Chapter 15

Lagrange Function

Constraint Optimization

Find the extrema of function

flxy)

subject to
g(xy)=c

Example:
Find the extrema of function

flxy) =x*+2y

subject to
(v y)=x+y=3
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Graphical Solution

For the case of two variables we can find a solution graphically.

1. Draw the constraint g(x,y) = c in the xy-plain.
(The feasible region is a curve in the plane)

2. Draw appropriate contour lines of objective function f(x,y).

3. Investigate which contour lines of the objective function intersect
with the feasible region.
Estimate the (approximate) location of the extrema.

Example — Graphical Solution

Y ~

- | Vg minimum in (2,1)
] S

/1\ f Vf=AVg
\// z/ / x+y=3

Extrema of f(x,y) = x>+ 2y? subjectto g(x,y) =x+y =3
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Lagrange Approach

Let x* be an extremum of f(x,y) subject to g(x,y) = c.
Then V f(x*) and Vg(x*) are proportional, i.e.,

Vf(x) = AVg(x)
where A is some proportionality factor.
fr(x) = A8 (x7)
fy(x) = A gy(x)
g(x7) =c
Transformation yields
fx(x) —Agx(x?) =0
fy(x*) —Agy(x*) =0
c—g(x =0
The Lh.s. is the gradient of L(x,1;A) = f(x,y) + A (c — g(x,y)) -

Lagrange Function

We create a new function from f, ¢ and an auxiliary variable A,
called Lagrange function:

L(x,y;A) = f(x,y) +A(c—g(xy))

Aucxiliary variable A is called Lagrange multiplier.

Local extrema of f subject to g(x,y) = c are critical points of
Lagrange function £:
Ex = fx - /\gx =0
Ly=fy—Agy =0
Ly=c—g(x,y)=0
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Example — Lagrange Function

Compute the local extrema of

f(x,y) = x> +2y* subjectto g(x,y) =x+y =3

Lagrange function:

L(x,y,A) = (2 +20%) +AB — (x +))
Critical points:
y=2x—A =0
Ly=4y—A =0

Ly=3—-x—y =0

= unique critical point: (xo; Ag) = (2,1;4)

Bordered Hessian Matrix

Matrix

. 0 g &y
H(X;)‘): 8x Lyx

8y Lyx

is called the bordered Hessian Matrix.
Sufficient condition for local extremum:

Let (xo; Ao) be a critical point of L.

> ‘I:I(Xo;/\o)| >0 =
I:I(Xo; /\0)| <0 =
H(X(); /\0)| =0 =

Xo is a local maximum
Xo is a local minimum

>
> no conclusion possible
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Example — Bordered Hessian Matrix

Compute the local extrema of

flxy) = x% + 2yz subject to glx,y)=x+y=3

Lagrange function:  L(x,y,A) = (x2 +2y2) + A3 —x —y)
Critical point: (xo; Ag) = (2,1;4)

Determinant of the bordered Hessian:

Many Variables and Constraints

Objective function

f(x1/~~-/xn)
and constraints
S1(x1,..., %) =1
: (k <n)
gk(xlr .. -rxﬂ) = Ck

Optimization problem: min / max f(x) subject to g(x) = c.

0 g g| [011
[H(xo;20)| = |gx Lax Ly|=|1 2 0] =-6/<0 Lagrange Function:
&y Lyx Ly 10 4
L(x6A) = f(x) +AT(c — g(x))
= X9 = (2,1) is a local minimum.
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Recipe — Critical Points Example - Critical Points
1. Create Lagrange Function £: Compute all critical points of
L(x1,. .. XA, Ak) fx1,x2,x3) = (31 — 1)2+ (x2 —2)% + 23
k
= f(x1,. o xn) + Y i (e — gilxy, .., X)) subject to
i=1 x1+2x=2 and x;—x3=3

2. Compute all first partial derivatives of L.

3. We get a system of n + k equations in n + k unknowns.
Find all solutions.

4. The first n components (x1, . ..
points.

, X, ) are the elements of the critical

Lagrange function:

L(x1,x2,x3;A1,A2) = ((x1 — 1)+ (x2 — 2)2 +212)
+ A (2—x1 —ZXZ) + Ay (3—X2+X3)
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Example — Critical Points Bordered Hessian Matrix
Partial derivatives (gradient):

0 0 @& 981
£x1 =2 (xl - 1) - M =0 oxq xn
£X2:2(X2—2)—2/\1—A2 =0 - - .

0 98k 98k
Ly, =4x3+ A =0 ) . - o
3 H(x;A) = 321 % o r
ﬁ/\] =2— X1 — ZXZ =0 oxy x| X1X1 X1Xn
£A2:3—X2+X3 =0 2
9, 9,
We get the critical points of £ by solving this system of equations. % % Lix, Ly,
x=-5n="xn=-% 4y=-2 =%

The unique critical point of f subject to these constraints is

0= (-5, 8,-).

Forr=k+1,...,n
let B, (x; ) denote the (k + r)-th leading principle minor of H(x; ).
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Sufficient Condition for Local Extrema

Assume that (xo; Ao) is a critical point of £. Then

> (—1)%B,(xg;Ag) > Oforallr =k+1,...,n
= Xg is a local minimum

» (—1)"By(xp;Ag) > Oforallr =k+1,...,n

= Xg is a local maximum

(n is the number of variables x; and k is the number of constraints.)

Example — Sufficient Condition for Local Extrema

Compute all extrema of  f(x1,%2,x3) = (v1 — 1)2 + (xo — 2)? + 222

subject to constraints X1 +2x=2 and xp—x3=23

Lagrange Function:
L(xl, X2,X3; /\1,)\2) = ((xl — 1)2 -+ (x2 — 2)2 +2x§)
+ A (2—x1 —2x2) + Ay (3—X2+X3)

Critical point of L:

10 26)\2_44
’ -7 -

__6 _ _ 1.y
Y\=-7%X=7,X3=—5,M=-2
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Example — Sufficient Condition for Local Extrema

Bordered Hessian matrix:

0 0 12 0
0 0 01 —1
HxA)=]|1 0 20 0
2 1 02 0
0 -1 00 4

3 variables, 2 constraints: n =3, k=2 = r=3
B; = |H(x;A)| =14

(-1)*B, = (-1)?B; =14 >0
(-=1)'B, = (-1)*B; = —14 <0

condition satisfied
not satisfied

Critical point xg = (f%, %, f%) is a local minimum.

Sufficient Condition for Global Extrema

Let (x* A¥) be a critical point of the Lagrange function £ of optimization
problem
min / max f(x) subjectto g(x) =c

If £(x, A") is concave (convex) in x, then x* is a global maximum
(global minimum) of f(x) subject to g(x) = c.
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Example — Sufficient Condition for Global Extrema

(x*y5A*) = (2,1;4) is a critical point of the Lagrange function £ of
optimization problem

min / max f(x,y) = x*>+2y*> subjectto g(x,y)=x+y=3
Lagrange function:

Lx,y, M) =(+20%) +4-B—(x+y))

Hessian matrix:

mmw—@2>

L is convex in (x,y).

H =2
H, =38

>0
>0

Thus (x% y*) = (2,1) is a global minimum.

Example — Sufficient Condition for Global Extrema

(5A) = (

is a critical point of the Lagrange function of optimization problem

—¢ 10 _1l._26 44,
77707707

min / max f(x1,%x2,x3) = (x1 — 1)2+ (x — 2)2 +2x3
subject to gl(xl, X2, JC3) =Xx1+2x =2

ga(x1,x2,x3) =xp —x3 =3

Lagrange function:

LOGA) = ((x1 —1)2+ (x2 —2)2 +2x3)
—B(2-x1-2x)+ % (3—x2+13)
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Example — Sufficient Condition for Global Extrema

Hessian matrix:

200 Hy =2 >0
He(x1,x2,%) =10 2 0 H,=4 >0
00 4 H3;=16 >0

L is convex in x.

x*= (=510, — 1y is a global minimum.

Interpretation of Lagrange Multiplier
Extremum x* of optimization problem
min / max f(x) subjectto g(x) =c

depends on ¢, x* = x*(c), and so does the extremal value

How does f*(c) change with varying ¢?

Of y _ yx
aT,- c) = /\j(c)

That is, Lagrange multiplier A; is the derivative of the extremal value
w.r.t. exogeneous variable c; in constraint g;(x) = ;.
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Proof Idea

*

Lagrange function £ and objective function f coincide in extemum x*.

If*(e) _ 9L(x(c), A(c))

= [ chain rule ]
aC]' aCj
i 3 oxi(c)  AL(xc
= 3 (o), Afe)) - 25 20
i=1 j i o). A%(0))
asx* is a:cmica\ point
_ 9L(x,¢)
95 (e ae)
9 k
= 5 (00 + L Aulei — 8i(x)))
/ i=1 (x(e)A*(<))
= Aj(e)

Example — Lagrange Multiplier

(x*y*) = (2,1) is @ minimum of optimization problem
min /max f(x,y) = x> + 2y°
subjectto  g(x,y)=x+y=c=3

with A* = 4.
How does the minimal value f*(c) change with varying c?

afx

e =A"=4
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Envelope Theorem

What is the derivative of the extremal value f*of optimization problem
min / max f(x,p) subjectto g(x,p) =c

w.r.t. parameters (exogeneous variables) p?

of(p) _
Ip;

9L(x,p)

9p;

(x*(p)A*(p))

Example — Roy’s Identity

Maximize utility function
max U(x) subjectto p'-x=w
The maximal utility depends on prices p and income w ab:

ur = u(p,w)

[ indirect utility function ]

Lagrange function  L£(x,A) = U(x) + A (w —p" - x)

al:%:_/\*x’f and au :%:)\*
ap;  9Ip; ] ow  Jdw
and thus
U/ _ _
xj = 7m [ Marshallian demand function ]
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Example — Shephard’s Lemma

Minimize expenses
min p' -x subjectto U(x) =i

The expenditure function (minimal expenses) depend on prices p and
level i1 of utility: e = e(p, i1)

Lagrange function  £(x,A) = pT -x+ A (@ — U(x))

de oL N
— = — = x/ [ Hicksian demand function ]

Summary

constraint optimization

graphical solution

Lagrange function and Lagrange multiplier
extremum and critical point

bordered Hessian matrix

global extremum

interpretation of Lagrange multiplier

VVYyVYVYVYYVYYVYY

envelope theorem
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