0

fork € N
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How to Find Limits?

The following recipe is suitable for “simple” functions:

1. Draw the graph of the function.
2. Mark xg on the x-axis.

3. Follow the graph with your pencil until we reach xg starting from

right of xg.

4. The y-coordinate of your pencil in this point is then the so called
right-handed limit of f as x approaches xy (from above):

x%xo

lim f(x). (Other notations: lim f(x) or lim f(x))
+ xlxo X \(X0

5. Analogously we get the left-handed limit of f as x approaches x

(from below):  lim f(x).

X*)XO

6. If both limits coincide, then the limit exists and we have

X—X0 X

lim f(x) = lim f(x) = lim f(x)
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How to Find Limits?

f(x)
0| / 1,
MR f)=11-%,
— 341,
im0 o
} } } x
-1 1 2

0.5 =lim, - f(x) # lim,_,1+ f(x) = 1.5
i.e., the limit of f at xg = 1 does not exist.

The limits at other points, however, do exist,
eg. limf(x)=1.
x—0

forx <0
for0 <x <1
forx >1
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How to Find Limits?

1, forx <0
0, forx =0
—-%, for0<x<1
5+1, forx>1

The only difference is to above is the function value at xg = 0.
Nevertheless, the limit does exist:

Jip fG) =1 g S) =l fG) =1
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Unbounded Function

It may happen that f(x) tends to co (or —o0) if x tends to xo.

We then write (by abuse of notation):

lim f(x) = o0
x—>ng( )
f(x)

o1

lim — = o0

x—0 X

X
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Limitas x — o

By abuse of language we can define the limit analogously for xg = oo
and xg = —oo, resp.

Limit
lim f(x)

exists, if f(x) converges whenever x tends to infinity.

lim 1 0 and lim 0

im e = Jm 2=

Josef Leydold — Bridging Course Mathematics — WS 2023/24 6 — Limits — 21/47




Problem 6.3

Draw the graph of function

[N]

—%, forx < -2,
+1, for-2<x<2,
, for x > 2.

flx) =

N, =

and determine lim f(x), lim f(x),and lim f(x)

x—xg XXy X— X0
for xo = —2,0and 2:
xgr—nZ*f(x) xgrnZ*f( ) xll>m2f( )
1
lim f(x) lim f(x) lim £ (x)
i .
lim f(x) lim f(x) lim £ (x)

Josef Leydold — Bridging Course Mathematics — WS 2023/24

6 — Limits — 22/47

Problem 6.4

(@ lim f(x)

x—0~

xli%l* f(x)

1, forx #0,

for f(x) =
f() {0, forx = 0.
(b) lim

x—0~

R

lim }C
x—0t

(c) lim x
x—1-
lim x
x—1t

Determine the following left-handed and right-handed limits:
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Problem 6.5

Determine the following limits:

(a) 11m x+1

(b) lim x?
x—0

(c) lim In(x)

X—00
(d) limIn |x|
x—0

x+1

(e) 11m =3
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Problem 6.6

Determine

. 3/2__
(a) lim %5 11
x—=1+t Y

() lim VX4

x——2- x+2

(¢) lim |x]

x—0~

(d) lim =L

x—1+ Va—l

Remark: | x| is the largest integer less than or equal to x.
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Problem 6.7

Determine
. 2 .
(a) lim 2x-—3x—2
x—2+ [x=2|

2
b lim 2x-—3x—2
(b) Hm Srsar

|x4-2]3/2

(c) lim P20

x——27F

@ Jim

. 2|x+7|
(e) xEI_n7+ x2+4x—21

Josef Leydold — Bridging Course Mathematics — WS 2023/24 6 — Limits — 26/47

Problem 6.8

Compute
i SO ) = ()
h—0 h

for

@ f(x)=x

(b) f(x) =

(© flx)=x°

(d) f(x)=x",forn € N.
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L'Hépital’s Rule

Suppose we want to compute

and find
lim f(x) = lim g(x) =0  (or = )

X— X0 X— X0

However, expressions like % or 22 are not defined.

(You must not reduce the fraction by 0 or oo!)
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L'Hoépital’s Rule

If ggrgof(x) = xhﬁngog(x) = 0 (or = o0 or = —o0), then

f) _ . f(x)

lim = lim

=3 g(x)  x=% g'(x)

Assumption: f and g are differentiable in xo.

This formula is called I’Hépital’s rule (also written as I'Hospital’s rule).
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L'Hoépital’s Rule

o xX*—7x+6 . 3x2—-7 5
11m27:1
x—=2 X% —x—2

B 2x—1 3

. Inx .1 .1
dim — = Jim % = Jim 5 =0

_ _ -1 2
lim 1n(21+x): 1-(1+x) _y (1+x) _1
x—0 X x—0 2x x—0 2
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L'Hépital’s Rule
L'Hépital’s rule can be applied iteratively:

X _ _1 x_l
limizlime =

T e~ 1
m — -
x—0 x2 x—0 2x x—0 2
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Problem 6.9

Compute the following limits:

(@) lim X —2x -8
x4 x3—2x2—11x+12

2_2 _

(b) lim X —2x—8

xs-1x3—2x2—11x+12
x> —5x2+8x—4

@ lm

x3 —3x24+4
1 _
(d) lim 7“;5(’( )
x—0 X

li 1
(e) Jim x n(x)

(f) )}1_r>r010x In(x)
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Problem 6.10

If we apply I'Hépital’s rule on the following limit we obtain

WBHxr—x—-1 3x24+2x—1 . bx+2

x—1 X2 —1 x—1 2x x—1 2

However, the correct value for the limit is 2.
Why does I'Hépital’s rule not work for this problem?

How do you get the correct value?

4.
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Continuous Functions
We may observe that we can draw the graph of a function without

removing the pencil from paper. We call such functions continuous.

For some other functions we have to remove the pencil. At such points
the function has a jump discontinuity.

~ _ﬁ\/
TN e

continuous jump discontinuity at x =1
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Continuous Functions

Formal Definition:

Function f: D — R is called continuous at xg € D, if

1. xh_}n;gf(x) exists, and

2. [ lim f(x) = f(xo0) |

X— X0

The function is called continuous if it is continuous at all points of its
domain.

Note that continuity is a local property of a function.
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Discontinuous Function

2 4 / 1, forx <0
lim_ f(x) fx)=41-%, for0<x<1
A 1,

x—1+
forx >1

lim £(x) \o o

x—1—

Not continuous in x = 1 as lirq f(x) does not exist.
X—

So f is not a continuous function.

However, it is still continuous inall x € R\ {1}.
For example at x = 0, lir%f(x) does exist and lin(m)f(x) =1= f(0).
X— x—
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Discontinuous Function

1,
OI
o
e
541

Not continuous in all x = 0, either.

lim f(x) = 1does existbut lim f(x) # f(0).
x—0 x—0

So f is not a continuous function.

However, it is still continuous in all x € R\ {0,1}.

forx <0
forx =0
for0 <x <1
forx >1
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Recipe for “Nice” Functions

(1) Draw the graph of the given function.

(2) At all points of the domain, where we have to remove the pencil

from paper the function is not continuous.

(3) At all other points of the domain (where we need not remove the

pencil) the function is continuous.

2
fy={1-%,
341,

f is continuous
except at point x = 1.

for x < 0,
for0 <x <1,
for x > 1.
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Discontinuous Function

(=
~ ~

-z,
+1,

Nlir =

forx <0
forx =0
for0 <x <1
forx > 1

Function f is continuous except at points x = 0 and x = 1.
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Problem 6.11

Draw the graph of function

—"72, forx < —2,
+1, for—2<x<2,
, for x > 2.

=

flx) =

N[,

and compute lim+f(x), lim f(x),and lim f(x)

x—xg x—xy X—Xo

for xg = —2, 0, and 2.

Is function f continuous at these points?
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Problem 6.12

Determine the left and right-handed limits of function

x*+1, forx >0,
flx) =140, forx =0,
—x%—1, forx <0.
at xo = 0.
Is function f continuous at this point?

Is function f differentiable at this point?
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Problem 6.13

Is function

x+1, forx <1,
fx)=19, . 3
3 +t35, forx>1,

continuous at xg = 1?
Is it differentiable at xo = 1?

Compute the limit of f at xo = 1.
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Problem 6.14

Sketch the graphs of the following functions.
Which of these are continuous (on its domain)?

(@ D=R, f(x)=x

(b) D =R, f(x) =3x+1
() D=R, f(x)=e*—1
(d D=R, f(x) = ||

(€) D=R", f(x) =In(x)
() D=R, f(x) = [x]

1, for x <0,
(@ D=R, f(x) =¢x+1, for0<x <2,
X2, for x > 2.

Remark: | x| is the largest integer less than or equal to x.
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Problem 6.15

Sketch the graph of

Is it continuous?
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Problem 6.16

Determine a value for 1, such that function

x2+2hx, forx <2,
flx) =
3x —h, for x > 2,

is continuous.
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Limits of Continuous Functions

If function f is known to be continuous, then its limit limy_,, f(x)
exists for all xo € Dy and we obviously find

lim f(x) = f(xo) -

X—Xp

Polynomials are always continuous. Hence

lim3x* —4x+5=3-22-4.245=9.
x—2
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Summary

limit of a sequence

limit of a function
convergent and divergent
Euler’s number

rules for limits

I'Hopital’s rule

vVvyvyvyvyyvyy

continuous functions
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