Chapter 10

Inverse and Implicit
Functions
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Inverse Function

Letf: Dy CR" - Wr CR", x>y = f(x). A Function

1 Wr— Dy, y = x= (y)

is called inverse function of f, if

flof=fof'l=id

where id denotes the identity function, id(x) = x:
f1(f(x) =f(y) =x and  £(f7(y) =f(x) =y

f~! exists if and only if f is bijective.

We then obtain f~1(y) as the unique solution x of equation y = f(x).
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Linear Function

Let f: R >R, x—y=f(x)=ax+0.

QS

y=ax+b & ax=y—-b & x=

Q=

That is,

Provided that 4 # 0 [a=f'(x)]

Observe:
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Linear Function

Letf: R" — R", x — y = f(x) = Ax + b for some m x n matrix A.

y=Ax+b &

That is,

x=Aly—A'p

fly)=A"lly—A'pb.

Provided that A is invertible,
(and thus: n = m)

Observe:

[A =Df(x) ]
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Locally Invertible Function

Function
f:R —=[0,00), x > f(x) = x*

is not bijective. Thus
£~ does not exist globally.

For some x( there exists an open
interval (xg — €, xo + €) where
y = f(x) can be solved w.r.t. x.

We say:
f is locally invertible around xy.

For other xg such an interval does
not exist (even if it is very short).

locally invertible

not locally invertible
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Existence and Derivative

1. For which xq is f locally
invertible?

2. What is the derivative of ! at
y0 = f(XO).

Idea:
Replace f by its differential:

f(xo +h) =~ f(xo) + f'(x0) - h

Hence:
1. f'(xp) must be invertible.

2. (£7)(yo) = (f'(x0)) "

locally invertible

not locally invertible
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Inverse Function Theorem

Let f: Df € R — R be a function and xo some point with f'(xq) # 0.

Then there exist open intervals U around xo and V around 19 = f(xo)
such that f: U — V is one-to-one and onto,
i.e., the inverse function f~1: V — U exists.

Moreover, we find for its derivative:

1

—1y/ _
(f ) (]/O) - f’(xo)
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Example — Inverse Function Theorem

Let f: R—= R, x+—y=f(x)=x>andxg = 3,10 = f(x9) = 9.
As f'(xo) = 6 # 0, f is locally invertible around xy = 3 and

For xo = 0 we cannot apply this theorem as f'(0) = 0.
(The inverse function theorem provides a sufficient condition.)
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Inverse Function Theorem Il

Let f: R" — IR" and x¢ and xo some point with |f'(xo)| # 0.

Then there exist open hyper-rectangles U around xg and V' around
yo = f(xp) such that f: U — V is one-to-one and onto,
i.e., the inverse function f~1: 1V — I/ exists.

Moreover, we find for its derivative:

(£ (yo) = (f(x0)) "

The Jacobian determinant |f'(xg)| is also denoted by

O fu) _ygr(x0)]

(X1, ..., %)
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Example - Inverse Function Theorem

x2 — 2
Letf: R? - R?, x+— f(x) = |71 "2)andxo = (1,1)".
X1 X2
2 -2
Then f'(x) = ( 1 x2> and
X2 X1
o(f1, 2 -2
M: *1 2 =2x2+2x3 #£0 for all x # 0.
a(xl,xz) X7 X1

That is, £ is locally invertible around all xg # 0.
In particular for xo = (1,1)T we find

(F1Y(£(1,1)) = (£(1,1) " = (f ‘f) - (_41

AN N
\/

However, f is not bijective:  £(1,1) = f(—1,—1) = (2)
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Explicit and Implicit Function

The relation between two variables x and y can be described by an

explicit function: implicit function:
y=fx) F(x,y) =0
Example: Example:
y=x2 y—x>=0
does not exist 2+y2—-1=0
Questions:

» When can an implicit function be represented (locally) by an
explicit function?

» What is the derivative of y w.r.t. variable x?
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Case: Linear Function

For a linear function
F(x,y) =ax+by

both questions can be easily answered:

ax + by =0 :>y:—%x (fE, = b # 0)

dy _ _a
dx b

Fx
Fy
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Case: General Function

Let F(x,y) be a function and (xo, yo) some point with F(xo, o) = 0.

If F is not linear, then we can compute the derivative Z—Z in xg by
replacing F locally by its total differential

dF = Fydx + F,dy =d0 =0

and yield'

&y _ _E

dx Fy

The given “computation” is not correct but yields the correct result.
Note that the differential quotient is not the quotient of differentials.
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Example — Implicit Derivative

Compute the implicit derivative % of

Fx,y) =x*+y*—1=0.

dl_ F.  2x X
dx  F, 2 y

We also can compute the derivative of x w.r.t. variable y:

dx_ Fy_ 27}/:

dy F, 2«

y
X
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Local Existence of an Explicit Function

explicit function
exists locally

(xq, vo)

explicit functign y
does not exist

y = f(x) exists locally, if F, # 0.
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Implicit Function Theorem

Let F: R? — R and let (xg, yo) be some point with
F(x0,40) =0 and Fy(x0,¥0) #0.
Then there exists a rectangle R around (xo,yo) such that

» F(x,y) =0 has a unique solution y = f(x) in R, and

> dy K
dx F,
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Example — Implicit Function Theorem

Let F(x,y) = x*> +y? — 8 and (xo, yo) = (2,2).

As P(xo,yo) =0 and Fy(xo,yo) = Zy() =4 7A 0,
variable y can be represented locally as a function of variable x and

dy _ F(xo,y0)  2x0 _
=7 (xp) _£t0

xXg) = ————<2 -2 — =
dx Fy(XO, yo) 2y0
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Implicit Function Theorem Il

Let F: R"™! — R, (x,y) — F(x,y) = F(x1,...,xn,y), and
let (xo, yo) be some point with

P(Xo,yo) =0 and Fy(XO/yO) 75 0.
Then there exists a hyper-rectangle R around (xo,yo) such that

» F(x,y) =0 has a unique solution y = f(x) in R, where
f:R" - R, and

1

axi Fy

day Ky

The independent variable y can be any of the variables of F and need
not be in the last position.
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Example — Implicit Function Theorem

Compute g% of the implicit function

F(x1,%2,X3,X3) = X3+ X0X3 + %3 —x3x4 —1=0

at point (X1,XZ,X3, X4) = (1,0, 1,1).

As F(1,0,1,1) = 0and F,(1,0,1,1) = 1 # 0 we can represent x,
locally as a function of (x1,x3,x4):  x2 = f(x1,x3,X4).

The partial derivative w.r.t. x3 is given by

8x2 Fx

By 0t 2x3-x

_ < — — = -1

aX3 sz X3
At (1,1,1,1) and (1,1,0, 1) the implicit function theorem cannot be
applied for independent variable x;:

F(1,1,1,1) # 0 and Fy,(1,1,0,1) = 0.
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Jacobian Matrix

Let
Fi(xt, .o X, Y1, Ym)
F(x,y) = : =0
Fm(xl/- "/xi’l/yl/~ . -r]/m)
then matrix
oF oF
3 e
Fixy) |7
Iy OF, oF,
e

is called the Jacobian matrix of F(x,y) w.rt. y.

. dF(x,y)
Analogous: =52

X
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Implicit Function Theorem lll

. +
Let F: R" m_>IRm’ Fl(xll"'/xﬂ/yll-”/ym)

(xy) = F(xy) =

Pm(xlz . '/xﬂ/yll . /]/m)
and let (xo, yo) be a point with

JF(x,
F(xo,y0) =0 and ‘(Byw‘ #0 for (x,y) = (xo,¥0)-

Then there exists a hyper-rectangle R around (xo, yo) such that

» F(x,y) =0 has a unique solution y = f(x) in R, where

f: R" — R™, and
> |2 _ ()T (F
ox oy ox
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Example — Implicit Function Theorem

Let F(x,y) — Fi(x,x0,y1,y2) | _ [+ -yi-y3+3
B (x1,x2,Y1,92) q+x+yi+ys—11

and (Xo,Y()) = (1, 1, 1,2).

OF (5 S\ (2 20 F 112 (22
ox \ 9B | {342 342 ox T\ 3

dx;  dxp
F (S S\ (~2; —2y2\ oF (-2 —4
=l %=1 ] 5, (L1 12)=
y W oy 37 3y; y 3 12
AsF(1,1,1,2) =0and ‘%’;’”‘ = —12 # 0 we can apply the implicit

function theorem and we find

31:—(35)1(3‘:)=—112<i29; —42><i §>:<3 g>
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Summary

local existence of an inverse function
derivative of an inverse Function

inverse function theorem

explicit and implicit function

explicit representation of an implicit function
derivative of an implicit function

vVvyvyvyvyyvyy

implicit function theorem
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